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ABSTRACT: This paper realizes a posteriori analysis for the lowest-order Raviart-Thomas mixed finite element 
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results between the discrete eigenfunctions and the interpolant of  eigenfunction, we derive a residual-type error 
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reliability and efficiency. Furthermore, we implement adaptive computation, and numerical experiments 

demonstrate the robustness of the method. 
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I. INTRODUCTION  
Second-order elliptic eigenvalue problems have garnered significant interest within the scientific 

community due to their numerous applications across diverse fields, including fluid mechanics, electromagnetism, 

solid mechanics, and multiphysics field coupling problems. For example, the Raviart-Thomas discretization 

scheme for second-order elliptic equations and its a priori error estimates are discussed in reference  [1]. The 

application of the Richardson extrapolation method to second-order elliptic eigenvalue problems is studied in 

reference [2]. The local discontinuous Galerkin method is used to solve the Steklov eigenvalue problem in 

reference [3]. 

Using the Raviart-Thomas mixed finite element method to solve general nonsymmetric second-order 

elliptic eigenvalue problems has also attracted increasing research interest. For example, researchers have 

discussed posterior error estimates, adaptive algorithms for second-order elliptic eigenvalue problems. As a result, 

the Raviart–Thomas mixed finite element method has been used to solve various eigenvalue problems, including 

the Laplace eigenvalue problem, the Stokes eigenvalue problem in fluid mechanics, the eigenvalue problem of 

Maxwell's equations, and the bi-harmonic eigenvalue problem. 

Adaptive finite element methods have been widely applied in various fields. For example, examine 

superconvergence results based on eigenfunction approximations and analyze residual-type posterior error 

estimation and adaptive algorithms for second-order elliptic eigenvalue problems in  literature [4,5]. A discussion 

of the adaptive discontinuous finite element method for the convection-diffusion eigenvalue problem in literature 

[6]. 

In this paper, a residual type of a posteriori error estimator for the general second order elliptic eigenpair 

approximation by the mixed finite element method is derived and analyzed, based on a type of superconvergence 

result of the eigenfunction approximation. Meanwhile, the reliability and effectiveness of the method in 

eigenfunction computation were verified. The experimental results show that the adaptive algorithm achieves the 

optimal convergence rate, and the error curve indicates that, for the same degree of freedom, the approximate 

solution obtained by the adaptive algorithm is more accurate than that of the uniform grid method. 

 

II. NOTATIONS AND PRELIMINARIES 
 In this paper, the definitions of some of the symbols used are as follows. We define the Hilbert space 

𝐻(𝑑𝑖𝑣, Ω) = {𝛔 ∈ (𝐿2(Ω))
2

: 𝑑𝑖𝑣𝛔 ∈ 𝐿2(Ω)}, 
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equipped with the norm ‖𝛔‖𝐻(𝑑𝑖𝑣,Ω) = (‖𝛔‖0
2 + ‖𝑑𝑖𝑣𝛔‖0

2)
1

2 

For 𝑠 ≥ 0, we denote as ‖ ⋅ ‖𝑠,Ω the norms of the Sobolev space 𝐿𝑠(Ω) and (𝐿𝑠(Ω))
2
. For scalar fields 

and vector fields, we define 𝐻0(Ω) = 𝐿2(Ω) and (𝐻0(Ω))
2

= (𝐿2(Ω))
2
. The corresponding norms are given by 

‖𝑣‖0,Ω
2 = ∫ |𝑣(𝑥)|2

Ω

𝑑𝑥,      ∀𝑣 ∈ 𝐿2(Ω), 

‖𝛙‖0,Ω
2 = ∫ (𝜓1

2 + 𝜓2
2)

Ω
𝑑𝑥,      ∀𝛙 ∈ (𝐿2(Ω))

2
. 

In addition, for all vector functions 𝛙, the differential operators are defined as  

𝑑𝑖𝑣𝛙 =
𝜕𝜓1

𝜕𝑥1

+
𝜕𝜓2

𝜕𝑥2

,  𝑟𝑜𝑡𝛙 = 𝑐𝑢𝑟𝑙𝛙 =
𝜕𝜓2

𝜕𝑥1

−
𝜕𝜓1

𝜕𝑥2

. 

For all scalar functions 𝑣, the differential operators are defined as 

𝐜𝐮𝐫𝐥𝑣 = (
𝜕𝑣

𝜕𝑥2

, −
𝜕𝑣

𝜕𝑥1

). 

Finally, the relation 𝑎 ≲ 𝑏 indicates that 𝑎 ⩽  𝐶𝑏, with a positive constant 𝐶 which is independent of 

𝑎, 𝑏 and ℎ; Similarly, we define 𝑎 ≳ 𝑏 to denote 𝑎 ⩾ 𝐶𝑏, with 𝐶 as above. 

 

III. GENERAL  SECOND-ORDER ELLIPTIC EIGENVALUE PROBLEM                                                                                                             
Ω ⊂ 𝑅2 be a bounded domain with Lipshitz boundary  ∂Ω. and let  n be the outward normal to  ∂Ω, 

consider the Dirichlet boundary condition eigenvalue problem 

{
−𝑑𝑖𝑣(∇𝑢 + 𝐛(𝑥)𝑢) + 𝑐(𝑥)𝑢 = 𝜆𝑢, 𝑖𝑛 Ω
𝑢 = 0,                                                        𝑜𝑛 ∂Ω,

(3.1) 

where 𝐛(𝑥) and 𝑐(𝑥) are bounded positive functions on Ω. 

Define the vector-valued function 𝛔 = ∇𝑢 + 𝐛(𝑥)𝑢, then problem (3.1) can be equivalently written as 

{
−𝑑𝑖𝑣𝛔 + 𝑐𝑢 = 𝜆𝑢,   𝑖𝑛 Ω
𝛔 − ∇𝑢 − 𝐛 ⋅ 𝑢 = 0, 𝑖𝑛 Ω
𝑢 = 0,                            𝑜𝑛 𝜕Ω.

(3.2) 

Next, define the spaces 

𝐕 = 𝐻(𝑑𝑖𝑣, Ω), 𝑊 = 𝐿2(Ω), 𝐺 = 𝐿2(Ω), 𝐇 = (𝐿2(Ω))
2

, 

then, the weak form for the problem (3.1) can be defined as follows: Find (𝜆, 𝛔, 𝑢) ∈ 𝐶 × 𝐕 × 𝑊, with (𝛔, 𝑢) ≠

(0,0), such that 

{
𝑎(𝛔, 𝛙) − 𝑏(𝛙, 𝑢) + 𝑑(𝛙, 𝑢) = 0,   ∀𝛙 ∈ 𝐕

𝑏(𝛔, 𝑣) + 𝑒(𝑢, 𝑣) = 𝜆𝑟(𝑢, 𝑣),   ∀𝑣 ∈ 𝑊,
 (3.3) 

where the bilinear forms 𝑎(⋅,⋅), 𝑏(⋅,⋅), 𝑑(⋅,⋅), 𝑒(⋅,⋅) and 𝑟(⋅,⋅) are defined by 
𝑎(𝛔, 𝛙) = ∫ 𝛔 ⋅ 𝛙

Ω
𝑑𝑥,   𝑏(𝛙, 𝑣) = − ∫ 𝑑𝑖𝑣𝛙 ⋅ 𝑣

Ω
𝑑𝑥,   𝑑(𝛔, 𝑣) = − ∫ 𝐛𝛔 ⋅ 𝑣

Ω
𝑑𝑥,  

  𝑒(𝑢, 𝑣) = ∫ 𝑐𝑢𝑣
Ω

𝑑𝑥,       𝑟(𝑢, 𝑣) = ∫ 𝑢𝑣
Ω

𝑑𝑥. 
The bilinear forms 𝑎(⋅,⋅), 𝑒(⋅,⋅) and 𝑟(⋅,⋅) are symmetric, and the bilinear forms defined above have the following 

characteristics: 
                        |𝑎(𝛙, 𝛙)| ≳ ‖𝛙‖𝐇

2 , |𝑒(𝑢, 𝑢)| ⩾ 0,  |𝑟(𝑢, 𝑢)| ⩾ 0,  

                        |𝑎(𝛔, 𝛙)| ≲ ‖𝛔‖𝐇‖𝛙‖𝐇,  |𝑏(𝛙, 𝑣)| ≲ ‖𝛙‖𝐕‖𝑣‖𝑊 ,     

 |𝑑(𝛙, 𝑢)| ≲ ‖𝛙‖𝐇‖𝑢‖𝑊, |𝑒(𝑢, 𝑣)| ≲ ‖𝑢‖𝑊‖𝑣‖𝑊 , |𝑟(𝑢, 𝑣)| ≲ ‖𝑢‖𝑊‖𝑣‖𝑊 .  
For the eigenvalue 𝜆, the Rayleigh quotient can be expressed as 

𝜆 =
𝑎(𝛔, 𝛔) + 𝑑(𝛔, 𝑢) + 𝑒(𝑢, 𝑢)

𝑟(𝑢, 𝑢)
. (3.4) 

From [7], the sequence of eigenvalues corresponding to the eigenvalue problem (3.3) is given by 

0 ≤ 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑘 ≤ ⋯ , 𝑙𝑖𝑚
𝑘→∞

𝜆𝑘 = ∞, 

and the associated eigenfunctions 

(𝛔1, 𝑢1), (𝛔2, 𝑢2), ⋯ , (𝛔𝑘, 𝑢𝑘), ⋯. 
The global stability result for problem (3.3) can be obtained from [4] as follows. 

Lemma 3.1. For all (𝛙, 𝑣) ∈ 𝐕 × 𝑊, the following inf-sup condition holds 

𝑠𝑢𝑝
0≠(𝛔,𝑢)∈𝐕×𝑊

𝑎(𝛔, 𝛙) − 𝑏(𝛙, 𝑢) + 𝑑(𝛙, 𝑢) + 𝑏(𝛔, 𝑣) + 𝑒(𝑢, 𝑣)

‖𝛔‖𝐕 + ‖𝑢‖𝑊

≳ ‖𝛙‖𝐕 + ‖𝑣‖𝑊 . 

 

IV. MIXED FINITE ELEMENT METHOD                                                                                                
In this section, we explore approximation methods for the eigenvalue problem (3.3) in mixed finite 

element method. To define the discrete approximation solution, we first define a shape regular mesh for the 
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domain Ω denoted by 𝒯ℎ = {𝜅}, where each element 𝜅 has edge length  ℎ𝐸 and the diameter ℎ𝜅. The mesh size is 

defined as ℎ = 𝑚𝑎𝑥
𝜅∈𝑇ℎ

ℎ𝜅 . This triangulation 𝒯ℎ satisfies the following conditions: 

(i) Any two triangles share at most one edge or one vertex; 

(ii) All triangles have a positive lower bound on their lowest interior angle; 

(iii) There exists a constant 𝛾∗ such that for any element 𝜅 ∈ 𝒯ℎ, the following holds 
ℎ𝜅

𝜌𝜅

⩽ 𝛾∗, ∀𝜅 ∈∪
ℎ

𝒯ℎ, 

where 𝜌𝜅 denotes the diameter of the largest inscribed circle of  element 𝜅; 

(iv) For any element 𝜅 ∈ 𝒯ℎ, let the area of element 𝜅 be |𝜅|, we have 

𝐶3ℎ2 ⩽ 𝐶1ℎ𝜅
2 ⩽ |𝜅| ⩽ 𝐶2ℎ𝜅

2 ⩽ 𝐶4ℎ2, 
where 𝐶𝑖(𝑖 = 1,2,3,4) are constants independent of the mesh size ℎ, and ℎ is a positive real number approaching 

zero. 

Additionally, the boundary 𝛤ℎ = 𝛤ℎ
0 ∪ 𝛤ℎ

𝜕 is divided into two parts: 𝛤ℎ
0 represents the interior edges, and 

𝛤ℎ
𝜕represents the edges on the boundary ∂Ω. 

Associated with the partition 𝒯ℎ, we define the finite-dimensional spaces 𝐕ℎ and 𝑊ℎ of the lowest order 

Raviart-Thomas mixed finite element spaces  (see [4]), where 𝑃𝑚(𝜅) denotes the spaces of a polynomial of degree 

≤ 𝑚 on 𝜅. 

Define 

𝐕ℎ = {𝛙 ∈ 𝐕: 𝛙|𝜅 ∈ 𝑃0(𝜅)2 ⊕ (𝑥1, 𝑥2)𝑇𝑃0(𝜅), ∀𝜅 ∈ 𝒯ℎ}, 
which clearly implies 𝐕ℎ ⊂ 𝐕. 

Afterward, define 

𝑊ℎ = {𝑣 ∈ 𝑊: 𝑣|𝜅 ∈ 𝑃0(𝜅), ∀𝜅 ∈ 𝒯ℎ}, 
likewise, we have 𝑊ℎ ⊂ 𝑊, and the connection 𝑑𝑖𝑣𝐕ℎ = 𝑊ℎ is valid. 

With the discrete spaces defined above, we are in position to introduce the discretization of problem (3.3): 

Find (𝜆ℎ , 𝛔ℎ, 𝑢ℎ) ∈ 𝐶 × 𝐕ℎ × 𝑊ℎ, such that  

{
𝑎(𝛔ℎ, 𝛙) − 𝑏(𝛙, 𝑢ℎ) + 𝑑(𝛙, 𝑢ℎ) = 0,     ∀𝛙 ∈ 𝐕ℎ

𝑏(𝛔ℎ, 𝑣) + 𝑒(𝑢ℎ, 𝑣) = 𝜆ℎ𝑟(𝑢ℎ, 𝑣),           ∀𝑣 ∈ 𝑊ℎ.
(4.1) 

From (4.1), the following Rayleigh quotient expression for 𝜆ℎ also holds 

𝜆ℎ =
𝑎(𝛔ℎ, 𝛔ℎ) + 𝑑(𝛔ℎ, 𝑢ℎ) + 𝑒(𝑢ℎ, 𝑢ℎ)

𝑟(𝑢ℎ, 𝑢ℎ)
. (4.2) 

And from [7] the eigenvalue problem (4.1) has eigenvalues 

0 ⩽ 𝜆1,ℎ ⩽ 𝜆2,ℎ ⩽ ⋯ ⩽ 𝜆𝑘,ℎ ⩽ ⋯ ⩽ 𝜆𝑁,ℎ, 
and the corresponding eigenfunctions 

(𝛔1,ℎ, 𝑢1,ℎ), (𝛔2,ℎ, 𝑢2,ℎ), ⋯ , (𝛔𝑘,ℎ, 𝑢𝑘,ℎ), ⋯ , (𝛔𝑁,ℎ, 𝑢𝑁,ℎ), 

where 𝑁 is the dimension of the mixed finite element space 𝐕ℎ × 𝑊ℎ. 

In this paper, we use 𝐏ℎ: 𝐕 → 𝐕ℎ and 𝑄ℎ: 𝑊 → 𝑊ℎ to denote the Raviart-Thomas interpolation operators 

which are defined by the following conditions: 

(i) For each edge 𝐸𝑖(𝑖 = 1,2,3) of any triangular element 𝜅 ∈ 𝒯ℎ, the following condition holds 

∫ (𝝈 − 𝐏ℎ𝝈) ⋅ 𝒏𝑖𝑑𝑠 = 0,
𝐸𝑖

 (4.3) 

where 𝒏𝑖(𝑖 = 1,2,3) is the unit outward normal vector on the edge 𝐸𝑖; 

(ii) For each element 𝜅, the following condition applies 

∫(𝑢 − 𝑄ℎ𝑢)𝑑𝑥 = 0
𝜅

; (4.4) 

(iii) The interpolation operators satisfy the following relation 

𝑑𝑖𝑣𝐏ℎ = 𝑄ℎ𝑑𝑖𝑣. (4.5) 

We also need to define the mixed finite element projection operator (𝚷ℎ, 𝛴ℎ): 𝐕 × 𝑊 → 𝐕ℎ × 𝑊ℎ, for 

any (𝛔, 𝑢) ∈ 𝐕 × 𝑊 such that 

{
𝑎(𝚷ℎ𝛔 − 𝛔, 𝛙ℎ) − 𝑏(𝛙ℎ, 𝛴ℎ𝑢 − 𝑢) + 𝑑(𝛙ℎ, 𝛴ℎ𝑢 − 𝑢) = 0, ∀𝛙ℎ ∈ 𝐕ℎ

𝑏(𝚷ℎ𝛔 − 𝛔, 𝑣ℎ) + 𝑒(𝛴ℎ𝑢 − 𝑢, 𝑣ℎ) = 0, ∀𝑣ℎ ∈ 𝑊ℎ.
 (4.6) 

For this type of projection, we have the following estimate (see [1,8]): 
‖𝛔 − 𝚷ℎ𝛔‖𝑽 ≲ ℎ‖𝛔‖1,  ‖𝑢 − 𝛴ℎ𝑢‖𝟎 ≲ ℎ‖𝑢‖1. (4.7) 

Next, define the linear bounded operators 𝑇 and 𝐒, as well as their discrete versions 𝑇ℎ and 𝐒ℎ: 

𝑇: 𝐺 → 𝑊 ⊂ 𝐺,           𝑇𝑔 = 𝑢,  
 𝑇ℎ: 𝐺 → 𝑊ℎ ⊂ 𝐺,         𝑇ℎ𝑔 = 𝑢, 
𝐒: 𝐺 → 𝐕 ⊂ 𝐺,             𝐒𝑔 = 𝛔,   

    𝐒ℎ: 𝐺 → 𝐕ℎ ⊂ 𝐺,          𝐒ℎ𝑔 = 𝛔ℎ. (4.8) 
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As a result, the operator form of the eigenvalue problems (3.3) and (4.1) can be equivalently converted as 

𝜆𝑇𝑢 = 𝑢, 𝐒(𝜆𝑢) = 𝛔,                  (4.9) 

𝜆ℎ𝑇ℎ𝑢ℎ = 𝑢ℎ, 𝐒ℎ(𝜆ℎ𝑢ℎ) = 𝛔ℎ. (4.10) 

Thus, solving the eigenvalue problem (3.3) for the eigenpair (𝜆, 𝛔, 𝑢)  is equivalent to solving the 

eigenpair of the operator 𝑇 for (𝜆−1, 𝑢) and 𝛔= 𝐒(𝜆𝑢). Similarly, solving the eigenvalue problem (4.1) for the 

eigenpair (𝜆ℎ , 𝛔ℎ, 𝑢ℎ)  is equivalent to solving for the eigenpair of the operator 𝑇ℎ  for  (𝜆ℎ
−1, 𝑢ℎ)  and 

𝛔ℎ=𝐒ℎ(𝜆ℎ𝑢ℎ). 

For the linear bounded operators 𝑇 and 𝐒 defined in (4.8), for any 𝑔 ∈ 𝑊, such that 

{
𝑎(𝐒𝑔, 𝛙) − 𝑏(𝛙, 𝑇𝑔) + 𝑑(𝛙, 𝑇𝑔) = 0,   ∀𝛙 ∈ 𝐕

𝑏(𝐒𝑔, 𝑣) + 𝑒(𝑇𝑔, 𝑣) = 𝑟(𝑔, 𝑣),                  ∀𝑣 ∈ 𝑊,
 (4.11) 

for this elliptic problem, the following regularity estimate holds [1]:  
‖𝑇𝑔‖1+𝜇 ≲ ‖𝑔‖0,   (4.12) 

where 𝜇 = 𝜋 𝜔⁄ − 𝜀, 𝜔 < 2𝜋 being the maximum interior angle of Ω. 

For the discrete version of the linear bounded operators 𝑇ℎ and 𝐒ℎ defined in (4.8), for any 𝑔 ∈ 𝑊, such 

that 

{
𝑎(𝐒ℎ𝑔, 𝛙) − 𝑏(𝛙, 𝑇ℎ𝑔) + 𝑑(𝛙, 𝑇ℎ𝑔) = 0,   ∀𝛙 ∈ 𝐕ℎ

𝑏(𝐒ℎ𝑔, 𝑣) + 𝑒(𝑇ℎ𝑔, 𝑣) = 𝑟(𝑔, 𝑣),                   ∀𝑣 ∈ 𝑊ℎ.
 (4.13) 

From the definitions of the operators (4.11), (4.13), and (4.6), we get 

Σℎ𝑇 = 𝑇ℎ , (4.14) 

From (4.9), (4.10) and the projection definition (4.6) , we obtain 

𝜆ℎ𝛴ℎ𝑇𝑢ℎ = 𝑢ℎ, (4.15) 
𝜆𝛴ℎ𝑇𝑢 = 𝛴ℎ𝑢. (4.16) 

Since both 𝑇 and 𝑇ℎ are self-adjoint operators, the eigenvalue 𝜆 in problem (3.3) is semi-simple, meaning 

its geometric multiplicity equals its algebraic multiplicity, and the slope is 1. Let 𝑀(𝜆)  be the generalized 

eigenspace associated with the eigenvalue 𝜆 , and 𝑀ℎ(𝜆)  be the direct sum of the generalized eigenspaces 

associated with 𝜆ℎ in (4.1), where 𝜆ℎ converges to 𝜆. 

when ℎ is small enough, the mixed discretised source problem is well-posed and has a unique solution. 

According to theorem 4 in [1], we can obtain the following a priori estimates: For any 𝑓 ∈ 𝐿2(Ω), the following 

hold 

‖𝐒𝑓 − 𝐒ℎ𝑓‖0 ≲ ℎ𝛽‖𝑇𝑓‖𝛽+1,  1 ≤ 𝛽 ≤ 𝑘 + 1,            (4.17) 

‖𝑑𝑖𝑣(𝐒𝑓 − 𝐒ℎ𝑓)‖0 ≲ ℎ𝛽‖𝑇𝑓‖𝛽+2,  0 ≤ 𝛽 ≤ 𝑘 + 1, (4.18) 

‖𝑇𝑓 − 𝑇ℎ𝑓‖0 ≲ {
ℎ‖𝑇𝑓‖2,     𝑘 = 0,

ℎ𝛽‖𝑇𝑓‖𝛽 ,  𝑘 ≥ 1 𝑎𝑛𝑑 2 ≤ 𝛽 ≤ 𝑘 + 1.
(4.19) 

By combining the Brezzi-Babuska theorem and the regularity of boundary value problems, if 𝑓 ∈ 𝑀(𝜆), 

then 𝑇𝑓 = 𝜆𝑙
−1𝑓 , and we obtain the following estimate: 

‖(𝐒 − 𝐒ℎ)|𝑀(𝜆)‖
0

≲ ℎ𝛽 ,  1 ≤ 𝛽 ≤ 𝑘 + 1,                         (4.20) 

‖𝑑𝑖𝑣(𝐒 − 𝐒ℎ)|𝑀(𝜆)‖
0

≲ ℎ𝛽 ,  0 ≤ 𝛽 ≤ 𝑘 + 1,                  (4.21) 

‖(𝑇 − 𝑇ℎ)|𝑀(𝜆)‖
0

≲ {
ℎ,  𝑘 = 0,

ℎ𝛽 ,  𝑘 ≥ 1 𝑎𝑛𝑑 2 ≤ 𝛽 ≤ 𝑘 + 1.
 (4.22) 

Therefore, from (4.17) and (4.19), we derive the following convergence results 
‖𝑇 − 𝑇ℎ‖0 → 0,  𝑖𝑓 ℎ → 0, (4.23) 
‖𝐒 − 𝐒ℎ‖0 → 0,  𝑖𝑓 ℎ → 0. (4.24) 

Equations (4.23) and (4.24) show the convergence of the eigenvalues and eigenfunctions. Consequently, 

by using the proof method in reference [14], we may draw the following conclusions. 

Lemma 4.1. For each  approximate eigenpair (𝜆ℎ , 𝛔ℎ, 𝑢ℎ), there exists an exact eigenpair (𝜆, 𝛔, 𝑢) such that the 

following a priori error estimates hold 

|𝜆 − 𝜆ℎ| ≲ ℎ2𝛼 , (4.25) 
‖𝛔 − 𝛔ℎ‖𝑽 + ‖𝑢 − 𝑢ℎ‖0 ≲ ℎ𝛼 , (4.26) 

where 𝛼 = 𝑚𝑖𝑛{1, 𝜇}, 𝛼 = 1 if Ω is convex and 𝛼 = 𝜇 for a nonconvex Ω, due to regularity result (4.12). 

 

V. A POSTERIORI ERROR ANALYSIS 
The purpose of this part is to determine posterior error estimates for the second-order elliptic eigenvalue 

issue and verify the reliability of the error indicators for eigenvalues and eigenfunctions in the mixed finite element 

method, as well as the effectiveness of  the eigenfunction estimator. 

 

5.1 Properties of The Mesh         
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Let us set some definitions before presenting  posteriori error estimates. For 𝜅 ∈ 𝒯ℎ, let 𝛤(𝜅) be the set 

of its edges, and let 𝑁(𝜅) be the set of its vertexs . We define 

𝛤ℎ = ∪ 𝛤(𝜅)
𝜅∈𝒯ℎ

= 𝛤ℎ
0 ∪ 𝛤ℎ

𝜕 ,   𝒩ℎ =  ∪ 𝒩(𝜅)
𝜅∈𝒯ℎ

. 

For any edge 𝐸 ∈ 𝛤ℎ , let 𝒩(𝐸) be the set of its vertices. Next, we define the sets listed below: 

𝜔𝜅 = ∪
𝛤(𝜅)∩𝛤(𝜅′)≠0

𝜅′,  𝜔𝐸 = ∪
𝐸∈𝛤(𝜅′)

𝜅′,  𝜔𝑧 = ∪
𝑧∈𝒩(𝜅′)

𝜅′, 

�̃�𝜅 = ∪
𝒩(𝜅)∩𝒩(𝜅′)≠0

𝜅′, �̃�𝐸 = ∪ 𝜅′

𝒩(𝐸)∩𝒩(𝜅′)≠0
.        (5.1) 

 

5.2 Superconvergence Analysis     
In this section, to study the superconvergence of the eigenfunction interpolation 𝑄ℎ𝑢  and the 

eigenfunction approximation 𝑢ℎ for the eigenvalue problem (3.1), we will focus on the superconvergence of the 

eigenfunction projection 𝛴ℎ𝑢 and the eigenfunction approximation hu , based on the method in reference [10]. In 

this process, we will utilize the pertinent findings on the superconvergence of eigenfunction projection 𝛴ℎ𝑢 and 

eigenfunction interpolation 𝑄ℎ𝑢 from Brezzi's study [8]. 

Theorem 5.1. Let (𝜆ℎ, 𝛔ℎ, 𝑢ℎ) be the discrete eigenpair approximate solution corresponding to the eigenvalue 

problem (4.1), and (𝚷ℎ𝛔, 𝛴ℎ𝑢) be the mixed finite element projection defined by (4.6). When the mesh size ℎ is 

sufficiently small, the following superconvergence result holds: 

‖Σℎ𝑢 − 𝑢ℎ‖0 ≲ ℎ2𝛼 . (5.2)

Proof. Define the function 𝒳ℎ = 𝛴ℎ𝑢 − 𝑢ℎ − (𝛴ℎ𝑢 − 𝑢ℎ, 𝑢)𝑢 , which 𝒳ℎ  consists of 𝛴ℎ𝑢 − 𝑢ℎ  and  (𝛴ℎ𝑢 −
𝑢ℎ, 𝑢)𝑢. Based on the definition 𝒳ℎ, the following error estimate can be given 

‖Σℎ𝑢 − 𝑢ℎ‖0 ≲ ‖𝒳ℎ‖0 + ‖(Σℎ𝑢 − 𝑢ℎ, 𝑢)𝑢‖0, (5.3) 

therefore, to estimate the error of ‖𝛴ℎ𝑢 − 𝑢ℎ‖0, we can decompose it into separate error estimates for 𝒳ℎ and the 

term (𝛴ℎ𝑢 − 𝑢ℎ, 𝑢)𝑢. 

(i) Estimate the error of ‖(𝛴ℎ𝑢 − 𝑢ℎ, 𝑢)𝑢‖0. According to the following equation 

 ‖(Σℎ𝑢 − 𝑢ℎ, 𝑢)𝑢‖0 ≲ |(𝑢, Σℎ𝑢 − 𝑢ℎ)|                                    
                                = |(𝑢, Σℎ𝑢 − 𝑢)| + |(𝑢, 𝑢 − 𝑢ℎ)|, (5.4) 

we only need to estimate the errors of |(𝑢, 𝛴ℎ𝑢 − 𝑢)| and |(𝑢, 𝑢 − 𝑢ℎ)|. 
First, estimate |(𝑢, 𝛴ℎ𝑢 − 𝑢)|. According to (3.3), we have 

                                             𝜆(𝑢, 𝛴ℎ𝑢 − 𝑢) = 𝜆𝑟(𝑢, 𝛴ℎ𝑢 − 𝑢) 

   = −𝑎(𝛔, 𝛙) + 𝑏(𝛙, 𝑢) − 𝑑(𝛙, 𝑢) 

                             +𝑏(𝛔, 𝛴ℎ𝑢 − 𝑢) + 𝑒(𝑢, 𝛴ℎ𝑢 − 𝑢), ∀𝛙 ∈ 𝐕, 
in the above equation, by taking 𝛙 = 𝚷ℎ𝛔 − 𝛔, we get 

𝜆(𝑢, 𝛴ℎ𝑢 − 𝑢) = −𝑎(𝝈, 𝚷ℎ𝛔 − 𝛔) + 𝑏(𝚷ℎ𝛔 − 𝛔, 𝑢) − 𝑑(𝚷ℎ𝛔 − 𝛔, 𝑢)                     
+𝑏(𝛔, 𝛴ℎ𝑢 − 𝑢) + 𝑒(𝑢, 𝛴ℎ𝑢 − 𝑢).                     (5.5) 

In (4.6), by taking 𝛙ℎ = 𝚷ℎ𝛔 and 𝑣ℎ = 𝛴ℎ𝑢, we obtain 

{
𝑎(𝚷ℎ𝛔 − 𝛔, 𝚷ℎ𝛔) − 𝑏(𝚷ℎ𝛔, 𝛴ℎ𝑢 − 𝑢) + 𝑑(𝚷ℎ𝛔, 𝛴ℎ𝑢 − 𝑢) = 0,

−𝑏(𝚷ℎ𝛔 − 𝛔, 𝛴ℎ𝑢) − 𝑒(𝛴ℎ𝑢 − 𝑢, 𝛴ℎ𝑢) = 0
 

substituting this into (5.5) gives  

                                𝜆(𝑢, 𝛴ℎ𝑢 − 𝑢) 

= 𝑎(𝚷ℎ𝛔 − 𝛔, 𝚷ℎ𝛔 − 𝛔) − 𝑏(𝚷ℎ𝛔 − 𝛔, 𝛴ℎ𝑢 − 𝑢) − 𝑏(𝚷ℎ𝛔 − 𝛔, 𝛴ℎ𝑢 − 𝑢)             
−𝑒(𝛴ℎ𝑢 − 𝑢, 𝛴ℎ𝑢 − 𝑢) − 𝑑(𝚷ℎ𝛔 − 𝛔, 𝑢) + 𝑑(𝚷ℎ𝛔, 𝛴ℎ𝑢 − 𝑢).                              (5.6) 

The following expression is deformed: 

−𝑑(𝚷ℎ𝛔 − 𝛔, 𝑢) + 𝑑(𝚷ℎ𝛔, 𝛴ℎ𝑢 − 𝑢)                                                            
= −𝑑(𝚷ℎ𝛔 − 𝛔, 𝑢) + 𝑑(𝚷ℎ𝛔 − 𝛔 + 𝛔, 𝛴ℎ𝑢 − 𝑢)                                                 
= −𝑑(𝚷ℎ𝛔 − 𝛔, 𝑢) + 𝑑(𝚷ℎ𝛔 − 𝛔, 𝛴ℎ𝑢) − 𝑑(𝚷ℎ𝛔 − 𝛔, 𝑢) + 𝑑(𝛔, 𝛴ℎ𝑢 − 𝑢) 

= 𝑑(𝚷ℎ𝛔 − 𝛔, 𝛴ℎ𝑢 − 𝑢) − 𝑑(𝚷ℎ𝛔, 𝑢) + 𝑑(𝛔, 𝛴ℎ𝑢),                                            
Since ‖𝚷ℎ𝛔‖0 ≲ ‖𝛔‖0 and ‖𝛴ℎ𝑢‖0 ≲ ‖𝑢‖0 are infinitesimals, substituting the above expressions into (5.6) and 

combining with (4.7), we obtain 

|(𝑢, 𝛴ℎ𝑢 − 𝑢)| ≲ ℎ2𝛼 . (5.7) 

Afterward, we estimate the error of |(𝑢, 𝑢 − 𝑢ℎ)|. Based on (4.17), we get 

|(𝑢, 𝑢 − 𝑢ℎ)|  = |
1

2
(𝑢, 𝑢) − (𝑢, 𝑢ℎ) +

1

2
(𝑢, 𝑢)| 

                                                     = |
1

2
(𝑢, 𝑢) −

1

2
(𝑢, 𝑢ℎ) −

1

2
(𝑢, 𝑢ℎ) +

1

2
(𝑢ℎ, 𝑢ℎ)| 

                                   = |
1

2
(𝑢, 𝑢 − 𝑢ℎ) −

1

2
(𝑢ℎ, 𝑢 − 𝑢ℎ)|     

        =
1

2
|(𝑢 − 𝑢ℎ, 𝑢 − 𝑢ℎ)| 

≲ ℎ2𝛼 .                  (5.8) 
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Thus, substituting (5.7) and (5.8) into (5.4), we easily get 

‖(𝛴ℎ𝑢 − 𝑢ℎ, 𝑢)𝑢‖0 ≲ ℎ2𝛼 . (5.9) 

(ii) Estimation of the error in ‖𝒳ℎ‖0. Since (𝑢, 𝑢) = 1 , we have (𝒳ℎ , 𝑢) = 0, and thus 
‖𝒳ℎ‖0 ≲ ‖(𝐼 − 𝜆𝑇)𝒳ℎ‖0 = ‖(𝐼 − 𝜆𝑇)(𝛴ℎ𝑢 − 𝑢ℎ)‖0. (5.10) 

From (4.15) and (4.16), we have 

                              (𝐼 − 𝜆𝑇)(𝛴ℎ𝑢 − 𝑢ℎ) 

                          = −𝜆𝑇(𝛴ℎ𝑢 − 𝑢ℎ) + (𝛴ℎ𝑢 − 𝑢ℎ) 

                          = (𝜆ℎ𝛴ℎ𝑇 − 𝜆𝑇 − 𝜆ℎ𝛴ℎ𝑇)(𝛴ℎ𝑢 − 𝑢ℎ) + (𝛴ℎ𝑢 − 𝑢ℎ) 

= −𝜆ℎ𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢ℎ) + (𝛴ℎ𝑢 − 𝑢ℎ) + (𝜆ℎ𝛴ℎ𝑇 − 𝜆𝑇)(𝛴ℎ𝑢 − 𝑢ℎ)                                                         
   = −𝜆ℎ𝛴ℎ𝑇(𝑢 − 𝑢ℎ) + (𝛴ℎ𝑢 − 𝑢ℎ) − 𝜆ℎ𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢) + (𝜆ℎ𝛴ℎ𝑇 − 𝜆𝑇)(𝛴ℎ𝑢 − 𝑢ℎ)  

= (𝜆 − 𝜆ℎ)𝛴ℎ𝑇𝑢 − 𝜆ℎ𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢) + (𝜆ℎ𝛴ℎ𝑇 − 𝜆𝑇)(𝛴ℎ𝑢 − 𝑢ℎ).                              (5.11) 

Using (5.10) and (5.11), we can obtain  

‖𝒳ℎ‖0 ≲ ‖(𝜆ℎ𝛴ℎ𝑇 − 𝜆𝑇)(𝛴ℎ𝑢 − 𝑢ℎ)‖0                                                
+|𝜆ℎ − 𝜆| ⋅ ‖𝛴ℎ𝑇𝑢‖0 + 𝜆ℎ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0, (5.12) 

also, the first equation of (5.12) can be rewritten as  

(𝜆ℎ𝛴ℎ𝑇 − 𝜆𝑇) ⋅ (𝛴ℎ𝑢 − 𝑢ℎ)                                                        
= (𝜆ℎ𝛴ℎ𝑇 − 𝜆𝛴ℎ𝑇 + 𝜆𝛴ℎ𝑇 − 𝜆𝑇) ⋅ (𝛴ℎ𝑢 − 𝑢ℎ)                             
= (𝜆ℎ − 𝜆) ⋅ 𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢ℎ) + 𝜆(𝛴ℎ − 𝐼)𝑇 ⋅ (𝛴ℎ𝑢 − 𝑢ℎ)            
≲ |𝜆ℎ − 𝜆| ⋅ ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢ℎ)‖0 + 𝜆‖(𝛴ℎ − 𝐼)𝑇(𝛴ℎ𝑢 − 𝑢ℎ)‖0.    

Therefore, using (4.7), (4.12), and (4.25), we have 

‖𝒳ℎ‖0 ≲ ℎ2𝛼‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢ℎ)‖0 + 𝜆ℎ𝛼‖𝑇(𝛴ℎ𝑢 − 𝑢ℎ)‖2                             
 +ℎ2𝛼‖𝑇𝑢‖1+𝜇 + 𝜆ℎ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0                             

≲ ℎ2𝛼‖𝛴ℎ𝑢 − 𝑢ℎ‖0 + 𝜆ℎ𝛼‖𝛴ℎ𝑢 − 𝑢ℎ‖0                                  
+ℎ2𝛼‖𝑢‖0 + 𝜆ℎ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0                                  

≲ ℎ2𝛼‖𝑢‖0 + 𝜆ℎ𝛼‖𝛴ℎ𝑢 − 𝑢ℎ‖0 + 𝜆ℎ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0. (5.13) 

In (5.13), we also need to estimate the third term ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0 of ‖𝒳ℎ‖0. First, we define a function 

𝑔ℎ ∈ 𝑊ℎ such that ‖𝑔ℎ‖0 = 1, and it satisfies the condition 

𝑟(𝑔ℎ , 𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)) = ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0. 

Next, we define an auxiliary equation: Find (𝛈ℎ , 𝜉ℎ) ∈ 𝐕ℎ × 𝑊ℎ , such that  

{
𝑎(𝛙ℎ , 𝛈ℎ) − 𝑏(𝛙ℎ, 𝜉ℎ) + 𝑑(𝛈ℎ, 𝑣ℎ) = 0, ∀𝛙ℎ ∈ 𝐕ℎ

𝑏(𝛈ℎ, 𝑣ℎ) + 𝑒(𝑣ℎ, 𝜉ℎ) = 𝑟(𝑔ℎ , 𝑣ℎ),            ∀𝑣ℎ ∈ 𝑊ℎ
(5.14) 

Based on the Babuška–Brezzi condition of the mixed finite element space 𝐕ℎ × 𝑊ℎ, the following relation holds 

    ‖𝛈ℎ‖𝐕 + ‖𝜉ℎ‖0 ≲ sup
0≠(𝛙ℎ,𝑣ℎ)∈𝐕ℎ×𝑊ℎ

𝑎(𝛙ℎ, 𝛈ℎ) − 𝑏(𝛙ℎ, 𝜉ℎ)

‖𝛙ℎ‖𝐕 + ‖𝑣ℎ‖0

                                                            

    + sup
0≠(𝛙ℎ,𝑣ℎ)∈𝐕ℎ×𝑊ℎ

𝑑(𝛈ℎ, 𝑣ℎ) + 𝑏(𝛈ℎ , 𝑣ℎ) + 𝑒(𝑣ℎ , 𝜉ℎ)

‖𝛙ℎ‖𝐕 + ‖𝑣ℎ‖0

 

≲ sup
0≠(𝛙ℎ,𝑣ℎ)∈𝐕ℎ×𝑊ℎ

𝑟(𝑔ℎ , 𝑣ℎ)

‖𝛙ℎ‖𝐕 + ‖𝑣ℎ‖0

                                        

≲ ‖𝑔ℎ‖0.                                                                                      (5.15)

Choosing (𝛙ℎ, 𝑣ℎ) = (𝚷ℎ𝐒(𝛴ℎ𝑢 − 𝑢), 𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)) in (5.14) and from (4.6), (4.11), and (4.13), we have 

                                     −𝑟(𝑔ℎ, 𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)) 

= 𝑎(𝚷ℎ𝐒(𝛴ℎ𝑢 − 𝑢), 𝛈ℎ) − 𝑏(𝛈ℎ, 𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢))                                                 

   +𝑑(𝛈ℎ, 𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)) − 𝑏(𝚷ℎ𝐒(𝛴ℎ𝑢 − 𝑢), 𝜉ℎ) − 𝑒(𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢), 𝜉ℎ) 

= 𝑎(𝐒(𝛴ℎ𝑢 − 𝑢), 𝛈ℎ) − 𝑏(𝛈ℎ, 𝑇(𝛴ℎ𝑢 − 𝑢)) + 𝑑(𝛈ℎ, 𝑇(𝛴ℎ𝑢 − 𝑢))                   

   −𝑏(𝐒(𝛴ℎ𝑢 − 𝑢), 𝜉ℎ) − 𝑒(𝑇(𝛴ℎ𝑢 − 𝑢), 𝜉ℎ)                                                           
= −𝑟(𝛴ℎ𝑢 − 𝑢, 𝜉ℎ).                                                                                                        (5.16) 

Furthermore, based on the results in reference [8], Brezzi analyzed the superconvergence property of the 

characteristic function projection 𝛴ℎ𝑢and the characteristic function interpolation 𝑄ℎ𝑢, i.e.  

‖𝛴ℎ𝑢 − 𝑄ℎ𝑢‖0 ≲ ℎ2𝛼 . (5.17) 

From (5.15) and (5.17), we obtain the following estimate 

𝑟(𝛴ℎ𝑢 − 𝑢, 𝜉ℎ) = 𝑟(𝛴ℎ𝑢 − 𝑄ℎ𝑢, 𝜉ℎ) + 𝑟(𝑄ℎ𝑢 − 𝑢, 𝜉ℎ)  

                     ≲ ℎ2𝛼‖𝜉ℎ‖0 + ‖𝑄ℎ𝑢 − 𝑢‖0 ⋅ ‖𝜉ℎ‖0 

≲ ℎ2𝛼‖𝑔ℎ‖0.                   (5.18) 

Combining (5.16), (5.18), and the definition of 𝑔ℎ, we obtain the estimate ‖𝛴ℎ𝑇(𝛴ℎ𝑢 − 𝑢)‖0 ≲ ℎ2𝛼 . 

Thus, we have 

‖𝒳ℎ‖0 ≲ ℎ2𝛼‖𝑢‖0 + 𝜆ℎ𝛼‖𝛴ℎ𝑢 − 𝑢ℎ‖0 + 𝜆ℎℎ2𝛼 
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   ≲ ℎ2𝛼 + 𝜆ℎ𝛼‖𝛴ℎ𝑢 − 𝑢ℎ‖0.              (5.19) 

Finally, combining (i) and (ii) leads to 

‖𝛴ℎ𝑢 − 𝑢ℎ‖0 ≲ ℎ2𝛼 + 𝜆ℎ‖𝛴ℎ𝑢 − 𝑢ℎ‖0, (5.20) 

It means when ℎ is small enough, we have 

‖𝛴ℎ𝑢 − 𝑢ℎ‖0 ≲ ℎ2𝛼 (5.21) 

The proof is complete. 

Corollary 5.1. For the eigenfunction approximation 𝑢ℎ of the eigenvalue problem (3.3) and the interpolation 𝑄ℎ𝑢 

of the exact eigenfunction, when the mesh size ℎ is small enough, the following superconvergence result holds 

‖𝑢ℎ − 𝑄ℎ𝑢‖0 ≲ ℎ2𝛼 . (5.22) 

Proof. From (5.2) and (5.17), we have 

‖𝑢ℎ − 𝑄ℎ𝑢‖0 ⩽ ‖𝑢ℎ − 𝛴ℎ𝑢‖0 + ‖𝛴ℎ𝑢 − 𝑄ℎ𝑢‖0 ≲ ℎ2𝛼 . 
Thus, the proof is complete. 

 

5.3 Postprocessing Technique   
Based on the superconvergence result (5.22), using a suitable post-processing operator to 𝑢ℎ can gets an 

eigenfunction approximation with superconvergence properties. This postprocessing technique is highly effective 

in numerical computations , as it can significantly improve the accuracy of the solution without increasing the 

computational costs. 

Lemma 5.2. (see Theorem 3.1 in [9]) There exists the following estimate for the eigenvalue approximation 𝜆ℎ, 

|𝜆 − 𝜆ℎ|
1
2 ≲ ‖𝛔 − 𝛔ℎ‖𝐕 + ‖𝑢 − 𝑢ℎ‖0. (5.23) 

Proof. To extend the eigenvalue error, we now introduce the Rayleigh quotient(see [10]). Assume (𝜆, 𝛔, 𝑢) is the 

true solution of the eigenvalue problem (3.3),  𝛗 ∈ 𝐕 and 0 ≠ 𝑠 ∈ 𝑊 satisfy 

𝑎(𝛗, 𝛗) − 𝑏(𝛗, 𝑠) + 𝑑(𝛗, 𝑠) = 0. (5.24) 

Let us define the Rayleigh quotient for the eigenvalue �̂� as 

�̂� =
𝑎(𝛗, 𝛗) + 𝑑(𝛗, 𝑠) + 𝑒(𝑠, 𝑠)

𝑟(𝑠, 𝑠)
, (5.25) 

then, we rewrite 𝑎(𝛗, 𝛗), 𝑑(𝛗, 𝑠), and 𝑒(𝑠, 𝑠) in the following forms 

𝑎(𝛗, 𝛗) = 𝑎(𝛗 − 𝛔 + 𝛔, 𝛗 − 𝛔 + 𝛔) 

                                          = 𝑎(𝛗 − 𝛔, 𝛗 − 𝛔) + 2𝑎(𝛗, 𝛔) − 𝑎(𝛔, 𝛔), 
𝑑(𝛗, 𝑠) = 𝑑(𝛗 − 𝛔 + 𝛔, 𝑠 − 𝑢 + 𝑢) 

                                                = 𝑑(𝛗 − 𝛔, 𝑠 − 𝑢) − 𝑑(𝛔, 𝑢 − 𝑠) + 𝑑(𝛗, 𝑢),   
𝑒(𝑠, 𝑠) = 𝑒(𝑠 − 𝑢 + 𝑢, 𝑠 − 𝑢 + 𝑢) 

                                                   = 𝑒(𝑠 − 𝑢, 𝑠 − 𝑢) + 2𝑒(𝑠, 𝑢) − 𝑒(𝑢, 𝑢).               
Inserting these expressions into (5.25), according to (3.4), we get 

                       �̂� − 𝜆 =
𝑎(𝛗, 𝛗) + 𝑑(𝛗, 𝑠) + 𝑒(𝑠, 𝑠) − 𝜆𝑟(𝑠, 𝑠)

𝑟(𝑠, 𝑠)
 

=
𝑎(𝛗 − 𝛔, 𝛗 − 𝛔) + 𝑑(𝛗 − 𝛔, 𝑠 − 𝑢) + 𝑒(𝑠 − 𝑢, 𝑠 − 𝑢)

𝑟(𝑠, 𝑠)
                            

+
2[𝑎(𝛗, 𝛔) + 𝑒(𝑠, 𝑢)] + 𝑑(𝛔, 𝑠) + 𝑑(𝛗, 𝑢)

𝑟(𝑠, 𝑠)
−

𝜆𝑟(𝑢, 𝑢) + 𝜆𝑟(𝑠, 𝑠)

𝑟(𝑠, 𝑠)
.    (5.26) 

From (3.3) and (5.24), we obtain 

                    2[𝑎(𝛗, 𝛔) + 𝑒(𝑠, 𝑢)] + 𝑑(𝝈, 𝑠) + 𝑑(𝛗, 𝑢) − 𝜆𝑟(𝑢, 𝑢) − 𝜆𝑟(𝑠, 𝑠) 

               = 2[𝑎(𝛗, 𝛔) + 𝑒(𝑠, 𝑢)] + 𝑑(𝛔, 𝑠) + 𝑑(𝛗, 𝑢) − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢) − 2𝜆𝑟(𝑠, 𝑢)  

= 2[𝑎(𝛗, 𝛔) + 𝑒(𝑠, 𝑢)] + 𝑑(𝛔, 𝑠) + 𝑑(𝝋, 𝑢) − 2[𝑏(𝝈, 𝑠) + 𝑒(𝑠, 𝑢)] − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢)                 
= 2[𝑎(𝛗, 𝛔) − 𝑏(𝛔, 𝑠)] + 𝑑(𝛔, 𝑠) + 𝑑(𝛗, 𝑢) − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢)                                                            
= 2[𝑎(𝛗, 𝛔) − 𝑏(𝛔, 𝑠) − 𝑎(𝛗, 𝛗) + 𝑏(𝛗, 𝑠) − 𝑑(𝛗, 𝑠)] + 𝑑(𝛔, 𝑠) + 𝑑(𝛗, 𝑢) − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢) 

= 2[𝑎(𝛗, 𝛔 − 𝛗) − 𝑏(𝛔 − 𝛗, 𝑠)] + 𝑑(𝛔 − 𝛗, 𝑠) − 𝑑(𝛗, 𝑠 − 𝑢) − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢)                          
= 2[𝑎(𝛗, 𝛔 − 𝛗) − 𝑏(𝛔 − 𝛗, 𝑠) − 𝑎(𝛔, 𝛔) + 𝑏(𝛔, 𝑢) − 𝑑(𝛔, 𝑢) + 𝑎(𝛔, 𝛗) − 𝑏(𝛗, 𝑢) + 𝑑(𝛗, 𝑢)] 

                 + 𝑑(𝛔 − 𝛗, 𝑠) − 𝑑(𝛗, 𝑠 − 𝑢) − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢) 

             = 2[𝑎(𝛗 − 𝛔, 𝛔 − 𝛗) − 𝑏(𝛔 − 𝛗, 𝑠 − 𝑢)] + 𝑑(𝛔 − 𝛗, 𝑠 − 𝑢) 

                 −𝑑(𝛗, 𝑠 − 𝑢) −  𝑑(𝛔 − 𝛗, 𝑢) − 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢) 
Finally, we obtain 

                      �̂� − 𝜆 =
2𝑏(𝛗 − 𝛔, 𝑠 − 𝑢) + 𝑒(𝑠 − 𝑢, 𝑠 − 𝑢)

𝑟(𝑠, 𝑠)
 

−
𝑎(𝛗 − 𝛔, 𝛗 − 𝛔) + 𝑑(𝛗, 𝑠 − 𝑢) + 𝑑(𝛔 − 𝛗, 𝑢) + 𝜆𝑟(𝑠 − 𝑢, 𝑠 − 𝑢)

𝑟(𝑠, 𝑠)
. (5.27) 

In conclusion, combining (5.27), (3.4), and (4.2), we can obtain the estimate for 𝜆 − 𝜆ℎ, as shown in (5.23). 
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A superconvergent approximation of the eigenfunction can be obtained by combining the 

superconvergence result (5.22) with an appropriate interpolating postprocessing method. The post-processing 

operator of this type will be introduced in detail next. 

We define a piecewise linear finite element space 𝑈ℎ as follows 

𝑈ℎ = {𝑣 ∈ 𝐻1(𝛺): 𝑣|𝜅 ∈ 𝑃1(𝜅), ∀𝜅 ∈ 𝒯ℎ}. (5.28) 

For each vertex 𝑧 in the mesh 𝒯ℎ, we define the region 𝜔𝑧 associated with this vertex, which consists of 

all elements adjacent to the vertex 𝑧. Next, we introduce a post-processing operator 𝛬ℎ: 𝑊 → 𝑈ℎ, which aims to 

improve the solution accuracy by fitting a piecewise linear function at the vertices. The following is the precise 

post-processing technique: 

𝛬ℎ𝑣(𝑧) = ∑
∫ 𝑣

𝜅
𝑑𝑥

|𝜔𝑧|
𝜅∈𝜔𝑧

, (5.29) 

where 𝛬ℎ𝑣(𝑧) represents the post-processed value at the vertex 𝑧 ∈ 𝜔𝑧; ∫ 𝑣
𝜅

𝑑𝑥 is the integral of function 𝑣 over 

element 𝜅; and |𝜔𝑧| is the area of the region 𝜔𝑧which is the total area of all elements containing  vertex 𝑧. 

Note that  𝛬ℎ𝑣(𝑧) is obtained by averaging the integrals of all elements sharing that vertex. 

Let’s review some important properties of 𝛬ℎ (see  [11], Lemma 4.1). 

Lemma 5.3. The operator 𝛬ℎ defined above satisfies the following: 

(i) For 𝑣 ∈ 𝐻1+𝛼(𝜅) and 𝜅 ∈ 𝒯ℎ, we have ‖𝛬ℎ𝑣 − 𝑣‖0,𝜅 ≲ ℎ𝜅
1+𝛼‖𝑣‖2,�̃�𝜅

; 

(ii) For any 𝑣 ∈ 𝑊, we have 𝛬ℎ𝑄ℎ𝑣 = 𝛬ℎ𝑣; 

(iii) For any 𝑣 ∈ 𝑊, we have ‖𝛬ℎ𝑣‖0 ≲ ‖𝑣‖0. 

We may determine the superconvergence result of 𝛬ℎ based on Lemma 5.3. 

Lemma 5.4. (Superconvergence) When ℎ small enough, there holds 

‖𝛬ℎ𝑣ℎ − 𝑣‖0 ≲ ℎ2𝛼 . (5.30) 

Proof. Based on (5.22) and Lemma 5.3, we have 

 ‖𝛬ℎ𝑣ℎ − 𝑣‖0 ≲ ‖𝛬ℎ𝑣ℎ − 𝛬ℎ𝑄ℎ𝑣 + 𝛬ℎ𝑄ℎ𝑣 − 𝛬ℎ𝑣 + 𝛬ℎ𝑣 − 𝑣‖0                                         
≲ ‖𝛬ℎ𝑣ℎ − 𝛬ℎ𝑄ℎ𝑣‖0 + ‖𝛬ℎ𝑄ℎ𝑣 − 𝛬ℎ𝑣‖0 + ‖𝛬ℎ𝑣 − 𝑣‖0 

≲ ‖𝑣ℎ − 𝑄ℎ𝑣‖0 + ‖𝛬ℎ𝑣 − 𝑣‖0                                                 
≲ ℎ2𝛼 .                                                                                              

 

5.4 Technical Tools   
To perform the analysis, we recall two key properties that are needed. First, let us consider the operator 

𝑂ℎ: 𝐻1(Ω) → 𝑀𝐼, where 

𝑀𝐼 = {𝑝 ∈ 𝐶(Ω̄): 𝑝|𝜅 ∈ 𝑃1(𝜅), ∀𝜅 ∈ 𝒯ℎ}, 
is the Clément interpolant of degree k = 1 (see [12]). 

We now establish the following lemma, which states the local approximation properties of 𝑂ℎ. 

Lemma 5.5. For all 𝑝 ∈ 𝐻1(Ω), there holds 
‖𝑝 − 𝑂ℎ𝑝‖0,𝜅 ≲ ℎ𝜅‖𝑝‖1,�̃�𝜅

, ∀𝜅 ∈ 𝒯ℎ      (5.31) 

‖𝑝 − 𝑂ℎ𝑝‖0,𝐸 ≲ ℎ𝐸
1 2⁄ ‖𝑝‖1,�̃�𝐸

, ∀𝐸 ∈ 𝛤ℎ   (5.32) 

Secondly, the following Helmholtz decomposition holds. 

Lemma 5.6. For each 𝛔 ∈ 𝐻(𝑑𝑖𝑣; Ω)  there exist 𝜙 ∈ 𝐻0
1(Ω)  and 𝑝 ∈ 𝐻1(Ω)  such that ∫ 𝑝𝑑𝑥 = 0

Ω
, and they 

satisfy the equation 

𝛔 = ∇𝜙 + 𝐜𝐮𝐫𝐥𝑝,  𝑖𝑛 Ω, (5.33) 

and the following norm relation holds ‖𝛔‖0 = (‖∇𝜙‖0
2 + ‖𝐜𝐮𝐫𝐥𝑝‖0

2)
1

2. 

 

5.5 The Local And Global Error Indicators   
Based on the previous superconvergence results and the related theory of post-processing operators, we 

next derive the local error estimator and the global error estimator, and analyze their reliability and effectiveness 

in eigenvalue and eigenfunction estimation. 

Let (𝜆ℎ , 𝛔ℎ, 𝑢ℎ) be the eigenpair of  (4.1). For each edge 𝐸 ∈ 𝛤ℎ , we define the surface residual as follows 

𝐽𝐹 = {
[(𝛔ℎ − 𝐛𝑢ℎ) ⋅ 𝐭], 𝐸 ∈ 𝛤ℎ

0

(𝛔ℎ − 𝐛𝑢ℎ) ⋅ 𝐭,   𝐸 ∈ 𝛤ℎ
𝜕 ,

 

where 𝐭 denotes the tangential vector in the clockwise direction on edge 𝐸. 

Let us present the indicator for the reduced discrete eigenvalue problem  

𝜂𝜅
2 = ℎ𝜅

2‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅
2 + ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0,𝜅

2 + ‖𝑐 − 𝑄ℎ𝑐‖0,𝜅
2 + ∑ ℎ𝐸

𝐸∈𝛤(𝜅)

‖𝐽𝐹‖0,𝐸
2 , (5.34) 

and the global estimator is defined by 
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𝜂 = ( ∑ 𝜂𝜅
2

𝜅∈𝒯ℎ

)

1
2

. (5.35) 

 

5.6 Reliability Of Error Estimators For Eigenfunctions And Eigenvalue  
The goal of this section is to derive an upper bound for (4.22). Let us begin with the following result. 

Lemma 5.7. For the approximation of the eigenfunctions (𝛔ℎ, 𝑢ℎ), we have the following estimate 

‖𝛔 − 𝛔ℎ‖𝐕 + ‖𝑢 − 𝑢ℎ‖0 ≲ ‖𝑐 − 𝑄ℎ𝑐‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0                                                                      
 +‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ| + ‖𝐜𝐮𝐫𝐥𝑝‖0  (5.36) 

where ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ| are the higher-order terms. 

Proof. (i) First, we estimate the error for the scalar variable approximation 𝑢ℎ, 

‖𝑢 − 𝑢ℎ‖0 ⩽ ‖𝑢 − 𝛬ℎ𝑢ℎ + 𝛬ℎ𝑢ℎ − 𝑢ℎ‖0                                 
                    ⩽ ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0 + ‖𝑢 − 𝛬ℎ𝑢ℎ‖0                          

                  ⩽ ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ|, (5.37) 

the scalar function is estimated by (5.30) and (5.37). 

(ii) Now, we consider the estimation of the error ‖𝛔 − 𝛔ℎ‖𝐕. Since 

‖𝛔 − 𝛔ℎ‖𝐕 = (‖𝛔 − 𝛔ℎ‖0
2 + ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0

2)
1

2, 

the values for ‖𝛔 − 𝛔ℎ‖𝟎 and ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0 must be estimated independently. 

First, we consider the estimation of ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0. Using the first equation in (3.2) and the second 

equation in (4.1), we get 

𝑑𝑖𝑣𝛔 = 𝑐𝑢 − 𝜆𝑢,                                                
𝑑𝑖𝑣𝛔ℎ = 𝑐𝑢ℎ − 𝜆ℎ𝑢ℎ = 𝑄ℎ𝑐𝑢ℎ − 𝜆ℎ𝑄ℎ𝑢ℎ. 

Thus, 

           𝑑𝑖𝑣(𝛔 − 𝛔ℎ) = (𝑐𝑢 − 𝑄ℎ𝑐𝑢ℎ) − 𝜆𝑢 + 𝜆ℎ𝑄ℎ𝑢ℎ   

                              = (𝑐𝑢 − 𝑄ℎ𝑐𝑢 + 𝑄ℎ𝑐𝑢 − 𝑄ℎ𝑐𝑢ℎ) − 𝜆𝑢 + (𝜆𝑄ℎ𝑢 − 𝜆𝑄ℎ𝑢 + 𝜆ℎ𝑄ℎ𝑢ℎ − 𝜆ℎ𝑄ℎ𝑢 + 𝜆ℎ𝑄ℎ𝑢) 

             = (𝑐 − 𝑄ℎ𝑐)𝑢 + 𝑄ℎ𝑐(𝑢 − 𝑢ℎ) − 𝜆(𝐼 − 𝑄ℎ)𝑢 − (𝜆 − 𝜆ℎ)𝑄ℎ𝑢 − 𝜆ℎ𝑄ℎ(𝑢 − 𝑢ℎ).  
From part (i), we can infer the following inequality 

                                                   ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0 

≲ ‖𝑐 − 𝑄ℎ𝑐‖0 + ‖𝑢 − 𝑢ℎ‖0 + |𝜆 − 𝜆ℎ| + 𝜆ℎ‖𝑢 − 𝑢ℎ‖0           
≲ ‖𝑐 − 𝑄ℎ𝑐‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ|, (5.38) 

The next step is to estimate the 𝐿2 norm of the vector variable 𝛔 − 𝛔ℎ. Lemma 5.6 states that the error 

can be decomposed as follows 

𝛔 − 𝛔ℎ = ∇𝜙 + 𝐜𝐮𝐫𝐥𝑝. (5.39) 

where 𝜙 ∈ 𝐻0
1(Ω) and 𝑝 ∈ 𝐻1(Ω), with  ∫ 𝑝𝑑𝑥 = 0

Ω
. 

To conclude, we need to estimate ‖∇𝜙‖0. Using (5.39) and Green's formula, we get 

                                                   ‖∇𝜙‖0
2 = ∫ ∇𝜙

Ω

⋅ ∇𝜙𝑑𝑥 

= ∫ (𝛔 − 𝛔ℎ)
Ω

⋅ ∇𝜙𝑑𝑥 − ∫ 𝐜𝐮𝐫𝐥𝑝 ⋅
Ω

∇𝜙𝑑𝑥          

= − ∫ 𝑑𝑖𝑣(𝛔 − 𝛔ℎ)
Ω

⋅ 𝜙𝑑𝑥 − ∫ 𝐜𝐮𝐫𝐥𝑝 ⋅
Ω

∇𝜙𝑑𝑥  

     ≲ ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0‖𝜙‖0 + ‖𝐜𝐮𝐫𝐥𝑝‖0‖∇𝜙‖0 (5.40) 

Since  𝜙 ∈ 𝐻0
1(𝛺),  the following inequality holds 

‖∇𝜙‖0 ≲ ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0 + ‖𝐜𝐮𝐫𝐥𝑝‖0. (5.41) 
Consequently, combining (5.37) - (5.39) and (5.41), we obtain 

                        ‖𝛔 − 𝛔ℎ‖0 ⩽ ‖∇𝜙‖0 + ‖𝐜𝐮𝐫𝐥𝑝‖0  
≲ ‖𝑑𝑖𝑣(𝛔 − 𝛔ℎ)‖0 + ‖𝐜𝐮𝐫𝐥𝑝‖0                                                        

                     ≲ ‖𝑐 − 𝑄ℎ𝑐‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ| + ‖𝐜𝐮𝐫𝐥𝑝‖0. 
Thus, we get the final result 

‖𝛔 − 𝛔ℎ‖𝑉 ≲ ‖𝑐 − 𝑄ℎ𝑐‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0 + ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ| + ‖𝐜𝐮𝐫𝐥𝑝‖0.  
combining (i) and (ii), we obtain the result of (5.36). 

Theorem 5.2. For ℎ small enough, there holds 

 ‖𝛔 − 𝛔ℎ‖𝐕 + ‖𝑢 − 𝑢ℎ‖0 ≲ 𝜂 + ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ|, (5.42) 

and 

|𝜆 − 𝜆ℎ|1 2⁄ ≲ 𝜂 + ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ|. (5.43) 

where ‖𝛬ℎ𝑢ℎ − 𝑢‖0 + |𝜆 − 𝜆ℎ| is the higher order term. 

Proof. To prove (5.42) and (5.43), it suffices to estimate ‖𝐜𝐮𝐫𝐥𝑝‖0. Since 𝐜𝐮𝐫𝐥𝑝 = (𝛔 − 𝛔ℎ) − ∇𝜙, we have 
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‖𝒄𝒖𝒓𝒍𝑝‖0
2 = ∫ 𝐜𝐮𝐫𝐥𝑝 ⋅ 

Ω

𝐜𝐮𝐫𝐥𝑝𝑑𝑥                                                     

      = ∫ (𝛔 − 𝛔ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥 − ∫ ∇𝜙 ⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥
Ω

, 

by using Green's theorem to handle − ∫ ∇𝜙 ⋅
Ω

 𝐜𝐮𝐫𝐥𝑝𝑑𝑥, we get 

− ∫ ∇𝜙 ⋅
Ω

 𝐜𝐮𝐫𝐥𝑝𝑑𝑥 = ∫ 𝜙
Ω

⋅ div𝐜𝐮𝐫𝐥𝑝𝑑𝑥 − ∫ 𝜙 ⋅
𝜕Ω

 𝐜𝐮𝐫𝐥𝑝 ⋅ 𝐧𝑑𝑠. 

Therefore, we obtain 

‖𝐜𝐮𝐫𝐥𝑝‖0
2 = ∫ (𝛔 − 𝛔ℎ) ⋅ 

𝛺

𝐜𝐮𝐫𝐥𝑝𝑑𝑥. (5.44) 

Since 𝛔 = 𝛻𝑢 + 𝐛(𝑥)𝑢, applying Green's theorem to ∫ 𝛔 ⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥
Ω

, we get 

∫ 𝛔 ⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥
Ω

= ∫ 𝐛𝑢 ⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥.
Ω

 (5.45) 

By Lemma 5.5, 𝑂ℎ𝑝 is the continuous piecewise linear approximation of 𝑝 , so 𝐜𝐮𝐫𝐥𝑂ℎ𝑝 ∈ 𝐕ℎ  and 

𝑑𝑖𝑣𝐜𝐮𝐫𝐥𝑂ℎ𝑝 = 0. From the first equation of (4.1), we get 

∫ 𝛔ℎ ⋅ 𝐜𝐮𝐫𝐥𝑂ℎ𝑝 𝑑𝑥
Ω

= ∫ 𝐛𝑢ℎ ⋅ 𝐜𝐮𝐫𝐥𝑂ℎ𝑝 𝑑𝑥 .
Ω

(5.46) 

Substituting (5.45) and (5.46) into (5.44), we obtain 

        ‖𝐜𝐮𝐫𝐥𝑝‖0
2 

    = − ∫ 𝛔ℎ
Ω

⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥 + ∫ 𝐛𝑢 ⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥
Ω

 

= − ∫ 𝛔ℎ
Ω

⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥 + ∫ 𝐛𝑢 ⋅ 𝐜𝐮𝐫𝐥𝑝𝑑𝑥
Ω

+ ∫ 𝛔ℎ ⋅
Ω

 𝐜𝐮𝐫𝐥𝑂ℎ𝑝𝑑𝑥 − ∫ 𝐛
Ω

(𝑢ℎ + 𝑢 − 𝑢) ⋅ 𝐜𝐮𝐫𝐥𝑂ℎ𝑝𝑑𝑥                       

   = − ∫ 𝛔ℎ
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ 𝛔ℎ
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ (𝐛𝑢 − 𝐛𝑢ℎ) ⋅
Ω

𝐜𝐮𝐫𝐥𝑂ℎ𝑝𝑑𝑥 

   = − ∫ 𝛔ℎ
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ 𝐛
Ω

𝑢ℎ ⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 − ∫ 𝐛𝑢ℎ ⋅
Ω

 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 

        + ∫ 𝐛
Ω

𝑢 ⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ (𝐛𝑢 − 𝐛𝑢ℎ) ⋅
Ω

𝐜𝐮𝐫𝐥𝑂ℎ𝑝𝑑𝑥 

= − ∫ (𝛔ℎ − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ (𝐛𝑢 − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ (𝐛𝑢 − 𝐛𝑢ℎ) ⋅
Ω

 𝒄𝒖𝒓𝒍𝑂ℎ𝑝𝑑𝑥 

   = − ∫ (𝛔ℎ − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ (𝐛𝑢 − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 

       + ∫ (𝐛𝑢 − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑂ℎ𝑝 − 𝑝 + 𝑝)𝑑𝑥 

  = − ∫ (𝛔ℎ − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∫ 𝐛(𝑢 − 𝑢ℎ) ⋅ 
Ω

𝐜𝐮𝐫𝐥𝑝𝑑𝑥. 

Moreover, we have 

− ∫ (𝛔ℎ − 𝐛𝑢ℎ)
Ω

⋅ 𝐜𝐮𝐫𝐥(𝑝 − 𝑂ℎ𝑝)𝑑𝑥                                                                      

= − ∑ ∫𝑟𝑜𝑡
𝜅𝜅∈𝒯ℎ

(𝛔ℎ − 𝐛𝑢ℎ)(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∑ ∫ (𝛔ℎ − 𝐛𝑢ℎ)
𝜕𝜅

⋅ 𝐭(𝑝 − 𝑂ℎ𝑝)𝑑𝑠

𝜅∈𝒯ℎ

 

= − ∑ ∫𝑟𝑜𝑡
𝜅𝜅∈𝒯ℎ

(𝛔ℎ − 𝐛𝑢ℎ)(𝑝 − 𝑂ℎ𝑝)𝑑𝑥 + ∑ ∑ ∫𝐽𝐹 ⋅ (𝑝 − 𝑂ℎ𝑝)
𝐸𝐸∈𝛤(𝜅)𝜅∈𝒯ℎ

𝑑𝑠,         

and 

∫ 𝐛
Ω

(𝑢 − 𝑢ℎ) ⋅ 𝐜𝐮𝐫𝐥𝑝  𝑑𝑥 = ∑ ∫𝐛(𝑢 − 𝑢ℎ)
𝜅𝜅∈𝒯ℎ

⋅ 𝐜𝐮𝐫𝐥𝑝 𝑑𝑥, 

expanding further and integrating the earlier findings, we obtain 

‖𝐜𝐮𝐫𝐥𝑝‖0
2 ≲ ∑ ‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅 ⋅ ‖𝑝 − 𝒪ℎ𝑝‖0,𝜅

𝜅∈𝒯ℎ

                                                                     

    + ∑
𝜅∈𝒯ℎ

∑
𝐸∈𝛤(𝜅)

‖𝐽𝐹‖0,𝐸 ⋅ ‖𝑝 − 𝒪ℎ𝑝‖0,𝐸 + ∑
𝜅∈𝒯ℎ

‖𝑢 − 𝑢ℎ‖0,𝜅 ⋅ ‖𝐜𝐮𝐫𝐥𝑝‖0,𝜅 , 

applying the Schwarz inequality, (5.31), (5.32), and (5.37), we obtain 
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‖𝐜𝐮𝐫𝐥𝑝‖0 ≲ ∑ {ℎ𝜅
2‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅

2 + ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0
2

𝜅∈𝒯ℎ

 

                      + ‖𝛬ℎ𝑢ℎ − 𝑢‖0
2 + |𝜆 − 𝜆ℎ|2 + ∑ ℎ𝜅

2‖𝐽𝐹‖0,𝐸
2

𝐸∈𝛤(𝜅)

}

1
2

. 

The proof is complete 

 

5.7 Effectiveness Of The Characteristic Function Estimator 

The next objective is to prove that the local error estimator indicator 𝜂𝜅 gives a local lower bound for the 

error on element 𝜅  , in order to confirm the effectiveness of our estimation approach in practical adaptive 

refinement. Let 𝑏𝜅 ∈ 𝐻0
1(𝜅) denote the standard element bubble function, and 𝑏𝐸 ∈ 𝐻0

1(𝑈𝐸) denote the bubble 

function on the face. Here, 𝑈𝐸 is the union of two elements 𝜅+ and 𝜅− sharing the edge  𝐸. We sort the vertices 

of 𝜅+ and 𝜅−such that the vertices of the edge 𝐸 are listed first. Define 𝑏𝐸 as follows 

𝑏𝐸 = {
4𝜆𝜅+𝜆𝜅− , 𝑜𝑛 𝜅+𝑜𝑟 𝜅−,

0,              𝑜𝑛 Ω/𝑈𝐸 .     
 

Lemma 5.8. (Properties of Bubble Functions) Let 𝜅 ∈ 𝒯ℎ  and 𝐸 ∈ 𝛤ℎ , then the functions 𝑏𝜅  and 𝑏𝐸  have the 

following properties: 

𝑠𝑢𝑝𝑝𝑏𝜅 ⊂ 𝜅, 0 ⩽ 𝑏𝜅 ⩽ 1, 𝑚𝑎𝑥
𝑧∈𝜅

𝑏𝜅(𝑥) = 1, 

𝑠𝑢𝑝𝑝𝑏𝐸 ⊂ 𝜅, 0 ⩽ 𝑏𝐸 ⩽ 1, 𝑚𝑎𝑥
𝑧∈𝐸

𝑏𝐸(𝑥) = 1, 

ℎ𝜅
2 ≲ ∫𝑏𝜅  𝑑𝑥

𝜅

=
|𝜅|

60
≲ ℎ𝜅

2 ,                             

ℎ𝐸
2 ≲ ∫ 𝑏𝐸  𝑑𝑥 =

|𝜅′|

3
≲ ℎ𝐸

2 , ∀ 𝜅′ ⊂ 𝑈𝐸       
𝜅′

 

‖∇𝑏𝜅‖0,𝜅 ≲ ℎ𝜅
−1‖𝑏𝜅‖0,𝜅                                    

 ‖∇𝑏𝐸‖0,𝜅′ ≲ ℎ𝐸
−1‖𝑏𝜅‖0,𝜅′,   ∀ 𝜅′ ⊂ 𝑈𝐸 , (5.47) 

where the mesh's shape regularity determines the hidden constants. 

Lemma 5.9. (Inverse Inequality) Let 𝑙, 𝑚 ∈ ℕ ∪ {0} with 𝑙 ≤ 𝑚. Then, for every 𝜅 ∈ 𝒯ℎ, we have 

|𝑝|𝑚,𝜅 ≲ ℎ𝜅
𝑙−𝑚|𝑝|𝑙,𝜅 , ∀𝑝 ∈ 𝑃𝑘(𝜅), 

where the hidden constant depends on 𝑘, 𝑚, 𝑙, and the shape regularity of the mesh. 

Based on the above lemma, and combining Verfürth’s bubble function technique developed with the 

standard parametrization method, we can prove the following local lower bounds. 

Lemma 5.10.  For any element 𝜅 ∈ 𝒯ℎ, the following local lower bounds hold 

(i)For any element 𝜅 ∈ 𝒯ℎ, we have 

 ℎ𝜅
2‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅

2 ≲ ‖𝛔 − 𝛔ℎ‖0,𝜅
2 + ‖𝑢 − 𝑢ℎ‖0,𝜅

2 + ℎ𝜅
2𝑜𝑠𝑐ℎ(𝜅)2, (5.48) 

where 

𝑜𝑠𝑐ℎ(𝜅) = ‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

;  (5.49) 

(ii) For any element 𝜅 ∈ 𝒯ℎ, we have 

‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0,𝜅
2 ≲ ‖𝑢 − 𝑢ℎ‖0,�̃�𝜅

2 + ‖𝛬ℎ𝑢 − 𝑢‖0,𝜅
2 ;  (5.50) 

(iii) Let 𝐸 ∈ 𝛤ℎ  be the internal edge shared by elements 𝜅+ and 𝜅−, then we get 

ℎ𝐸‖ 𝐽𝐹‖0,𝐸
2 ≲ ‖𝛔 − 𝛔ℎ‖0,𝑈𝐸

2 + ‖𝑢 − 𝑢ℎ‖0,𝑈𝐸
2 + ∑ ℎ𝜅

2𝑜𝑠𝑐ℎ(𝜅)2

𝜅∈𝑈𝐸

. (5.51) 

Proof.  (i) First, consider the following inequality 

                            ℎ𝜅
2‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅

2 ≤ ℎ𝜅
2‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
 

    +ℎ𝜅
2‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
,          (5.52) 

Thus, the proof only requires estimating ℎ𝜅
2‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
. 

Let 𝑧𝜅
int be the midpoint of the edge 𝐸 of element 𝜅 ∈ 𝒯ℎ, and let 𝑏𝜅 be a piecewise cubic basis function 

on 𝜅 , such that 𝑏𝜅(𝑧𝜅
int) = 1 , and vanishes on 𝜕𝜅 . Define 𝑝𝜅 = 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))𝑏𝜅 , and use standard 

interpolation estimates to obtain 

‖𝐜𝐮𝐫𝐥𝑝𝜅‖𝑜,𝜅 ≲ ℎ𝜅
−1‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅
. (5.53) 

Next, From 𝑟𝑜𝑡(𝛔 − 𝐛𝑢) = 𝑟𝑜𝑡(∇𝑢) = 0, the following estimate holds 

‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

2
⩽ ∫𝑄ℎ

𝜅

(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)) ⋅ 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))𝑏𝜅𝑑𝑥                                                   
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 = ∫𝑄ℎ
𝜅

(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)) ⋅ 𝑝𝜅𝑑𝑥                                          

         ⩽ 𝐶 ∫𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)
𝜅

⋅ 𝑝𝜅 𝑑𝑥 +
1

3
‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
 

+𝐶‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

2
      

                          ⩽ 𝐶 ∫𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ − 𝛔 + 𝐛𝑢)
𝜅

⋅ 𝑝𝜅𝑑𝑥 +
1

3
‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
 

+𝐶‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

2
,     (5.54) 

the integral term ∫ 𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ − 𝝈 + 𝒃𝑢)
𝜅

⋅ 𝑝𝜅𝑑𝑥 can be solved using Green's formula, we get 

                                  ∫𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ − 𝛔 + 𝐛𝑢)
𝜅

⋅ 𝑝𝜅𝑑𝑥 

= − ∫(𝛔ℎ − 𝐛𝑢ℎ − 𝛔 + 𝐛𝑢)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝜅𝑑𝑥 + ∫ 𝐭 ⋅
𝜕𝜅

(𝛔ℎ − 𝐛𝑢ℎ − 𝛔 + 𝐛𝑢) ⋅ 𝑝𝜅𝑑𝑥 

                             = ∫(𝛔ℎ − 𝐛𝑢ℎ − 𝛔 + 𝐛𝑢)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝜅𝑑𝑥,    

substitute the above into (5.54) and combine with (5.53), yielding: 

                                 ‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

2
 

≤ 𝐶 ∫(𝛔ℎ − 𝐛𝑢ℎ − 𝛔 + 𝐛𝑢)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝜅𝑑𝑥 +
1

3
‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
                  

+𝐶‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

2
                                                        

≤ 𝐶‖𝐜𝐮𝐫𝐥𝑝𝜅‖0,𝜅 ⋅ (‖𝛔 − 𝛔ℎ‖0,𝜅 + ‖𝒃‖0,𝜅‖𝑢 − 𝑢ℎ‖0,𝜅)                                                

 +
1

3
‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
+ 𝐶‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
 

≤ 𝐶ℎ𝜅
−1‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅
 ⋅ (‖𝛔 − 𝛔ℎ‖0,𝜅 + ‖𝑢 − 𝑢ℎ‖0,𝜅)                            

   +
1

3
‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
+ 𝐶‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖

0,𝜅

2
,   

so it is possible to get 

‖𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅

2
≲ ℎ𝜅

−2(‖𝝈 − 𝝈𝒉‖0,𝜅
2 + ‖𝑢 − 𝑢ℎ‖0,𝜅

2 )        

                                                                   +‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ) − 𝑄ℎ(𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ))‖
0,𝜅 

2
. (5.55) 

Finally, we obtain a proof of (i) by substituting (5.55) into (5.52). 

(ii) By property (iii) of Lemma 5.3, we have 

    ‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0,𝜅 = ‖𝛬ℎ𝑢ℎ − 𝛬ℎ𝑢 + 𝛬ℎ𝑢 + 𝑢 − 𝑢 − 𝑢ℎ‖0,𝜅 

                                                    ⩽ ‖𝛬ℎ(𝑢ℎ − 𝑢)‖0,𝜅 + ‖𝛬ℎ𝑢 − 𝑢‖0,𝜅 + ‖𝑢 − 𝑢ℎ‖0,𝜅 

                   ≲ ‖𝑢 − 𝑢ℎ‖0,�̃�𝜅
+ ‖𝛬ℎ𝑢 − 𝑢‖0,𝜅 . 

Hence, we get 

‖𝛬ℎ𝑢ℎ − 𝑢ℎ‖0,𝜅
2 ≲ ‖𝑢 − 𝑢ℎ‖0,�̃�𝜅

2 + ‖𝛬ℎ𝑢 − 𝑢‖0,𝜅
2 . 

(iii)Let 𝐸 ∈ 𝛤ℎ  be an interior edge shared by the boundaries 𝜅+ and  𝜅−, and let 𝑝𝐸  satisfy 𝑠𝑢𝑝𝑝 𝑝𝐸 ⊂
𝑈𝐸. We define 𝑏𝐸 as a piecewise quadratic basis function on 𝑈𝐸 which is equal to one at the midpoint of 𝑈𝐸 and 

vanishes on 𝜕𝑈𝐸 . 

Define 𝑝𝐸 = 𝛿𝐽𝐹𝑏𝐸 , where the constant 𝛿 is defined as 

𝛿 = ∫𝐽𝐹
2ℎ𝐸𝑑𝑠

𝐸

∫𝐽𝐹
2𝑏𝐸𝑑𝑠

𝐸

⁄ , 

this gives the following relationship 

∫𝐽𝐹𝑝𝐸
𝐸

𝑑𝑠 = ℎ𝐸‖𝐽𝐹‖0,𝐸
2 . (5.56) 

Thus, estimating ℎ𝐸‖𝐽𝐹‖0,𝐸
2  is equivalent to estimating ∫ 𝐽𝐹𝑝𝐸𝐸

𝑑𝑠 . According to standard theory, 𝛿 ≲ ℎ𝐸 . 

Furthermore, by inverse estimates, we obtain the following inequalities (see [13]) 

‖𝑝𝐸‖1,𝑈𝐸
≲ ℎ𝐸

1 2⁄ ‖𝐽𝐹‖0,𝐸, (5.57) 

 ‖𝑝𝐸‖0,𝑈𝐸
≲ ℎ𝐸

3 2⁄ ‖𝐽𝐹‖0,𝐸 .          (5.58) 

Furthermore, since 

∫𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)
𝜅

⋅ 𝑝𝐸𝑑𝑥 = ∫𝑟𝑜𝑡(𝛔ℎ − 𝛔 + 𝐛𝑢 − 𝐛𝑢ℎ)
𝜅

⋅ 𝑝𝐸𝑑𝑥, 
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we apply Green's formula to the latter expression, getting 

                   ∫𝑟𝑜𝑡(𝛔ℎ − 𝛔 + 𝐛𝑢 − 𝐛𝑢ℎ)
𝜅

⋅ 𝑝𝐸𝑑𝑥 

= ∫(𝛔ℎ − 𝛔 + 𝐛𝑢 − 𝐛𝑢ℎ)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝐸𝑑𝑥 − ∫ (𝛔ℎ − 𝛔 + 𝐛𝑢 − 𝐛𝑢ℎ)
𝜕𝜅

⋅ 𝐭 ⋅ 𝑝𝐸𝑑𝑠                            

= ∫(𝛔ℎ − 𝛔 + 𝐛𝑢 − 𝐛𝑢ℎ)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝐸𝑑𝑥 − ∫ (𝛔ℎ − 𝐛𝑢ℎ)
𝜕𝜅

⋅ 𝐭 ⋅ 𝑝𝐸𝑑𝑠 + ∫ (𝛔 − 𝐛𝑢)
𝜕𝜅

⋅ 𝐭 ⋅ 𝑝𝐸𝑑𝑠 

             = ∫(𝛔ℎ − 𝛔 + 𝐛𝑢 − 𝐛𝑢ℎ)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝐸𝑑𝑥 − ∫ (𝛔ℎ − 𝐛𝑢ℎ)
𝜕𝜅

⋅ 𝐭 ⋅ 𝑝𝐸𝑑𝑠. 

Thus, we get 

∫𝐽𝐹
𝐸

𝑝𝐸𝑑𝑠 = ∫ (𝛔ℎ − 𝛔)
𝑈𝐸

⋅ 𝐜𝐮𝐫𝐥𝑝𝐸𝑑𝑥 + ∫(𝐛𝑢 − 𝐛𝑢ℎ)
𝜅

⋅ 𝐜𝐮𝐫𝐥𝑝𝐸𝑑𝑥 

− ∑ ∫𝑟𝑜𝑡(𝐛𝑢 − 𝐛𝑢ℎ) ⋅ 𝑝𝐸𝑑𝑥.
𝜅𝜅∈𝑈𝐸

               (5.59) 

The combination of (5.56)-(5.59) gives 

              ℎ𝐸‖𝐽𝐹‖0,𝐸
2 = ∫ 𝐽𝐹

𝐸

𝑝𝐸𝑑𝑠               

≲ ‖𝛔 − 𝛔ℎ‖0,𝑈𝐸
⋅ ‖𝐜𝐮𝐫𝐥𝑝𝐸‖0,𝑈𝐸

+ ‖𝑢 − 𝑢ℎ‖0,𝑈𝐸
⋅ ‖𝐜𝐮𝐫𝐥𝑝𝐸‖0,𝑈𝐸

+ ∑ ‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅

𝜅∈𝑈𝐸

⋅ ‖𝑝𝐸‖0,𝜅 

≲ ‖𝝈 − 𝝈𝒉‖0,𝑈𝐸
⋅ ℎ𝐸

1 2⁄ ‖𝐽𝐹‖0,𝐸 + ‖𝑢 − 𝑢ℎ‖0,𝑈𝐸
⋅ ℎ𝐸

1 2⁄ ‖𝐽𝐹‖0,𝐸 + ∑ ‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝜅

𝜅∈𝑈𝐸

⋅ ℎ𝐸
2 3⁄ ‖𝐽𝐹‖0,𝐸 , 

thus, we obtain 

ℎ𝐸
1 2⁄ ‖𝐽𝐹‖0,𝐸 ≲ ‖𝛔 − 𝛔ℎ‖0,𝑈𝐸

+ ‖𝑢 − 𝑢ℎ‖0,𝑈𝐸
+ ℎ𝐸‖𝑟𝑜𝑡(𝛔ℎ − 𝐛𝑢ℎ)‖0,𝑈𝐸

, 

squaring both sides gives 

                 ℎ𝐸‖𝐽𝐹‖0,𝐸
2 ≲ ‖𝛔 − 𝛔ℎ‖0,𝑈𝐸

2 + ‖𝑢 − 𝑢ℎ‖0,𝑈𝐸
2 + ℎ𝜅

2‖𝑟𝑜𝑡(𝝈𝒉 − 𝒃𝑢ℎ)‖0,𝑈𝐸
2 , (5.60) 

substituting  (5.48) into (5.60) leads (5.51). 

The following result is obtained using Lemma 5.11 and the specification of the local error estimator 𝜂𝜅. 

Theorem 5.3.  Let (𝜆, 𝛔, 𝑢) be the solution of (3.3), and (𝜆ℎ , 𝛔ℎ, 𝑢ℎ) be the solution of (4.1). Then, there exists 

ℎ0, such that for all ℎ < ℎ0, the following inequality holds: 

𝜂𝜅
2 ≲  ‖𝛔 − 𝛔ℎ‖0,𝜔𝜅

2 + ‖𝑢 − 𝑢ℎ‖0,�̃�𝜅

2 + ‖𝛬ℎ𝑢 − 𝑢‖0,𝜅
2 + ‖𝑐 − 𝑄ℎ𝑐‖0,𝜅

2 + ∑ ℎ𝜅
2𝑜𝑠𝑐ℎ(𝜅)2

𝜅∈𝜔𝜅

.   

where ‖𝛬ℎ𝑢 − 𝑢‖0,𝜅
2  are the higher-order terms. 

Proof. Substituting the conditions (i)-(iii) into (5.34), the conclusion follows immediately.  

 

VI. NUMERICAL EXPERIMENTS 
In this section, the effectiveness of our method is validated through a series of numerical experiments 

by compiling the code under the iFEM package. Here we give the numerical results of the adaptive mixed finite 

element algorithm for the first eigenpair approximation with the parameter θ = 0.4. We consider problem (3.1), 

where we take 𝐛 = (0,0)𝛵, (3,0)𝛵 , (1 + 2𝑖, 1 + 2𝑖)𝛵, and 𝑐 = 0, 0, 𝑖. Additionally, we consider a more general 

eigenvalue problem, where 𝐛 = (1 + (𝑥 − 1 2⁄ )2, (𝑥 − 1 2⁄ )(𝑦 − 1 2⁄ ))
𝛵

and 𝑐 = 𝑒(𝑥−1 2⁄ )(𝑦−1 2⁄ ). 

In this experiment, we primarily compute for two test domains: the L-shaped domain Ω𝐿 =
(−1,1)2\([0,1) × (−1,0]), and the crack structure domain Ω𝑆𝐿 = (−1,1)2\{0 ⩽ 𝑥 ⩽ 1, 𝑦 = 0}. Since the exact 

eigenvalues are unknown, we select eight sufficiently accurate approximate values as the reference for the 

numerical test. These reference eigenvalues are obtained as accurately as possible through adaptive computations. 

The specific results are as follows: 

 

Table 1  When 𝐛 = (0,0)𝛵and  𝑐 = 0,  the numerical solution for the eigenvalues for regions Ω𝐿  , Ω𝑆𝐿 .  

Domain ref ℓ  ℎ 𝜆1 dof Error rate 

Ω𝐿  9.6397238440219 

15 1/4 9.590522  4178 0.049202  1.576941  

15 1/8 9.623232  14574 0.016492  1.708429  

15 1/16 9.634677  54482 0.005046  1.673099  

15 1/32 9.638141  217294 0.001582  1.488397  

15 1/64 9.639160  863271 0.000564  1.990692  
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15 1/128 9.639582  3448507 0.000142   

Domain ref ℓ ℎ 𝜆1 dof Error rate 

Ω𝑆𝐿 8.3713297112 

15 1/4 8.260351  5065 0.110979  1.706567  

15 1/8 8.337327  20464 0.034003  1.120043  

15 1/16 8.355686  73936 0.015644  1.522870  

15 1/32 8.365886  289187 0.005444  1.734294  

15 1/64 8.369693  1148872 0.001636  1.663791  

15 1/128 8.370813  4578960 0.000516   

 

           Table 2  When 𝐛 = (3,0)𝛵 and  𝑐 = 0,  the numerical solution for the eigenvalues for regionsΩ𝐿  , Ω𝑆𝐿 . 

Domain ref ℓ ℎ 𝜆1 dof Error rate 

Ω𝐿  11.88972384472 

16 1/4 11.833583  4546 0.056141  0.626876  

16 1/8 11.853368  15212 0.036355  1.645681  

16 1/16 11.878105  57354 0.011619  1.876514  

16 1/32 11.886560  218654 0.003164  1.790759  

16 1/64 11.888809  859561 0.000915  1.803418  

16 1/128 11.889462  3411582 0.000262   

Domain ref ℓ ℎ 𝜆1 dof Error rate 

Ω𝑆𝐿 10.6213297112 

18 1/4 10.470400  6445 0.150930  1.394947  

18 1/8 10.563937  24801 0.057392  1.293193  

18 1/16 10.597911  96820 0.023419  1.566618  

18 1/32 10.613424  377098 0.007906  1.560939  

18 1/64 10.618650  1486399 0.002680  1.488930  

18 1/128 10.620375  5869239 0.000955   

 

Table 3  When 𝐛 = (1 + 2𝑖, 1 + 2𝑖)𝛵 and  𝑐 = 𝑖,  the numerical solution for the eigenvalues for regionsΩ𝐿 , Ω𝑆𝐿 . 

Domain ref ℓ ℎ 𝜆1  dof Error rate 

Ω𝐿  
8.138884555715604  

+2.999945254673094i 

11 1/4 
  8.055754  

 +2.982357i 
 1840 0.084971  1.835314  

11 1/8 
  8.115430  

+2.995781i 
 7669 0.023822  1.719882  

11 1/16 
  8.131714  

 +2.998972i 
 33633 0.007237  2.414813  

11 1/32 
  8.137538  

+2.999775i 
156688 0.001357  2.830166  

11 1/64 
  8.139075  

 +2.999955i 
741736 1.911166E-04   

Domain ref ℓ ℎ 𝜆1 dof Error rate 

Ω𝑆𝐿 
6.866940231816318 

+2.999950742707009i 

10 1/4 
  6.621008  

 +2.989043i 
1836 0.246175  1.793939  

10 1/8 
  6.796031  

 +2.996494i 
7743 0.070993  1.134078  

10 1/16 
  6.834590  

+2.999186i 
34623 0.032359  2.252026  

10 1/32 
  6.860148  

++2.999825i 
161270 0.006793    
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Table 4  When 𝒃 = (1 + (𝑥 − 1 2⁄ )2, (𝑥 − 1 2⁄ )(𝑦 − 1 2⁄ ))
𝛵

 and  𝑐 = 𝑒(𝑥−1 2⁄ )(𝑦−1 2⁄ ), the numerical 

solution for the eigenvalues for regions Ω𝐿 , Ω𝑆𝐿 . 

Domain ref ℓ ℎ 𝜆1 dof Error rate 

Ω𝐿  11.4325182548738 

9 1/4 11.250697  1219 0.181821  1.558814  

9 1/8 11.370803  4502 0.061716  1.494713  

9 1/16 11.410618  16963 0.021900  2.085843  

9 1/32 11.427360  67521 0.005159  2.381284  

9 1/64 11.431528  279292 0.000990    

Domain ref ℓ ℎ 𝜆1 dof Error rate 

Ω𝑆𝐿 10.0036912872557 

8 1/4 9.573823  914 0.429868  1.209399  

8 1/8 9.817795  3952 0.185896  1.927018  

8 1/16 9.954806  15465 0.048885  1.723604  

8 1/32 9.988889  64277 0.014802  2.142861  

8 1/64 10.000340  269944 0.003352  1.492321  

8 1/128 10.004883  1162925 0.001191   

 

       (a)                        (b) 

Figure 1: When 𝐛 = (0,0)𝛵 and  𝑐 = 0, the adaptive mesh and error curve plot on the initial grid 1 8⁄  for the test 

domain Ω𝐿 .   (a) Mesh after 25 iterations; (b) The error curve plot. 

 

(a)                    (b) 

Figure 2: When 𝐛 = (0,0)𝛵 and  𝑐 = 0, the adaptive mesh and error curve plot on the initial grid 1 8⁄  for the test 

domain Ω𝑆𝐿.   (a) Mesh after 25 iterations; (b) The error curve plot. 
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     (a)                   (b) 

Figure 3: When 𝐛 = (3,0)𝛵 and  𝑐 = 0, the adaptive mesh and error curve plot on the initial grid 1 8⁄  for the test 

domain Ω𝐿 .   (a) Mesh after 28 iterations; (b) The error curve plot. 

 

(a)                  (b) 

Figure 4: When 𝐛 = (3,0)𝛵 and  𝑐 = 0, the adaptive mesh and error curve plot on the initial grid 1 8⁄  for the test 

domain Ω𝑆𝐿.   (a) Mesh after 28 iterations; (b) The error curve plot. 

 

(a)              (b) 

Figure 5: When 𝐛 = (1 + 2𝑖, 1 + 2𝑖)𝛵 and 𝑐 = 𝑖, the adaptive mesh and error curve plot on the initial grid 1 8⁄  

for the test domain Ω𝐿 .   (a) Mesh after 25 iterations; (b) The error curve plot. 
 

(a)                 (b) 

Figure 6: When 𝐛 = (1 + 2𝑖, 1 + 2𝑖)𝛵 and 𝑐 = 𝑖, the adaptive mesh and error curve plot on the initial grid 1 8⁄  

for the test domain Ω𝑆𝐿.   (a)Mesh after 25 iterations; (b) The error curve plot. 
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(a)                  (b) 

Figure 7: When 𝒃 = (1 + (𝑥 − 1 2⁄ )2, (𝑥 − 1 2⁄ )(𝑦 − 1 2⁄ ))
𝛵

and 𝑐 = 𝑒(𝑥−1 2⁄ )(𝑦−1 2⁄ ), the adaptive mesh and 

error curve plot on the initial grid 1 8⁄  for the test domain Ω𝐿 .  (a)Mesh after 25 iterations; (b) The error 

curve plot. 
 

(a)                (b) 

Figure 8: When 𝒃 = (1 + (𝑥 − 1 2⁄ )2, (𝑥 − 1 2⁄ )(𝑦 − 1 2⁄ ))
𝛵

and 𝑐 = 𝑒(𝑥−1 2⁄ )(𝑦−1 2⁄ ), the adaptive mesh and 

error curve plot on the initial grid 1 8⁄  for the test domain Ω𝑆𝐿.  (a) Mesh after 25 iterations; (b) The 

error curve plot. 

 

VII. CONCLUSION  
In Tables 1 to 4, we present the numerical solutions of the eigenvalues obtained through adaptive 

computations and show the adaptive mesh and error curves in the figures. From Figures 1 to 8, it can be seen that 

when 

𝐛 = (0,0)𝛵, (3,0)𝛵 , (1 + 2𝑖, 1 + 2𝑖)𝛵,   (1 + (𝑥 − 1 2⁄ )2, (𝑥 − 1 2⁄ )(𝑦 − 1 2⁄ ))
𝛵

 

and 

𝑐 = 0, 0, 𝑖,  𝑒(𝑥−1 2⁄ )(𝑦−1 2⁄ ), 

the error curves of the lowest-order Raviart-Thomas mixed finite element are approximately parallel to a straight 

line with a slope of -1. The results indicate that the adaptive algorithm achieves optimal convergence order. 
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