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ABSTRACT:

In this paper, by using Krasnoselskii & fixed point theorem in cones, sufficient conditions for the existence of at
least one periodic solution for a class of higher-dimensional state-dependent second order nonlinear functional
differential equations with feedback control

X"(t) + A(t)X'(£) + BE)X(t) = f (t, X(), x(t — 7(1)), u(t — (),
u'(t) = —C(Ou(®) + DE)x(h(t, (1)),

are obtained.
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I. INTRODUCTION
Huo and Li [1] has applied the continuation theorem based on Gaines and Mawhin’s coincidence degree to study
the existence of positive periodic solutions for the following delay differential system with feed back control

{X'(t) =F (. x(t—-7(1)), -, x(t =7, (1)), u(t - 5(1))),

u'(t) =—n(t)u(t) +a(t)x(t—of(t)).
Y. Li and L. Zhu [2] considered a class of higher-dimensional state-dependent delay functional differential
equations with feedback control of the form

X'(t) = —A@)X() + f (t, X(1), X(t —7(t, X(1)), u(t — (t))),
u'(t) = =B@u(t) + COx(h(t, x(©V))),

by using Krasnoselskii’s fixed point theorem, sufficient conditions are presented for the existence of periodic
solutions to the equation with feed back control.

Motivated by the works of [1-10], in this paper, we shall use Krasnoselskii’s fixed point theorem in cones to
study the existence of periodic solutions for a class of higher-dimensional state-dependent second order
nonlinear functional differential equations with feedback control

X"(t) + A(t)X'(t) + BE)x(t) = f (t, x(t), x(t —7(t)), u(t — (t))), y
{U’(t) =-C(t)u(t) + D(t)x(h(t, x())), Ly

A(t) = diag[a, (t), a,(t),---, &, (1)], B(t) = diag[b, (t), b, (t),---,b, ()], C(t) = diag[c, (), ---, ¢, ()]
D(t) = diag[d,(t),d,(t),---,d, (1)].

;
(A2) aj,bj,cj,dj 'R—>R", 7,a:R— R are all continuous T -periodic functions, IO a, (s)ds >0,
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.[OTbj(S)dS>O, and 7'(t)#1 for all t<[0,T], h:RxR" —>R satisfies h(t+T,y)=h(t,y) for

all teR,yeR", T >0 isaconstant.

(A3) f is a function defined on RxBCxR"xR", and f(t+T,x(t+T),y,z)= f(t,x(t),y,z) for
all teR,xeBC,yeR",zeR", where BC denotes the Banach space of bounded continuous functions

n - n

n:R—>R" with the norm ”77”:SUpHeRZj=1‘771 (6") where 77:(771,772,---77H)T. In the sequel, we
denote f =(f,, f,,---f)".

Let R=(—00,+0),R, =(0,+0),R" ={(X,%,,---X )" €R" :X;>0,j=12,---n}. We say that X
is positive whenever X e R.". For every X={(X,X,,-:-X)" € R", the norm of X is defined as

|XO| = Z';:l‘xj‘. BC(X —Y) denotes the set of bounded continuous function ¢: X —Y .

For convenience, we first introduce the related definition and the fixed point theorem applied in the paper.
Definition 1.1 Let X be a Banach space and K be a closed nonempty sunset of X , K isacone if
(1) au+pvekK forall u,veKandal «,8>0;

(2 u,—ueK imply u=0.

Theorem 1.1 (Krasnoselkii [11]) Let X be a Banach space, and let K < X be a cone in X . Assume that
€Q,,Q, are open bounded subsets of X with 0}, g_).l c€2,, and let

$: KN(Q,\Q) > K

be a completely continuous operator such that either

@ [yl <|yl. vy eKNe, and |gy|=|ly|, vy e KNEQ,; or

@ loylzIl. vy eKNooy aa gyl <|y], vy <K Nao,

Then ¢ has afixed pointin K ﬂ(ETZ\ KNow).

In this paper we always assume that
H1) f,(t,5,7,¢)=0 forall (t,6,7,6)eRxBC(R,R")xR"xR", j=12,--n.

Il. PRELIMINARIES
Let T be a positive constant. We define two sets

X ={x:C(R,R"),x(t+T)=x(t),t e R}

endow with the usual linear structure as well as the norm

=500 35,0 4, = S, 0]
and
K z{Xe X, % (1) ZUHXJH’t e[0,T],x= (Xl,Xz,---Xn)T},

Obviously, X isa Banach space and K isa cone.
Each T -periodic solution of second equation of (1.1) is equivalent to that of the following equation

u(t) = J.tm a(t, s)D(s)x(h(s, x(s)))ds = (Dx)(t), (2.1)
and vice versa, where
G(t,s) = diag[Gu(t,s),Ga(t,s),--Ga(t,s)],
exp(f ¢;(r)dr)

and aj(t, s)= =
exp(j0 ¢;(r)dr)-1

,Se[t,t+T],j=12,---,n.
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It is clear that G(t,5)=G(t+T,s+T) for all (t,s)eR? and ut+T)=u(t) , when X is a
T -periodic function. We denote (®X) = (DX, ®,X,-+, D X)" .
Therefore, any T -periodic solution of the system (1.1) is equivalent to that of the following equation
X"(t) + A()X'(t) + B(t)x(t) = f (t, x(t), x(t —z(t)), (PX)(t — (1)) (22)
Similar to the proof in [3], we have:
Lemma 2.1. Suppose that (Al), (A2) hold and

R, [exp([ a, (u)du) 1]
QT
wroexp([ a, (uydu)
le =MmaXi o J-t ‘I:'.t
exp(j0 a, (u)du) -1

.
Then there exist continuous T -periodic functions p; and q; such that ;(t) >0, IO p;(u)du>0,

>1, 2.3)

b,(s)ds|,Q, =(1+exp(j0T a (u)du))z R,

and
p;(t)+q;(t)=2a;(),q;) + p;(t)q;(t) =b;(t) forall teR, j=12,---n.
Therefore

p(t)+a(t) = At).a'(t) + p(t)a(t) = B(t), teR,
where P = diag[pl, Pos-y pn]’q = diag[qpqz""vqn]-

Similar to the proof in [4], we can get the following lemmas.
Lemma 2.2. Suppose the conditions of Lemma 2.1 hold and ¢(t) € X . Then the equation

X"(t) + A(t)X'(t) + B(t)x(t) = 4(t) (2.4)
hasa T -periodic solution. Moreover, the periodic solutions can be expressed by
t+T
x(t) = jt G(t,s)4(s)ds, 2.5)
where G(t,s) =diag[G,(t,s),G,(t,s),---, G, (t,9)],

and
j exp[j g, (v)dv + j p, (v)dvldu + j exp[j g, (v)dv + j P, (v)dv]du

G, (ts) =
[exp([. p, (u)du) ~1][exp([ g (u)du) 1]

So we proceed from (2.2) and obtain

X(t) = .ftm G(t,s) f (s, x(s), X(s = 7(8)), (PX)(s — «(8)))ds, (2.6)
where @ is defined as (2.1), and by (H1), we have
G, (t,5) f;(s,X(s), X(s = 7(3)), (PX)(s —(9))) =0, ] =1,2,---n, (t,8) € R?.
Corollary 2.1. Green’s function G(t,s) satisfies the following properties:
G;t,t+T)=G;(t,t), G;(t+T,s+T)=G;(t,s),

0 exp | q;(v)dv
—G;(t,8) = p,(s)G;(t,s) - J
* exp [ q,(v)dv—1
exp| p.(v)dv
%Gj(t’s):_qj(s)ej(t,s)‘F .If[t : , j:1121...,n_
exp [ p;(v)dv-1
T 1 T
Lemma23. Let H, :Io a, (Wdu,l. =T? eXp(?J.o In bj (u)du) . If sz 24|j’ @7)
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then

min{J.OT pj(u)du,J.OT qj(u)du}Z%(Hj _W) =1,
max{joT IOJ-(u)du,J.OTqj(u)du}s%(Hj +m) =m, j=12n.

Therefore the function G, (t,s) satisfies

.
Texp(| a. (u)du)
0<Nj=:+2sej(t,s)s {9 ’ =M, selt,t+T],
(e™ 1) (e" —1)°
G.(t,s) N, | N
1> "> L>5=mini—,j=12,---,n; >0,

M; M; M;

and we denote
I =min_,_ I;,m=max,_;,.,, m;,N=min_,_ N;M=max_,_, M,.

Now, before presenting our main results, we give the following assumptions.

(H2) f(t, (1), gt —7(1)), (D@)(t —x(t))) is a continuous function of t for each ¢ € BC(R,R,"),
where @ is defined as (2.1).

(H3) Forany L >0 and &> 0, there exists ¢ >0, such that

{p.w <BC,|4| <L |w|<L|g-v|<5,0<s<T}
imply | f (s, (s), J(s —7(5)), U (s —a(S))) — f (5, (S), W (s —7(S)), U, (s —(9)))], <&,

where
s—a(s)+T

G(s—a(s),v)DW)(h(V, g(V))ds = (PF)(s - a(s))

G(s—a(s), V) D)y (h(v, p(v))ds = (Py)(s —a(s)) .

u(s—a@)=]
U, (s-a(s)) = |

s—a(s)+T
s—a(s)

I1. MAIN RESULTS
Now we define amapping T : K > K,

(MX)(t) = Lt+T G(t,s)x(t) = LHT G(t,s) f (s, x(s), X(s —7(3)), (PX)(s — a(s)))ds,
where @ is defined as (2.1), and we denote (TX) = (T, X, T,X,--T X)".

Lemma3.l. T :K — Kis well-defined.
Proof. Foreach X e K, by (H2) we have (TX)(t) is continuous and

MX)(t+T) = I:Tﬂ G(t+T,s)f(s,X(8), X(s —7(s)), (DPX)(s — x(8)))ds
- .[tt+TG(t+T,v+T) FOU+T,X(VAT),X(V+T —2(V+T)), (PX)(v+T —a(v+T)))dv

= IttJ G(t,v) f (v, x(V), X(v=7(v)), (DX)(V — e (V)))dv = (Tx)(t).
Thus, TX € X, since
N, <G,(t,s)<M; se[t,t+T].

Hence, for X € K, we have

o< M[T| § s&p %5 (9. (6 | o

and
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(T 2 N, [, (5X(8), x(s = 7(5)), (@x)(5 - ar(s)) s
N
- M_J ijo ‘ f, (s, X(s), X(s = 7(8)), (®x)(s —a(s)))‘ds

>0 T

Therefore, TX € K, this completes the proof.

Lemma3.2. T:K — K iscompletely continuous.

Proof. We first show that T is continuous .

By (H3),forany L>0 and &>0,thereexistsa ¢ >0 such that

{#w eBC|f <L|w]<L[¢-v]<5}
imply

SupOSSST

f(5,6(5), ¢(s —7(5)), (@) (s~ a(s))) = f (8, (5), W (s~ 7(3)), (PY)(s ~ (9)))], < ﬁ
it xyeK with [x]<Ly|<Lx—y] <5 ten
|(Tx)(1) - (TY)(M),
<[[G(t.5)]| £ (5.X(5), X(s = 7(8)). (@X)(s — ex($))) ~ £ (5, Y(5). Y(5 ~ 2(S)). (@Y)(s —ax(s)))] s
< IOT G (L, S)|| (5,%(5), X(s = 7()), (PX)(s — &x(8))) — T (5, Y(8), Y(5 — 7(5)), (PY)(s ~ (9)))| s
<MT ﬁ —¢

forall te[0,T], where |G(t,s)|=max,..,

G, (t, S)‘ , this yields ||TX—Ty|| <&, thus T is continuous.

Next we show that T maps any bounded sets in K into relatively compact sets. Now we first prove that
f maps bounded sets into bounded sets. Indeed, let & =1, by (H3), forany x>0, there exists & >0 such

that {X,y & BC,||X| < [y < s |x—y|<5,0<s<T} imply
| (5, %(8), X(s = 7(8)), (PX)(s —(8))) — f (5, Y(S), Y(s —7(5)), (PY)(s —(s)))], <1.

Choose a positive integer N such that ﬁ <0.Let xeBC and define

xk(t)z%,k:o,l,z---,r\l.

If ||X||<,u,then
Xk _ x@)k-D)|_ I
N N |

Hx" —x“H:supteR| sﬁ<§.

1
N

Thus,
‘ f (s, X(s), X (s —7(5)), (X )(s — (3))) — T (5, X *(5), X (s —7(8)), (DX*)(s — ac(s)))‘O <1
forall se[0,T], this yields
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[fsx§ Xs€rs (P 6-96 |, ()))
=[f(s X" € X' s€zs (PK'(s-96 | ()))

SSYfEx € X sbrs (K (s-a6 () 62
—f(s X § X iskrs (PX(s—a6 | 4[0p |
<N+|f|=wW

It follows from (3.1) that for t €[0,T]
ITX|| = sup,.x i\(rj X)(t)] < Z M J.IOT\ f;(5,X(3), X(s — 7(5)), (PX)(s — (s)))|ds < MTW.

Finally, for t € R, we have

o exp [, p,(v)dv
(X)) :J't —0;(8)G;(t,s) + = f, (s, X(8), X(s = 7(8)), (PX)(s — (8)))ds ,
xpjO p;(v)dv-1
i=12,---,n. (3.3)
Combine (3.1), (3.2), (3.3) and Corollary 2.1, we obtain
‘%(Tx)(t)‘ =SUp,.q (T X)'(0)
Nt ex j p; (vV)dv ‘
SZL ‘fj(s,x(s),x(s—ds)),(d)x)(s—a(s)))‘ —qj(s)Gj(t,s)+ = ds
i=1 .[ p;(v)dv— 1‘

<Z(M ||Q||+ )f '[1,(5.X(5), X(s ~7(8)), (©X)(s — x(S)))[ds

where ||Q|| = maijgn

q ,-\ -
Hence {TX xeK, ||x|| < ,u} is a family of uniformly bounded and equicontinuous functions on [0,T]. By

a theorem of Ascoli-Arzela, the function T is completely continuous.
Theorem 3.1. Suppose that (H1)-(H3), (2.3) and (2.7) and that there are positive constants R, and R, with

R, <R, such that

SUD, g | |T L85 (Ds—€s @ SCad( |, ds(s%) 34
and
e Jo | £ (8,8().8(5 ~ 2(9)). (@g)(s — a(s)), ds> 3.5)

where @ is defined as (2.1). Then the system (1.1) has a posmveT -periodic solution X with
R <[X|<R,.
Proof. Let Xe Kand ||X||=R1.By (3.4), we have
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(M), <M J-:+T| f(s,x(s), X(s —7(5)), (PX)(s — (5)))|, ds
R,
<M=
< v R,
forall t<[0,T]. This implies that ||TX|| S”X” for xe KNoQ,Q, = {X e X,|Ix| < Ri} :
If xeK and||x|| =R, . By (3.5), we have

()], =N j:” | (5, X(5), X(5 ~ 7(8)), (PX)(s — x(8)))], ds

ZN%zRZ

forall te[0,T]. Thus, [TX|2[X| for xe KN&Q,,Q, ={xe X ||x|<R,}.
By Krasnoselskii’s fixed point theorem, T has a fixed pointin K| (STZ\Q) It is easy to say that Eq.(1.1)
has a positive T -periodic solution X with Fx’1 < ||x|| < R2 . This completes the proof.

Corollary3.1 Suppose that (H1)-(H3), (2.3) and (2.7) and that there are positive constants R, and R, with
R, <R, such that

J, 1£(5.9(8). 6(5~7(5)). (@) (s ~ax(s)), U _

im '
sl ol
[,1(5.0(5).6(s— (). (@95 - a(s)), ds
sl e Il ’

where @ is defined in (2.1). Then the system (1.1) has a positive T -periodic solution X with
R <|X|<R,.

Corollary3.2 Suppose that (H1)-(H3), (2.3) and (2.7) and that there are positive constants R, and R, with
R, <R, such that

EU

M e |, | F(5,6().6(5 ~ 2(9), (@)~ (9)))], ds >
SUP e gex J. | £ (5.6(), 45— (), (@) (s — a(s)), s sﬁ,

where @ is defined in (2.1). Then the system (1.1) has a positive T -periodic solution X with
R <[X|<R,.

Corollary3.3 Suppose that (H1)-(H3), (2.3) and (2.7) and that there are positive constants R, and R, with
R, <R, such that

lim J.0T|f(S’¢(S)'¢(S_T(S))a(CD¢)(5—0!(S)))|O ds _

geK [¢]-0 ||¢||
169606t @P)s-aoD) b5
gk df>o || -

where @ is defined in (2.1). Then the system (1.1) has a positive T -periodic solution X with
R <[X|<R,.
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