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. INTRODUCTION

Asa generalization of semisymmetric connection[6]. Golab introduced the notion of quarter sym-
metric linear connection, and is defined as follows: A linear connection ¥ ona r-dimensional Rie-
mantdian manifoeld is said to be quarter symmetric connection [8], if its torsion tensor T satisfies
(1.1) T(W,¥)=VwY?Y - Uy W - [W, V]

(1.2) T(W, YV)=nY )W — nlW)eY.

In the above equation 77 stands for 1-form and @ is a (1, 1) tensor field. On the other hand, Hayden

[7] introduced the notion of metric connection on a Riemannian manifold. A connection ¥V ona

Riemannian manifold is said to be metric connection if

(1.3) (Vwgl¥, Z2) =0,
other wise it is non-metric.

for all W ¥, Z2 T.M, where T(M) is the lie algebra of the vector field on M, then ¥ igsaid to be
a quarter symmetric metric connection. In particular if W = W, then the quarter symmetric metric
connection reduices to a Semi-symmetric connection [5], otherwise itis said to be a quartersvmmetric

nonmetric connection. .

Later Rastogi [11, 12] continued to the study of quarter symmetric metric connection on the same
way in 1980, [8] studied the quarter symmetric metric connection on Riemannian, sasakian and

Kaehlerian manifolds on the same way so manyv authors [1, 2, 9, 14, 17] studied various types of
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quarter symmetric metric connection and their properties.

Moetivated by the above studies, in the present paper we study quarter symmetric non-metric
connections on Lorentzian a -Sasakian manifold and is organized as follows: The followed
section is preliminary in nature. In section 3, we exhibit a relation between Riemannian
connection and quarter symmetric nen-metric connection. Section 4 is devoted to the study of
curvature tensor, Ricci tensor, scalar curvature and the first Binachi identity with respect to
quarter syvmmetric non- metric connection. Sections 5 and 6 deal with the study of concircular,
conformal and projective curvature tensors on a Lorentzian @-Sasakian manifold admitting
quarter symmetric non-metric connection. Ultimately, in last section we study second-order
symmetric parallel tensor with respect to quarter symmetric non-metric connection on a

Lorentzian « -Sasakian manifold.

I1. Preliminaries

An n(= 2m + 1)-dimensional differentiable manifold A is said to be an Lorentzian « -
Sasakian manifold, if it admits a (1, 1) tensor field @, a contravariant vector field £ a covariant

wector field 7 and a Lorentzian metric g which satisfies

2.1 we =-1, gW, §=nW), @ W =W+ p(W)E pf=0,
(2.2) W @Y ) =glW, YY)+ g(Win(Y), Vw = - a W,
(2.3) (Vo @YV ) =a glW, V) n(YV )W,

forany W, ¥ = ToM, and for a smooth function @ on M, where V denotes the operator of covariant
differentiation with respectto the Lorentzian metric g. Further ona Lorentzian a-Sasakian manifold

the following relations hold [19]:

(2.4) GR(W, Y)Z, &=n(R(W, Y)Z) = a?[g(V, Zin(W) — g{ W, Z)n( V)],
(2.5) R(E W)Y = a[g(W, Y)E— n(Y)W,

(2.8) RW, Y)f=a?[ngYI)W—- g(W)Y,

(2.7) R(E W)f=a[W+ p(W)E,

(2.8) S(W, &= S8S(& Wi=(n—1)aln(W)

(2.9) S(£8H=-(n—-1)a?

(2.10) Qf=(n - 1) a?f

(2.11) GOW, V) = S(W, ),

(2.12) S(eW, YV )= S(W, Y)+(n— 1) a’g W, Y).

Let{ M, g)be an n-dimensional Riemannian manifold. Then the concircular curvature tensor C= [18],

the Wevl conformal curvature tensor C [16] and projective curvature tensor P[3] are defined by

(213)C(W, Y)Z = RW, V)Z —7’"11{9( Y. AW — (W, 2V L,

T
(2.14) (W, V) Z =RW, Y)Z — 1}{8{&’, W — S(W, 2Y +gl¥V, 220W — glW, 207V }
n—2
- N FooAtr
D2 AY, AW — oW, DY},

1
(2.15) P(W, Y)Z =RW, Y)Z — {S(Y, W — S(W, YL

n—1
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1. Relation between the Riemannian connection and the quarter symmetric non-metric
connection

Let ¥ be alinear connection and V be a Riemannian connection of a Lorentzian « Sasakian
manifold M is given by
{3.1) VwY = Vu? + H( W Y)

where H is a tensor of type (1, 2). For © tobe a quarter symmetric connection in M, we have [6]

1
(3.2) HW.Y) = Z[T(W, Y)+ T{W. Y)+ TV, W),
where

(3.3) HTHW, Y)2) = g(T(W, ), 2) = g(T(Z, W), V).

From (1.2) and (3.3), we get
(3.4) THW, Y) = gloY, W)E — n(W )oY,

Bv using (1.2) and (3.4) in (3.2), we obtain

(3.3) HW, Y) = -n(W)eY,

thus a quarter symmetric connection ¥ ina Lorentzian a-Sasakian manifold is given by
(3.6) VwY = VY - g(W)eV.
By using (3.6) in (1.1), we obtain

(3.7) THW, V)= TUw?r - Ty W-[W 7],

= (Y)W - p(W )oY

The equation (3.7) shows that the connection ¥ isa quarter symmetric linear connection [6], we

have

(3.8) (Vwg(V, 20 = g(VgleW. Z) - f(Zg(Y, o W).

In view of (3.7) and (3.8), we conclude that ¥ isa quarter symmetric non-metric connection and
(3.6) is the relation between the Riemannian connection and the quarter symmetric connection on a

Lorentzian o -Sasakian manifold.
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V. Curvature tensor of a Lorentzian a -Sasakian manifold with respect to a quarter
symmetric non-metric connection
The curvature tensor of a Lorentzian « -Sasakian manifold with respect to a quarter
symmetric

non-metric connection V is givenby

{4.1) Rwv)Z = Tuwtlhz-UvTuwz-Twnz

Using (3.6) in (4.1), we get

(4.2) RW,Y)Z = RWV)Z- (¥ )Ve )Z+ n(WHTr0)Z

= (Vw q(Y )eZ = (Vv m(W )eZ,

and in view of (2.2) and (2.3), we obtain

(4.3) RW )z = RW YV)Z+{g(V, Z0(W) - n(V)g(W, Z)}¢
+a m2in(W )Y — Yy )W L

The equation (4.3) is the relation between the curvature tensor of M with respect to a quarter

symmetric non-metric connection © and the Riemannian connection V. By using (4.3) and (2.2),

we get
(4.4) Bw oy = RWOY + aln(Vn(W) + g( W, VI +a p(V {n(WE+ W
(4.5) BRWOY = afe+1Hn(T)W -n(W)TLE

Taking inner product of (4.3) with respectte U, we have

(4.6) RW,V,ZU) = RWY,Z U+ a {a(¥, 2n(W) - n(V)a( W, 2)3n(U)
+anZin(Wigy, U) — p(¥ )glW, U)L

In view of (4.6), we can state the following:

Proposition 4.1. A Loventzian « -Sasakion wmanifold with respect to guarter symmetric Hon-metric
coMMection 5 o quasi constant curvature i the manifeld s of constant curvature with respect to the

Levi-Civita connection.

Also from (4.6), we have

(4.7) Rwv,zu) = -RY, WZU.
But
(4.8) RwyzU) =-RWY,ZU)

From (4.3) itis obvious that
(4.9) RW v)Z+ RY, 2)W+ RZ W)Y = 0.
Hence the curvature tensor with respect to quarter symmetric non-metric connection satisfies first

Bianchi identity.

Contracting (4.6) with U, Wwe get
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V.

(4.10) 7.2) = S(V.2)-agll.2) - na (¥ INZ).

Again contracting (4.10), vields

(4.11) r = 1

where S and S 7 and 7 are the Ricc tensor and Scalar curvature of the connections % and ¥V
respectively.

Hence we can state the following:
Proposition 4.2. [f M is g Lovenizian a -Sasakian manifold with respect to o quarter symmetric
non-metric connection V, then

(1) The curvature tensor R is given by (4.6)

The Ricci tensor §is given by (4.10)

I

The first Bignachi iden

-t

LA
It

W

s given by (4.9)

B

rT=r
(5) The Ricci tensor S is symmetric
(6} If Mis Einstein or p-Einstein with respect to Riemannian connection, then M is p-Einstein
With respect 10 quArter SYMMELTIC HON-MELTTIC COMMECTION.
CONCIRCULAR AND CONFORMAL CURVATURE TENSOR ON A LORENTZIAN

o -SASAKIAN MANIFOLD WITH RESPECT TO THE QUARTER SYMMETRIC
NON-METRIC CONNECTION

We define the Concircular curvature tensor ' and Conformal curvature tensor C on a Lorentzian

e -Sasakian manifold with respect to a quarter symmetric non-metric connection V by

3.1 U v)YZ =

a

r
UY)Z-———{WV, 2)U-%U, 2)V },
L N)Z— T DU - §U DT Y,

1

-2

(320 QU TZ = RUTIZ- - {5(Y, Z2)U — B(U.2)Y + 5(Y, Z)QU — 5(U, Z)OY

r
(n—1)n—2

\ (Y, 2)U — 5U, Z)Y }

for any U, Y, Z = T.M, where Q is the symmetric endemorphism of the tangent space at each
point corresponds to S and 7 are the Riccd tenser and the scalar curvature with respect to quarter
symmetric non-metric connection.

Using (2.13) and (4.2) in (3.1), vields

>3 U VZ = CU IZ+a {o(¥, 2nU) - g(U, 2n(V)}E
+a g2 in(UY — (Y UL

If we consider ' = (', then (5.3) reduces to
(5.4) AU, W) = —nnp(U (W ).

In view of (5.4) in (4.10), we get
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(5.3) Sv,z2) = 351, 2.
Hence we can state the following:

Theorem 5.3. [fin a Loventzian e -Sasakian manifold the concivcular curvative tensor s invariant
under guarter SYMMELTIC Hon-metvic commection, then the Riccl temsors are equal with respect to Levi-

Civita and guarter synimetric MOM-MEtvic CoOMHeCtions.

Letus consider a Lorentzian & -Sasakian manifold with respect to quarter symmetric non-metric
connection satisfying the condition C(§, U)- §=0, then we get
(5.6) S(CE Y, Zy+ §(v, C(EUNZ=10.
By virtue of (5.3), we get
(5.7)

S5(c' (¢ UIY.2) —ag(U,Y)$(§2) — 2an(Un(¥)5(£ Z) — an(¥)S(U,Z) +
S(¥,C(&U)Z) — ag(U,2)5(Y,8) — 2 an(U)n(Z)5(Y,&) — an(Z)S(Y,U) = 0.

In view of (2.8) and (2.13), (5.7) gives

(5.8) $(U,¥Y)=Ag(UY)+ By(Uy(y)

By virtue of (5.5) in (5.8) yields

(5.9) SW.Y)= Ag(UY)+ByUm(y)
Where
Ao alnoln — (1 + a) —r] —naln — (1 + a)[naln— (1 —a) +7]

N naln— 1)(1+a) —r

and

B nanain— 1)1+ a) —r] - 2nn— Va?[nan—1)(1 —a) + 1]
N nan—1)(1+a)—r

Hence
Theorem 5.4. A Lorentzian a- Sasakian manifold with respect to quarter symmetric non-

metric connection satisfying the condition €*(&, U) -3 = 0 is a i- Einstein manifold.
Also use of (4.3) and (4.10) in (5.2), reduces to
(5.10)

C(U, Y,z W) =R(U,Y,Z W) + afg(Y,2n(0n(W) — n(¥)n(W)g(U,2)} + a{n(¥)n(Z)[g(¥,W)
—-g(U,w)- ﬁ {s(¥,2)g(U, W) — eg(¥, 2)g(U, W) — nem(Y)n(Z)g(U,W)

—8(U, Dag(Y, W) + ag(U,2)g(Y, W) + na n(UWn(De(y, W) + g(Y, Z)S(U, W)
— a g(Y,2)g(U, W) — na g(¥, Zn{Un(W) — g(U, 2)S(Y, W) + a g(U, )g(Y, W)

+ nag(U DWW+ gy {5V, 2)9(U, W) — 50, 2)g (¥, W)},
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Using (2.14) in (5.10), it follows that

(5.11) QU v, ZW) = CUYZW

2)9(U, W)

— g(U, Dg(Y, W)} + (a = n’_ NG(Y, 2p(U)p(W)

— g(U, 29(Y )W)} + (@ = , Ha(Y, W)In(U)n(2)

g(U, Win(y yn(2)t.

This is the relation between conformal curvature tenser C and C with respect to the Riemannian

connection and gquarter symmetric non-metric connection respectively.

Letusconsider the Lorentzian & -Sasakian manifold is to be conformally flat with respectto

quarter symmetric non-metric connection ie C(U, ¥, Z W)= 0. Now by virtue of (5.2), we cbtain

(5.12) Ruvrzw =

S(Y, Z)g(U, W)
- SU 2)g(Y, W)+ S(U, W)g(Y, Z) — S(Y, W)g(ll, 2)}
T
+ T {u(Y, Z)g(U, W) — 5U, Z)g(¥, W)L
(n—ll(n—Elw(’ )glU, W) — g(U, Z)g(Y, W)t

Onplugging ¥'= W= £in (5.12), we get

313)  S(U,2) = {“':'“f:":"_\lf'"':",‘2:'_"}g(ﬁU,Z) - {—2"‘”':“1:":”_1:',"_"}7} (UIn(2).

- T
(n—1)(n-2) (n—1)(n-2}

Substituting (5.13) in (5.12), obtain

(514) RU. 7, Z W) = Alg(V, Z20a(U. W) - g(U, Z)g(U, Z)g(¥, W] + Big(U, W)n(Y n(Z)

—gl¥, Wigll an(Z) + glY, Z2(U (W ) — glU, Z2n(Y (W L
- r Vg A N2 BN g e 2 - r T N2 {2y
Where A= 2cr._,a'+1jl._,n }) (n f,l r\ r{n—3) and B = 2cr-_,f:ltr+1)\._.fz+1)\ n 2\) ¥
in—1)in—2)n—-3) in—1)in—-2){in—-3)

Hence we can state the following;:

Theorem 5.5. [fa Lovenizian a -Sasakian manifold is conformally flat with respect to guarter sym

metric non-metric comnection, then the manifeld s of guasi comstant curvaiure with respect to Levi-

Civitn conmection.

VI. PROJECTIVE CURVATURE TENSOR ON A LORENTZIAN A-SASAKIAN
MANIFOLD WITH RESPECT TO QUARTER SYMMETRIC NON-METRIC
CONNECTION
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The projective curvature tensor P on a Lorentzian a -Sasakian manifold with respect to the quarter
symmetric non-metric connection is given by
(6.1) PUY)Z = RUVY)Z- {5(7, 2)U - S(U,2)T },
n-1
forany U, Y, Z€ ToM , where Sis the Ricd tensor of the manifold with respect to quarter symmetric

non-metric connection.

LetLorentzian a -Sasakian manifold with respect to the quarter symmetric non-metric
connection satisfies the condition P(E U) 5= 0. Then we get
(6.2) S(P(E Y, 2)+ SV, B(E. N2y = 0.
By virtue of (6.1), (6.2) vields

(6.3) SRE WY, 2+ &V, RE N2 - nl—_liﬁt U Y)S(E 2)
-S(EVSU. 2+ S(U Z2)S(Y, & - S(E 2)S(Y, U)r=10.

Onplugeing Z= £in (6.3), we get

(6.4) (a?+a)S(UV)={2a fn(V) - (a?-a)g(U TIIS(E ©)
+(al+a)y(Y)S(U, & - (al+ a)n(U)S(T, §).

By virtue of (4.10), we have

(6.5) S(U,Y)=ladn-1" = (n - algU, Y)+ (2 - n)(a+2a)pU)n(Y).

Hence we can state the following:

Theorem 6.6. [f g Lorentzian « -Sasakian manifold with respect to guarter symmetvic HON-Metric

he conditi el

on B & U) S =0, then it is n-Einstein manifo

[
=}
]
=
=
=]
=1
L
=
=
in
-
o
wn
——

7. Second-orderparallel tensor onaLorentzian a -Sasakian manifold withrespect

to quarter symmeitric non-meiric connection

Defmition 7.1. A covariant o of second order is said to be second-order parallel tensor if Vo =0,

where V denotes the operator of covariant differentiation with respect fo the metric tensor g.
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Letus consider a second order parallel tensor with respect to quarter symmetric non-metric con-

nection on a Lorentzian a -Sasakian manifold, such that V= =0, then it follows that

(7.1) o(RW U)Y, Z)+ oV, AW Ug)Z) =1,

forany U, ¥V, Z, W £ ToM.Substituting V= 2= W= £in (7.1), we get

(7.2) o(RE U)E &) = 0.

In view of (4.3), we have

(7.3) AU, & =—-glU Haf 9.

Differentiating (7.3) along the arbitrary vector field ¥, we get

(74) oVv U 8+ oU, Vv = —g(Vv U, ol O

- glU, Vv Ja(g, § — 2g(U, Ha(Vr § &

Now replace Uby Vv Uin (7.3), we get

(7.5) aVv U, O =—gVy U O .

(1
[2]
[3]
[4]

By using (7.3) in (7.4), we have

(7.6) olU, Vv = —g(U, Vv dal{, § - 20U, Jal(Vr £ 9.

Use of (2.3) in (7.4), gives

(7.7) oAU, oY) = —glU, @Y )a(§ O — 2¢(U, o, .

Replacing Ybyv @V in (7.7) and then using (7.3), we get

(7.8) aU, Y)=—-g(U V)aE 9.

Hence we can state the following:

Theorem 7.7. Ifa Loventzian a-Sasakion manifold, M adwits q second ovder symmetric parallel

1.7

tensor, then the secomd order paralle]l tensor is a comstant multiple of associated metric tensor.
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