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l. INTRODUCTION
The Mittag—Leffler function was introduced by Gustaf Mittag-Leffler in 1903[1,2]. The fundamental
Mittag-Leffler function is a generalization of the expansion of the exponential function [3], it is important
function and it has many applications in physics, engineering, biological fields and in another sciences[4-16].
The basic Mittag-Leffler function is defined as

Eo(2) = ;—m g M
A 2-parameter is generalization of E,(x) and it is defined as
o k
Z
Eqp(2) = kz;m (2)
and 3-parameter is generalization of E,, z(x) and itis defined by
- I'(y +k)z*
EYp(2) = (3)

Lk T ()T (B + ak)

All these functions are very important in fractional calculus and mathematical methods, they have relations with
some special functions, some of these relations are discussed in this paper.

This paper is structured as follows: Section 2 represents the Legendre polynomials and its basic properties. In
section 3 we will show how to represent Legendre function using the 3-parameter Mittag-Leffler function

ata=-2,f=3andy = _?3 , We will use this relation to show orthogonality of some special cases 3-
parameter Mittag-Leffler function.

1. LEGENDRE POLYNOMIALS
Legendre polynomial [17,18] is defined by

O (—1)* (2n — 2Kk )! x"2k
] 2n k' (n — 2k)! (n — k)!

B (x) = C)

where
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|[ g , If n isaneven number
"= -1 ®)
> , if n isanoddnumber
Legendre polynomial is a solution of the following ordinary differential equation
d*y dy
2 _ —_ = =
(x?—-1) dx2+ de dx+ n(n(—ii-l)y 0
L _y] =
dx[(x 1) Ix +nn+1)y=0 (6)
Since Legendre polynomial is a solution of (6), then
dP,
& [(2—1) ()]+n(n+1)Pn(x)=0 )
[(2 m()]+m(m+1)Pm(x)=0 (8)
We can multiply (7) by P,(x) and multlply (8) by B,(x) , we get
Pty Gt - ;( 4 nmrvr@R@=0  ©
P (x)—[( 2 —1) Fn (x )]+ m(m+ 1) P, (x)P,(x) =0 (10)
by integration with respect to x from —1 to 1 and using integration by parts
dpP,(x) 1 dP,(x) dP,,(x) 1
1 2 _ n _ 2 _ n m
[ Pa(x) (x*—1) i ] f_ (x*—-1) Ix Ix dx+ n(n+1) _1Pn(x) P, (x) dx
=0 (11)
dP,(x) fl dP,(x) dB,(x) 1
1 2 _ m _ 2 _ n m
B 0) (x*2—1) i ] _1(x 1) Ix Ix dx+ m(m+1) _1Pn(x) P, (x) dx
=0 (12)
First terms in (11) and (12) are equal to zero, we can subtract(11) — (12), we get
1
[nn+1) —m@m+1)] J B,(x) B,(x) dx =0 (13)
-1
If n # m then
1
J B,(x) B,(x) dx =0 (14
-1
From generating function of Legendre polynomials
1
_ = P n 15
V1 —2zx + z2 ; ()2 (%)
we can prove that
1
2
2 =
[ oy ar= 2 (16)

that means the Legendre polynomials are orthogonal in [—1,1]

L 0 n*m
[ rwr@a=| (17)
-1 =m
2n+1

I11. THE RELATION BETWEEN 3-PARAMETER MITTAG-LEFFLER FUNCTION AND
LEGENDRE POLYNOMIAL

From equation (3) , we can find special case of 3-parameter Mittag-Lefflerata = -2, =3 andy = _73 let
z = x? we get

o -3
E_T3_2,3(x2) = Z F(T+ k) Sk
=k (5 ) r'@ - 2k)
~r(F+0) ey X r(73+1) S
o r( ) re-20) ur(z ) r@G-2(1)
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re) r( 23) ray 2 2o
1 3 5
= E— E X (18)

And we can find another special case of 3-parameter Mittag-Leffler functionata = -2 ,f =1 andy = _71
L e (G
E?2 _,,(x) = Z
=k r( ) rc - 2k)
r (— +0) (x)°
o r( ) @ —2(0))

1 1

From (4) we can find P,(x) by putting n = 2, we get
2

+0+0+-

(19)

S (D) (2(2) — 2k K2
() = L7212 2012~ k)
C(FD (4 —2(0))! 7O (=1)! (4 - 2(1))! X270

T4 01(2—2(0))1(2—0)1 4 1Q2-2))'2-1!
4! x 4x3x2%x1 x? 2x1

1 2 Zi_4 00 11 4 x2x1x 2x1 4
= E x2 - E (20)
Also we can find P, (x) from equation (4) by putting, n = 1 we get
1-1

Z
(-DF(2(1) - 2k)! x
() = £ 2Tk (1= 2001 (1 — k!
( 1D°(2-2(0)) x2© 21
T2 oa-z0)a-or  2*°7* 1)
From equations (18) and (20) we can deduce that

_ET () = Py) 22)

and from equations (19) and (21) we get

-1
XEZ _,;(x) = P(x) (23)
Now we can deduce orthogonality of some special cases of 3-parameter Mittag-Leffler function.
From equation (14) we can substitute n = 1 and m = 2, we get

1
j P(x) P,(x) dx =0 24)
-1
By using equations (22) and (23) we can rewrite (24) as
1 -3
| —xET 00 ET @ ax =0 (25)
-1
In equation (16) , if n = 1 we get
1
2
| or ax= 3 (26)
-1
if n =2 we get
1 2
| e ax= 2 @7)

1
We can rewrite (26) and (27) as integration of orthogonal special cases of 3-parameter Mittag-Leffler function.
From (3.5) the last equation (27) becomes

1 -3 2 2

[ 7 as0n)] ax=2 28)
-1

and (26) becomes
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2

f_ll [xz E_Tl_z_l(x)]2 dx = 3 (29)

-3 -1
Then —E2 _,;(x*) and x E2 _,, (x) are orthogonal polynomials on interval [-1,1] .

1IV. CONCLUSION
The main objective of this paper was to find the relationship between 3-parameter Mittag-Leffler

function ate = —2,andf =1,3 andy = -2 ,—z and Legendre polynomials P, (x), P, (x) respectively, and

2

conclude that the properties of these functions help us to deduce orthogonality of some polynomials related to 3-
parameter Mittag-Leffler function.
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