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ABSTRACT

This paper investigates the existence of positive solution for a nonlinear fourth- order boundary value problem
using a xed point theorem of cones. The nonlinear term may be singular with respect to both the time and space
variables. The problem comes from the deformation analysis of an elastic beam in the equilibrium state, whose
two ends are simly supported. The results obtained herein generalize and improve some known results including
singular and non-singular cases.
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l. INTRODUCTION
It is well known that the bending of an elastic beam can be described with fourth-order
boundary value problems. An elastic beam with its two ends simply supported, can be de-
scribed by the fourth-order boundary value problem

u(t) = f(t,u(t),u"(t), 0<t<1, (1)

u(0) = u(1) = «"(0) =" (1) = 0. (2)
Existence of solutions for problem (1) was established for example by Gupta [1,2], Liu [3], Ma
[4], Ma et. al. [5], Ma and Wang [6], Aftabizadeh [7], Yang [8], Del Pino and Manasevich [9],
RP Agarwal et.al. [10,11,12] (see also the references therein). All of those results are based
on the Leray-Schauder continuation method, topological degree and the method of lower and
upper solutions.

In this paper we shall discuss the existence of positive solutions for the fourth-order bound-
ary value problem

u Lo = flt,u,n"), 0<t<1

w(0) =u(l) =u"(0) =u"(1) =0, (3)

where a < 72

is a positive parameter and f(¢,u,v) : (0,1) x (0,00) X (—00,0) — (0, 00) is
continuous. In fact as we will see below one could consider in Section 2 and 3 f(¢,u,v) <
fi(t) folt,u,v) with fo(t,u,v) = (0,1) x [0,00) X (—00,0) — (0,00) continuous and f; €

C'[(0,1), RT] provided

1 1
/ ] Ki(7,7) Ka(r,s) fi(s)dsdr < +oc;
JOJ0O

here K, (i = 1,2) is as defined in Section 2.
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Il.  PRELIMINARIES
Let ¥ =C70,1] and

Vi={ueY ut) >0 te]01]}.

It is well known that ¥ is a Banach space equipped with the norm |[ully = sup;¢p q) [u(f)].
We denote the norm [|u|, by

l[elly = maxx {[|ully, [[«"]],} -

AN

It is easy to show that C2[0, 1] is complete with the norm |jully and |[ully < |Jullg + ||«
2 u.

Let A; be the first eigenvalue of the problem u™® + au” = Au, u(0) = u(1) = u"(0) =
u”(1) = 0. We known that

A1 a
Aatm=l

and ¢1(t) = sint is the first eigenfunction.
Suppose that K;(t,s), (i=1,2) is the Green function associated with
—u" +ou=0, wu(0)=u(l)=0, (4)

which is explicitly expressed by
which is explicitly expressed by

tH1 — if0<t<s<1,
Ki(t,s) = (1—s) 1 =t=s=s if =0, ()
s(1—t) f0<s<t<l1,
smhwtsi.nhw(l—s) fo<t<s<l1
I{g(t35):{m oo, o a<O, ©
sinhwssinw(l D) jpp<s<t <1,
sinwtsino(1-5) 3¢9 <t <5< 1
- e -7 = -7 1 2 7
Iﬁz(ts):{%ﬁl ifo<s<t<l, HhcasT "

where w = /|al.

‘We need the following lemmas.

Lemma 1. Kj;(t, s) has the following properties:

(i) Ki(t,s) >0,V s = (0,1);

(i) Ki(t,s) < CiKq(s, s),vt, s € [0,1];

(lii) I{i (f: S) = f}"iI{i(f: t)I{i (‘5: 5): Vts s € [O, 1] ;

(iv) |[K1(t1,s) — Ki(te,s)| < 2|81 —to|, for all ¢1,t9,5 € [0, 1]

where Chy =1, o =Hf5. if a<0; Ci=1, m=1, if a=0; Cy= ;“{—w yo =
wsinw, if 0<a <7
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Lemma 2 ([14]). Let E be a real Banach space and let P C E be a cone in E. Assume 4,
Q9 are open subset of E with 8 € Qq, Q) © Q, and let Q@ : PN (ﬁg\fh) — P be a completely

continuous operator and assume that the conditions
(0) Qull > lull, forue PnoQ
and
(i) u+# pQ(u), for p€[0,1) and u e PN oy
hold.
Then @ has a fixed point in PN (Q\) .

Now we consider the existence of a positive solution of (3). The function v € C*(0,1) N
C2[0, 1] is a positive solution of (3), if u >0, t € [0, 1], and u # 0.

Then the solution of (3) can be expressed as

1 p1
u(t) :A ‘/0 Kq(t,7) Ka(r,s) f(s,u(s),u"(s))dsdr

and the second-order derivative u” can be expressed by

1
u'(t) = — /D Ks(t,s) f(s,u(s),u"(s))ds. (8)

Set
P={ue CQ[O: 1] s w(0) = u(1) =0, u(t) > Kq(t,t) ||ull,,

—u'(t) > %I&’Q(t, t)||u"]|,.t € [0,1]}.

Note P is a cone in C2[0,1]. For R > 0, write Bg = {u € C?[0,1] : |Ju||, < R}.
We now define a mapping T : P — C2[0,1] by

1 1
Tu(t) :L /0 Kq(t,7)Ka(r,s) f(s,u(s),u”’(s)) dsdr. (9)

Lemma 3. Let w € P. Then the following relations hold:
(a) (Tw)(t) = Kq(t,t) |[Twl|, for t € [0, 1], and
(b) —(Tw)(t) > B Kalt, 1) | (Tw)" ]y for t € [0, 1].

Proof. For simplicity we denote

1 r1
I:/(] 1/0 Ki(r,7)Ka(T, s)h(s)dsdr,

1
Jz[) Ko(s,s)h(s)ds,
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where

h(s) = f(s,w(s),w"(s)).

From Lemma 1 it is easy to see that

Ki(t,t) <Tw(t) <I, te]0,1], (10)
and
Yo Ko(t, t)J < —(Tw)"(t) < Cald, te[0,1]. (11)

Using (10-11), we have

ITwlo < T, ||-(Tw)"||, < CaJ,

lo

hence

(Tw)(t) > Ky(t,1) | Twl,, for t € [0,1],

and

—(Tw)"(t) > L Ks(t,t) |Tw"|,, for t € [0,1].
Co
Throughout this paper, we assume additionaly that there exists an a > 0 and an continuous
function fi(t,w) : (0,1) x (0,a] = [0,4+00) such that the function f(t,u,v) satisfies
(H1) f(t,u,v) < fi(t,u+|v]), forall u+|v| <a, t e (0,1),

u € (0,a], and v € [—a,0).
(H2) The function f(¢, u,v) is nonincreasing in v < a and nondecreasing in v 2> —a for each
fixed t € [0,1] ie. if —a<wva < vy <0and 0 < uy € ug < athen f(t,ug,v1) > f(t,u2,va).
(H3) The function fi(t,w) is nonincreasing in w < a for each fixed ¢t € [0,1], i.e. if
0 < wy < wy then fi(t,w1) = fi(t,wa) and each fixed 0 <r < a
1 )
0< / Filt, r(Kq(t,t) + FI{Q(t,t)))dS < 00.
Jo /
(H4) There exists a nonnegative measurable function p defined (0,1) and a nonnegative
continuous function ¢ defined on [a, +oc) such that f(¢,u,v) < p(t)glu+ |[v|) if w4+ |v] > a,

where p and g satisfy 0 < fdl Ko(s, s)p(s)ds < 400 and limy,. 4 ﬂfl < A1

Let us introduce the following notations

1
Dy :/ Ki(s,s)ds,
J0
1
Dy = / Ka(s, s)p(s) ds,
J0

1
D, = [o Ka(s,s)f1(s, r'g%KQ(s‘ s)) ds.
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Lemma 4. Let (H1),(H2), and (H3) hold. Then for allu € PN Bp/B, wherer < a < R
the following hold

(Tu)(t) < Di(Dr + sup q(w)Dy),
wé|a,2R]

and

_(Tw)'(t) < Dy + supq(w)Da.
wela,2R)

Proof. Let u € PN Bpr/B,, then by Lemma 6, ||lul|, < ||u”||, and by Corollary 7, |ju/,
||| Thus r < ||u"||, < R. Also, since u € P we have —u"(t) > 12 I&g(t f) ||u”|| u(t)
Kyt t) Jullp. t £ [0,1]. So, we have u(t) + |[u"(¢)] > Ki(t, 1) ||u||0 + & g
LKa(t, t)r, te[0,1].

VIVl

By Lemma 1. and (H1) — (H3) we have
1
Tu(t) = / / Ky(t, 7)Ka(T,s) f(s,u(s), v (s)) dsdr+
0 -
u(s)+|u"(s)|<a
1
+ / Ki(t,7)Ka(7,s) f(s,ul(s),u"(s)) dsdr
1] -
u(s)+|u"(s)|=a
1
< / Ki(t,7)Ka(r,s) fi(s,u(s) + |u"(s)]|) dsdr+
T () Hur(s)|<a
1
-+ / Ki(t, 7)Kao(r. s)p(s) g(u(s) + |[u"(s)]) ds dr

u(s)+|u ()| >a

1

< Ky(t, 7) Ko (T, 8) fl(s I&Q(s s)r)dsdr+
u(s)+|u"(s)|<a
1
+ sup g(w) / f Ky(t,7)Ka(7,s)p(s)dsdr
we(a,2R] i

u(s)+|u"(s)|>a

1 1 .
< /0 Kq(r, T)[/O Ko(s,s) fi(s, %I{Q (s,s)r)ds]dr+

+ sup q(w)/ / Ki(r,7)Ka(s, s) p(s)dsdr

we[a,2R]
< Di(Dr+ sup q(w)Da).
we[a,2R]
and similarly, we also have
—(Tu)"(t) < Dr + sup q(w)Da.
we[a,2R)

Lemma 5. T(P)Cc P and T : PN (Bg/B,) — P is completely continuous.

Proof. Let u € P, then we define mapping T : PN (Br/B,) — C2[0,1] by (9). Then for

any u € P, it is clear that
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1
(Tw)" (t) = — /(; Ko(t,s)f(s,u(s),u"(s))ds < 0. (12)

By Lemma 3,

Tu(t) > Ki(t.t) |Tul,, t<][0,1],

and

—(Tw)" (t) > %I{g(t:t) |(Tw)"||, telo,1].

Hence T'(P) C P.

Let V. PN (Bgr/B;) be a bounded set. Then there exists a d > 0, such that sup{||ul|, :
ueV}=d.

First we prove T'(V') is bounded. Since ||lu, = max {||ul|,, |[«"]/,} , we have u(¢) +|u"(t)| <
[le]|g + [Ju"]l, < 2d, for all ¢ € [0,1]. Let My = sup{q(w) : w € [a,2d]}. Now, from Lemma 4 we

have for any v € V and ¢ € [0, 1] that

1 1
\Tu-{t)lzlfD /0 K1 (t,7)Ka(7, s) f(s,u(s),u”"(s)) dsdr |

1 N 1
< D-l(/ Ky(s,s) fi(s,r = Ky(s,s))ds + sup q(w) [ Ka(s,s)p(s)ds).
0 Ca wela,2d] Jo

< Dy(Dy + MgDs).

We have a similar type inequality for |(Tu)"(t)|.

Therefore T(V') is bounded.

Next we prove that T'(V) is equicontinuous. Now from Lemma 4 we have for any u € V
and any t1,ts € [0,1] that

(Tu) (1) — (Tu)(t2)] <
1 1
< /D ‘[IJ |I{.1 (fl,T) — Ky (fﬁ; T)l Ky (.;,-T S)f(.s, u(s); H_H(S)) ds dr

1 - 1
<20t - tQID1{/ Ky(s,s) f1{5=T§K2(8, s))ds + My / Ks(s, s)p(s)ds).
Jo 2 Jo

We have a similar type inequality for |(Tw)"(t1) — (Tw)"(t2)].
Therefore T'(V') is equicontinuous.
Next we prove that T is continuous. Suppose un,u € PN (Br/B;) and |ju, —uly — 0
which implies that w, () — w(t), v/ (t) — «”(#) uniformly on [0,1]. Similarly for f(¢,u,v) <
filtsutlol), fi(t, un (@) +|ug (0)]) — f1t, u(t)+]a”(t)]) and g(un () +uy (£)]) = q(u(t)+|u"(#)])

uniformly on [0, 1]. The assertion follows from the estimate

Tun(t) — Tu(t)| <
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1 1
< A ‘/D Ki(t,7) Ko(r,s) | f(s,up(s)|uy(s)]) — f(s,u(s),|u"(s)]) | dsdr,

and the similar estimate for [(Tu,)"(t) — (Tw)"(t)].
by an application of the standard theorem on the convergence of integrals. The Ascoli-
Arzela theorem guarantees that T : P — P is completely continuous.

Lemma 6. If «(0) = u(1) = 0 and u € C2[0, 1], then |ju||; < ||u"]|y, and so, [|uly = |Ju"| -

Proof. Since u(0) = u(1), there is a @ € (0,1) such that «'(a) = 0, and so u'(t) =
[Eu"(s)ds, t € [0,1]. Hence |/ ()] < [%[|u"(s)|ds < [y [u"(s)|ds < |[u"||, t € [0,1]. Thus
vy < |lu”|lg. Since u(0) = 0, we have u(t) = fé’u’(s)da, t € [0,1], and so |u(t)] <
Jo [W/()|ds < [[u/lly- Thus [Jully < [/l < [lu”[ly. Since [Jully = max{[lully, ||u"[lo} and
Jully < llu”llp, we obtain that [Jully = [lu"],-

Corollary 7. Let r > 0 and let u € 9B, N P. Then ||uy = ||u"|, =1

3. Main results

Theorem 1. Let (H1),(H2), (H3) and (H4) hold. Then problem (3) has at least one
positive solution.

Proof.

We recall that f(t,u,v): (0,1) x (0,00) x (—00,0) — (0, 00) is continuous and positive,
so using (H1 — H3) and Lemma 4, we have

1 1
0< /0 fo Ki(t, 7)Ka(r,s) f(s,u(s),u”(s)) dsdr

1 N 1
< Dl(/ Koa(s,s) fi(s, 225, (s,s)r)ds+ sup gq(w) Ko(s,s)p(s)ds) < +oo.
0 & wela.2R] Jo

By assumptions (H1 — H3), for each 5 € (0, %) sufficiently small, since
9 - - 2 Y2 - 12 - "
an“K1(t,t) < ak(t,t), and an th(t’ t) < G-Ffig(t, t), forall ten1—mnl, (13)
<2 2

we have

1-n 1-n -
0< [ / Ki(7,7)Ka(r, s) f(s,an’ K1(s, s),—aq?gﬁ’g(s, s))dsdr
Jn  Jy 2

1-—n 1-n
< / / Ki(r,7)Ka(r,s)f(s,aK (s, s), 7{12_‘—21{2 (s,s))dsdr.
Jn n 7o

Fix 7 € (0, %) as above. Let r > 0 be such that

) 1-n 1-—n 1 -
7 < min{a, / / Ky (5 T)HKa(T,s)f(s, an’K1 (s,s), —an? %I{g (s,s))dsdr,
Jn 79

1

1
-1 - Y2 g - Y2 g
/ Ks(5. ) f(s,an®Ki (s, 5), —an® L2 K (s, 5))ds, an? K1 (n,m), an* 2K (n,n)}.
Jo 2 (@5 Co

It is easy to see that

r < an’Ki(n.n) < an’Ki(t,¢), and r < &-’:‘?2%1{2 (m,m) < anﬁg,%ffg(t; t).¥t € (7, 1—n). (14)

‘We now show that

ITull2 > llullz, Yue PN oB,.
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To see this, let u € P N JB,, then by Corollary 7, ||ulls = ||[u”||g = r and u(0) = u(1) = 0.
Also since |lully < ||[u”||y we have u(t) < ||lullp < r < a, [W"(t)] < |||, =r < a, ¥t € [0,1].
Thus 0 < u(t) + [u"(¢)| < 2r, ¥t € [0,1].

Thus, by Lemma 4, and (H1 — H2) we have

1—y pl—
Tu)(5) > / w [ " K1, P)Ea(r,5) (s, uls), u()dsdr

Jn Jn

1-n pl—m 1
> / / Ki(=,7)Ka(1,s)f(s,r,—r)dsdr
J n 2

1-n pl-m -
> / / Ki(r,7)Ka(7,s) f(s,an’K1(s, s), —an® %Kg{s: s))dsdr >r = Hu””o .
2

Jn n
Consequently,
[T = [|uelly Yu e B, N P. (15)

Similarly we also have

1
(Tu)"(t) = — /0 Ka(t,s)f(s,u(s),u"(s))ds.

Hence

1—1
@) = [ K o) o)

Jn

1-n
> / I{Q(%: s)f(s,r,—r)dsdr
Jn

1-n ~
> / Ko(2,5)f (s, an?Ki(s, 5), —an? 22Ks(s, s)))dsdr > 7 = ||u"]|,
PI 2 Ca

Yu e dB,. NP, te]0,1].

Consequently,
1(Tw)|g > llully, Yu € B, N P. (16)
Using (15) and (16) we have

| Tully > [l - Yu € B, N P. (17)

On the other hand, let R > a be chosen large enough later.

Note that using by (H4) limsup,,_, . ﬂgl < M, we have limsup,_, ﬁtlv%l < A1 uni-
formly on [0,1] and u € (0, +c0)
f(t,u,l'.)

[v]

< At uniformly on [0,1] and u € (0, +00), there exist 0 < § < 1

Since limsup,_,
and H > a such that
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flt,u,v) < (A —0)|v|, Vtel0,1], ue (0,4x), |v|>H.
If u(t)+ [u”(t)] < athen f(t,u(t),u”(t)) < fi(t,r(K1(t,t) + EKa(t,t))). Moreover, if u(t)+
[ (5)] > a then £(£, u(t), " (£)) < maxcio.) SuPucinr P(DG(w), where w = u(t) + [u(t)]. Let

C' = max;c(g 1) P(?) SUPyepa,2r) 7(w)-
It is easy to see that

Ft,u(t), " () < it (Kt 1) + ZEa(t,0) + C + O = 8)[a" (1),

ve01], ueP [vo>H.
Next we show that if R is large enought, then pTwu # u for any u € PNOBg and 0 < p < 1.

If this is not true, then there exists ug € PN3dBg and 0 < pup < 1 such that poTup = up. Thus
[[ufllo = R > a and —ufj(t) > %?;—KQ (t,t)R. Note that ug(t) satisfies

ul) + aull = f(t,uo,ul)), 0<t<1

(18)
and the boundary condition
uo(0) = uo(1) = ug(0) = ug(1) =0. (19)

Multiply Eq. (18) by ¢1(t) = sin(nt) and integrate from 0 to 1, using integration by parts
in the left side, to obtain

1 1
(r* —an?) [ uo(t)d(t)dt = o / wo(8)b1 ()£ (¢, uo(£), wl())dt,
J0 1]

1.e.

1 1
m[ﬂ uo(t) (t)dt = po /0 wo(£)61(£) (¢, uo(t), uy (£))dt

Ql(t)dt—f—/ fult, r(Ky(tt) + I&g(t 1)) (t)dt.

Consequently, using integration by parts in the left side, we obtain that

1 1 1 ~
= [ s <30 [Cad [ e+ TRt o)aoa. @)

We also have
1 1
L [ cwenoarz Siwiio [ 2w, e
40
and this together with (21) yields

o CJyuddt+ [) fi(t r(Ki(tt) + LKa(t.1)é1(Hdt
[uollo < = R. (21)
ofo G Ka(t, t)p1(t)dt

Let R > max{R,H}. Then for any u € PN9dBg and 0 < p < 1, we have uTu # u. Hence
all the hypotheses of Lemma 3.1 hold. Then T has a fixed point in P N (Bg\B,).
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