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ABSTRACT: The de-Sitter model with dark energy has been found in stationary space-time and it is realized 

that the model is completely filled with dark matter and it represents dark energy star, for the value of M greater 

than zero. In particular, for zero value of M, the model goes over to de-Sitter empty space-time and then it 

describes open flat universe of special relativity. The model is the generalization of empty de-Sitter universe. 

Further geometrical and physical aspects of the model are studied. 
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I.   INTRODUCTION 
 General relativity has developed into an essential tool in Cosmology and modern Astrophysics and it is 

the basis of current cosmological models of the expanding universe. The spherical symmetry has its own 

importance in general theory of relativity due to its comparative simplicity. Many important space-times like 

Schwarzschild solutions (exterior and interior), the Robertson – Walker model etc. are spherically symmetric in 

nature. Most of the spherically symmetric space-times are also stationary space-times. Stationary space-times or 

time – independent gravitational fields are very significant in general relativity and in it the metric tensor 

components ijg , are all independent of the time coordinate, i.e., there exists a coordinate system in which we 

can express the metric tensor independent of the time coordinate. Borkar et al. [1] have studied the spherically 

symmetric space-time with charged perfect fluid distribution in stationary space-time. Borkar et al. [2] and 

Pandya et al. [3] have studied the spherically symmetric space-time in bimetric theory of gravitation. 
 In the universe, 96 % of energy content is in exotic form, out of which 70 % of energy is repulsive in 

nature, called dark energy and 23 % of energy is attractive in nature, called dark matter [4] and [5]. Although 

dark matter is the most popular theory to explain the various astronomical observations of galaxies and galaxy 

clusters, there has been no direct observational evidence of dark matter. It has been noted that the names “dark 

matter” and “dark energy” serve mainly as expressions of human ignorance. Dark matter is matter that is 

inferred to exist from gravitational effects on visible matter and background radiation, but is undetectable by 

emitted or scattered electromagnetic radiation [6] whereas dark energy is a hypothetical form of energy that 

permeates all of space and tends to increase the rate of expansion of universe [7]. Generally, dark energy has a 

strong negative pressure (i.e., effects, acting repulsively) in order to explain the observed acceleration in the 

expansion rate of the universe. The models of dark energy have created a lot of interest in the research area and 

many researchers ([8] to [16]) have developed the dark energy cosmological models of the universe. Dark 
energy is one of the popular ways to explain recent observations and experiments that the universe appears to be 

expanding at an accelerating rate. A star is self luminous, massive celestial body that generates the nuclear 

energy in its core. Dark energy star is the hypothetical compact star, which is believed to be the alternative 

explanation for observations of astronomical black hole candidate. The theory states that, the in falling matter 

from the event horizon is converted into vacuum energy or dark energy. The dark energy star theory proposed 

by Chapline [17] is the generalization of picture of gravastar (gravitational vacuum star) and dark energy star 

has interior solution with matter and is governed by equation of state 31,  p which is matched 

with exterior vacuum Schwarzschild solution.  

 Many researchers are studying the nature and properties of the different cosmological models of the 

universe in stationary space-times. Beig et al. [18] have thrown light on the far – field behavior of stationary 

space-times. Garcia et al. [19] have discussed the conformally flat stationary axisymmetric space-times. Bartolo 

et al. [20] have studied the existence and multiplicity results for orthogonal trajectories on stationary space-

times under intrinsic assumptions, with some examples and applications. Many other researchers ([21] to [28]) 
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have studied in detail various cosmological models in stationary space-times with different physical parameters 

and have discussed the behavior of the models physically and geometrically. 
 The de-Sitter space-time has an important role in describing the geometrical and physical features of 

the universe. It is deduced on the condition 0)(  p  of Zel’dovich matter; it is completely empty and 

describes the geometry of empty space-time [29]. In this paper, we study the de-Sitter universe in stationary 

space-time in order to verify its geometrical and physical behavior. It is found that our model is analogous to de-

Sitter universe and it is completely filled with dark matter and it represents dark energy star, since 

)31(p  in our model. In particular for ,0M  our model goes over to empty de-Sitter universe of 

Tolman [29] and then it describes open flat universe of special relativity. So our model is the generalization of 

empty de-Sitter universe. Other geometrical and physical aspects of the model have been studied. 

 

II.   THE METRIC AND ITS SOLUTION 
We consider the spherically symmetric metric 

 
22222222 dtedSinrdrdreds    ,   (1) 

where and  are functions of r and t. We assume that the space-time is filled with matter consisting of perfect 

fluid. The Einstein’s field equations are 
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The energy-momentum tensor ijT  for a perfect fluid is given as 

 ijjiij gpuupT  )(  .   (3) 

Here   is the density and p  is the pressure of the perfect fluid. We choose the components of four-velocity iu

as ,0 321 uuu  04 u   and we have 
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The Einstein’s field equations (2) in stationary space-time take the form 
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is the three – dimensional metric tensor determining the geometry of space, f   is the three – dimensional 

anti-symmetric tensor given by 
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(Here the stroke ‘|’ stands for covariant differentiation). P is the three - dimensional scalar curvature given by 

 
 PP   ,  (11) 

where P  is the three - dimensional Ricci tensor constructed from the three – dimensional metric tensor    

in the same way as ikR  is constructed from the ikg (for details, refer [30]). 

 In stationary space-times, the gravitational potentials ijg  are independent of time t. So that, for the 

metric (1) in stationary space-time,   and   are functions of r alone. Thus the Einstein’s field equations (5 – 7) 

in stationary space-times becomes 
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The system of three differential equations (12 – 14) in three unknowns p,  and   has a unique solution given 

by 

  
)1(1 2rMe     (15) 

and 

  
M38  , Mp 8 ,  (16) 

where M is the constant of integration. Assuming   , we write 

  
)1(1 2rMee   .  (17) 

So that our metric (1) becomes 
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This is the spherically symmetric metric in stationary space-time having the matter of perfect fluid with density 

and pressure satisfying the equation (16). 

 

III.   GEOMETRICAL AND PHYSICAL ASPECTS OF MODEL 

 Choosing 21 RM  , then our model (18) goes over to the de-Sitter universe 
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The de-Sitter universe is deduced on the assumption of Zel’dovich matter (stiff matter) given by the condition 

0)(  p and it is completely empty describing the geometry of empty space-time. For our model, it is 

realized from equation (16) that the density   and pressure p  obeys the equation 

  
)31(p . (20) 

This suggests that the de-Sitter universe is not completely empty but it contains dark energy and it represents 

dark energy star. This is one of the implications which we can add in the geometry of de-Sitter universe that it 

not only describes the geometry of empty space-time but it also describes the geometry of the universe 

containing dark energy and matter and it represents dark energy star. In particular for ,0M  our dark energy 

de-Sitter universe (18) goes over to empty de-Sitter universe of Tolman [29] and then it represents open flat 

universe of special relativity. 

 

3.1   The nature of our de-Sitter universe in relates to coordinates transformations 

I. In the coordinate transformation  Mr sin  , our model (18) has the geometry 
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II. In the coordinate transformation,  cos,sinsin,cossin rzryrx   with
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and in view of the transformation xiU 1 , yiU 2 , ziU 3 , aiU 4 , biU 5 ,we write 
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The equation (23) suggests that the geometry of our model is one which holds on the surface of sphere 

embedded in a Euclidean space of five dimensions. 
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III.  On applying the Lemaitre Robertson transformation 
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the model (18) takes the form as 

 
  22222222 )( tddSindrrdeds tM   .   (25) 

Removing bars, we get 

 
  22222222 )( tddSindrdreds tM   .   (26) 

Its Cartesian equivalent is 

 
  222222 tddzdydxeds tM  .    (27) 

 Thus, with the help of this transformation, we see that our static line element is converted into a non-

static one. It is realized that the geometry of all these models of our dark energy de-Sitter universe is depending 

upon M and have the similar features as that of the geometry of empty de-Sitter space-time. 

 

3.2   Motion of test particle 

 The motion of the test particles is described by the geodesic equations given by 
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In our model (18) (for 2    initially), the geodesic equation (28) yields 
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Equation (29) shows that a particle which starts moving in the plane 2  continues to move in the same 

plane. Equations (30) and (31) after simplification gives 
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where A and B are constants of integration. 

Using equations (32) and (33), from the line element (18), we obtain 
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which on differentiating with respect to t gives 
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Also we have 
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From equation (35),     0dtdr gives the value of M as 
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for which velocity is zero and 
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This shows that   022 dtrd (always) for  0M  and therefore a particle once reaches perihelion starts 

to move away from the perihelion and would never return for value of M given by equation (38). 

In particular for Mr 1 , we have dtddtdr  0
  

which suggests that all motion will vanish at a 

radius M1 . This radius is the apparent horizon of the model. 

 

3.3   Shift in spectral lines 

 A ray of light is emitted from a distant star travelling among the radial direction towards the origin. 

Then we have  ddds  0 . So that, the line element (18) becomes 
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which gives the path dt as 
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If t is the time for a ray of light to travel from Mr 1 to 0r  then we have 
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and then (using the transformation  Mr sin ), the equation (42) yield t . This infers that a light ray 

would take an infinite time as measured by an observer at the origin to travel between the origin and the horizon. 

So, the observer will never have any information about the events occurring at the horizon. 

 Let 1t be the interval of two successive wave crests emitted from a distant star and 2t the 

corresponding interval of their reception by an observer at rest at the origin so that the proper time interval and 

the coordinate time interval are same at the origin. Thus 

  2
0
2 tt   . (43) 

A light ray leaving a particle located at the radius r at time t1and reaching at the origin at the later time t2 is given 

(from equation (41)) as 
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which on differentiating with respect to 1t gives 
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where dtdr denotes the radial velocity at 1tt  ,  i.e.,  
1ttdtdrdtdr  . From equation (33), we have 
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From equations (43), (45) and (46), we write 
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  We have 0B , 0)1( 2  rM and therefore, the sign of 
0
1

0
2 tt  depends upon the 

sign of radial velocity dtdr  at time 1tt  . From equation (35), it is observed that
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exists red shift. If     1)1()( 222222  rBArArM , then 0)( dtdr  yield 00
1

0
2 tt  or



The de-Sitter Model with Dark Energy 

*Corresponding Author:  Prashant R. Dhongle                                                                                           38 | Page 

00
1

0
2 tt  , which shows that there may exist red shift or violet shift. Thus there is a possibility of both red 

and violet shift. But the possibility of red shift is greater. 

 Let 0 and 00   be the wavelengths of waves corresponding to the time
0
1t and

0
2t respectively. 

Then 
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For the line element (26), we find that )(1 12
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the distance travelled in time 12 tt  then rtt  12 as 1c . So that, we have 
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This shows that red shift is proportional to the distance measured from the origin, for which the proportionality 

constant M is found as  
141045.2 M   cm- 1, from Hubble’s law. 

 

IV.   OUR FINDINGS 
1. The de-Sitter universe has been investigated in stationary space-time and it is realized that our model is 

completely filled with dark matter and it represents dark energy star, since  )31(p  in our model. 

2. For 0M , our model goes over to empty de-Sitter universe. Thus our model is the generalization of 

empty de-Sitter universe. 
3. In relates to the coordinate transformations, it is realized that the geometry of our dark energy de-Sitter 

universe is depending upon M and have the similar features as that of the geometry of empty de-Sitter universe. 

4. The motion of the test particle is studied in our model and it is seen that the particle once reaches 

perihelion starts to move away from the perihelion and would never return for

   )()1( 222222 rArrBAM  . Further at a radius Mr 1 , the motion vanishes and this 

radius Mr 1  is the apparent horizon of the model. 

5. In our model, the red shift of the spectrum will appear for     1)1()( 222222  rBArArM  

and there is a possibility of red shift and violet shift for     1)1()( 222222  rBArArM  . 

6. The red shift is proportional to the distance measured from the origin for which the proportionality 

constant M is found as  
141045.2 M   cm- 1. 

 

V.   CONCLUSION 

 The de-Sitter model has been investigated in stationary space-time and it is observed that our model is 

completely filled with dark matter and it represents dark energy star. In particular for zero value of M, our model 

goes over to empty de-Sitter universe. Thus our model is the generalization of empty de-Sitter universe. Other 

geometrical and physical aspects of the model are studied in related to coordinate transformations, motion of test 

particles and red shift of spectral lines. 
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