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I. INTRODUCTION 
Since the behavior of discrete systems is sometimes sharply different from the behavior of the 

corresponding continuous systems and discrete analogs of continuous problems may yield interesting dynamical 

systems in their own right, many scholars have investigated difference equations independently; see, for 

example, [1-13]. 

In [10], Raffoul considered the equation  

( ) ( ) ( ( )) 0 .x n a n x n n     

In [11], Yankson considered the equation 

1

( ) ( ) ( ( ) ) 0 .

N

j j

j

x n a n x n n



     

Jin and Luo in [12] and Chen in [13] considered the equation 

( ) ( ) ( ( ( ))) 0 .x n a n f x n n     

In these works, the authors only studied the stability of zero solution of the equations. However, to the 
best of our knowledge, there are seldom results on the existence of positive periodic solutions of nonlinear delay 

difference equations. 

Motivated by the above, in this paper, we present some existence results for the nonlinear delay 

difference equation 
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( ) ( , ) ( ( ) ) 0 , ,
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x n p n s g x s n T
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 

                                                                               (1.1) 

where : ,x    denotes the forward difference operator, ( ) ( 1) ( )x n x n x n    , 

( , ),p C   ((0 , ), (0 , )), , .g C T     
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To reach our desired end we use Schauder's fixed point theorem to show the existence of positive 

periodic solutions of the equation (1.1). 

Theorem 1.1 (Schauder's fixed point theorem [14]). Let   be a closed, convex and nonempty subset of a 

Banach space X . Let :S     be a continuous mapping such that S   is a relatively compact subset of 

X . Then S  has at least one fixed point in  . That is there exists an x    such that Sx x . 

II． EXISTENCE OF PERIODIC SOLUTIONS 
 In this section we shall study the existence of positive  -periodic solutions of (1.1). 

Lemma 2.1 Suppose that there exists a positive continuous function ( , ),k n s n s n   , such that 
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Then the function 
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is  -periodic. 

Proof: For n T , we obtain 
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Thus the function f  is  -periodic. 

Theorem 2.1 Suppose that there exists a positive continuous function ( , ) , ,k n s n s n    such that (2.1) 

holds and 
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                       (2.2) 

Then (1.1) has a positive  -periodic solution. 

Proof: Let ([ , ) , )X C T     be the Banach space with the norm su p | ( ) |
n T

x x n
 

‖ ‖ . We set 
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With regard to Lemma 2.1 we have ( )m f n M  , where 
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                                   (2.3) 

We now define a closed, bounded and convex subset    of X  as follows 

{ : ( ) ( ) , , ( ) , ,

( , ) ( 1) ( ( ) ) , , , ( ) 1, } .

x X x n x n n T m x n M n T

k n s x n g x s n T n s n x n T n T



 

        

         
  

Define the operator :S X   as follows 
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We shall show that for any x    we have Sx   . 

For every x    and n T  we get 
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and ( )( )S x n m . 

For [ , ]n T T   we have ( )( ) 1S x n  , that is ( )( )S x n   . 

Further for every x    and n T , n s n   , according to (2.2) it follows 
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Finally we shall show that for ,x n T    the function S x  is  -periodic. For ,x    n T  and with 

regard to (2.1) we get 
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So S x  is  -periodic on [ , )T  . Thus we have proved that S x   for any x   . 

We now show that S  is completely continuous. First we shall show that S  is continuous. Let 

i
x    be such that 

i
x x    as i   . For n T  we have 
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By applying the Lebesgue dominated convergence theorem we obtain that 

lim 0 .
i

i

S x S x
 

 ‖ ‖  

For [ , ]n T T  , the relation above is also valid. This means that S  is continuous. 

We now show that S   is relatively compact. Similar to the proof of Lemma 2.2 in [15],  we omit the 

rest of the proof. 
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By Theorem 1.1 there exists an 
0

x     such that 
0 0

S x x . We see that 
0

x  is a positive  -

periodic solution of (1.1). The proof is complete. 

Corollary 2.1  Suppose that there exists a positive continuous function ( , ),k n s n s n   , such that (2.1) 

holds and 
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has a positive  -periodic solution 
1 1

( ) e x p ln 1 ( , ) ( , ) , .( ( ) )
n u

u T v u

x n p u v k u v n T



 

  

      

 

III． AN EXAMPLE                                                                                                
In this section, we give an example to illustrate our main results. 

Example 1. Let ( ) sin , , 0p n n     , then 2  . We choose  

( , ) (1), .k n s g n s n     

For the condition (2.1), we have 
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Therefore, all conditions of Theorem 2.1 are satisfied, then equation (1.1) has a positive 2-periodic solution. 

 

REFERENCES  
[1]. G.E. Chatzarakis, J. Diblik, G.N. Miliaras and I.P. Stavroulakis, Classification of neutral difference equations of any order with 

respect to the asymptotic behavior of their solutions, Appl. Math. Comput., 228(2014), 77-90. 

[2]. G.E. Chatzarakis and G N. Miliaras, Asymptotic behavior in neutral difference equations with variable coefficients and more than 

one delay arguments, J. Math. Comput. Sci., 1(1), (2011), 32-52. 

[3]. E. Liz, Stability of non-autonomous difference equations: simple ideas leading to useful results, J. Difference Equ. Appl., 17(2), 

(2011), 203-220. 

[4]. V.V. Malygina and A.Y. Kulikov, On precision of constants in some theorems on stability of difference equations, Func. Differ. 

Equ., 15(3-4), (2008), 239-249. 

[5]. E. Yankson. stability of Volterra difference delay equations, Electron. J. Qual. Theory Differ. Equ., 20, 2006, 1-14. 

[6]. M. Islam and E. Yankson, Boundedness and stablity in nonlinear delay difference equations employing fixed point theory,  Electron. 

J. Qual. Theory Differ. Equ., 26, (2005), 1-18. 

[7]. E. Liz, On explicit conditions for the asymptotic stability of linear higher order difference equations, J. Math. Anal. Appl., 303(2), 

(2005) , 492-498. 

[8]. M. Pituk, A criterion for the exponential stability of linear difference equations, Appl. Math. Lett., 17(2004), 779-783. 

[9]. Y. N. Raffoul, Periodicity in general delay nonlinear difference equations using fixed point theory, J. Difference Equ. Appl., 10(13-

15), (2004), 1229-1242. 

[10]. Y. N. Raffoul, Stability and periodicity in discrete delay equations, J. Math. Anal. Appl., 324, (2006), 1356-1362. 

[11]. E. Yankson, Stability in discrete equations with variable delays, Electron. J. Qual. Theory Differ. Equ., 8, 2009, 1-7. 

[12]. C. Jin and J. Luo, Stability by fixed point theory for nonlinear delay difference equations, Georgian Math. J., 16(4), (2009), 683-

691. 

[13]. G. Chen, A fixed point approach towards stability of delay differential equations with applications to neural networks, PhD thesis, 

Leiden University, 2013. 

[14]. A. Granas, J. Dugundji, Fixed Point Theory, Springer, New York, 2003. 

[15]. Y. Li, L. Zhu, P. Liu, Positive periodic solutions of nonlinear functional difference equations depending on a parameter,  Comput. 

Math. Appl., 48, (2004), 1453-1459.  


