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Abstract: Power series method is an essential method for solving ordinary differential equation (ODE) with
variable coefficient. In this paper, we use Frobenius method to obtain power series solutions of second order
ODE with coefficient at a singular point ¢ = 0 and determined the form of its second linearly independent
solution. Some selected problems were solved to distinguish their various roots and concluded that Frobenius
method is an efficient method for obtaining power series solution of a second order differential equation.
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I. INTRODUCTION

Linear ordinary differential equations (ODEs) with constant coefficients can be solved with functions
known from calculus. If a linear ODE has variable coefficients like Legendre’s and Bessel’s ODEs, it must be
solved using suitable methods. A formal power series can be a series that is a polynomial with an infinite number
of terms. [1], [2], [3], [11] have studied Frobenius method for solving second order ODEs.[11] derived Frobenius
series solution of Fuchs second-Order ordinary differential equations via complex integration.

Several approaches or methods could be applied in solving problems when dealing with power series of
second order differential equation. It is sufficient to state here that this paper is only centered on Frobenius
method as a power series solution to second order differential equation.

Il. PRELIMINARIES
A power series is an infinite series of the form;

©

2 3
Sa,(t-t)" =a,+a(t-t)+a,(t—t) +a,(t—t) +.. (1)
n=0
where t is a variable, a,,a,,a,,a,,... are constants, which are coefficients of the series and t, is the center of
the series.

If t, = 0, we obtain a power series in power of t as;

Sat'=a +at+at’+at’ s 2)
n=0

If a differential equation is of the form

t’y"+th(t)y' +c(t)y =0 3)
where b(t) and c(t) are analytic functionatt = 0.

We write (3) in standard form as
, b)) c(t)
yie T Yy =0 )

*Corresponding Author: .M. ESUABANA 44 | Page


http://www.questjournals.org/

Power Series Solutions of Second Order Ordinary Differential Equation Using Frobenius Method

If b® and ﬁ are analytic t = 0 then the solution of the equation will be analytic at t = 0, which can be
repre;ented in :he form
y(t) = i at’ ®)
n=0
Hence, if either bi—t) orct(—zt) are not analytic t = 0, we have a singular pointat t = 0 . Then solution cannot be

represented in the series, so we must go to power series expanded method which is called Frobenius method.

Frobenius Method:
If t = 0 isasingular point of the ordinary differential (4), then it has at least one solution of the form

y(t):tkz at'=t'(a,+at+at’ +..),a, %0 (6)
n=0

in which k maybe any real or complex number[5][7] [12].
The Frobenius method is effective in solving the Bessel’s Equation.

Ordinary Point:
The point t = ¢, is an ordinary point of the differential equation of the form:

P, ()Y "+ P (D)y' + P, ()y = Q(t) ()
P, (t) = 0, thenif t = t is an ordinary point, a series solution is set to be,

o

y:zan(t_to)n (8)

where we obtain the solution of the form

y(t)=a, +a(t-t)+a,(t-t) +..+a (t-t,)"

Where the coefficients of a’s are to be determined.

Consider a second order differential equation of (8) above, if t =t is an ordinary point of the differential
equation, where

y'=3 na (t—t)"" ©)
y'=> n(n-1)a, (t-t)"" (10)

n=0
Substituting y, y’, y" into the differential equation (7) and then coefficients of (t —t, )n , the series equation for

a, are obtained from which all the coefficients can be determined in any of the two coefficients. According to
[4],[5].[6] these two coefficients are those two arbitrary constants expected in the general solution of the second
order ordinary differential equation and can be determined if any two conditions are given.

If t, isnotaregular point then it is called a singular point[8] [5].

Regular Point:
The point t = a is a singular point of the D.E;

P,()y"+ P (t)y' + P, (t)y =0 iff P,(t) =0
Suppose Py(a) = (t —a)R,(t),R,(a) #0
t)y’ t
yr e p,(t)y . p,(t)y _ 0
(t-a)R,(t) (t-a)R,(t)

The point t = a is a regular singular point of the D.E [12].
. PO _ P(D] _

Ifllmt_,a[ R ] =a; llmt_,a[ ~ ] =

where « and B are finite.
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Indicial equation:
From the equation (3) now b(t) and c(t) are expanding in power series,
b(t) = by + byt + byt? + -+~ and
c(t) =cg+ et +cyt? + -
Differentiating equation (6), we have
y'(t)=> (n+k)at

n=0

n+k-1

=t""(ka, + (k +1)a,t)

n+k-2

y(t) = i (n+k)(n+k-1)at =t 7 (k(k —1)a, + (k + 1)ka,t +...)

n=0
By putting the value of y(t), y'(t) and y"(t) equation (3), we obtain
th(k(k — 1ag ...) + (bg + byt + )tk (kag + ) + (¢ + c1t + )tk (ag + ayt + ) =0
Equating the sum of the coefficients of each power of t*,tk*1,tk+2 to zero.
This gives a structure of equation with the unknown coefficients a,, [10].
The ODE in equation (3) also has a second solution such that they are linearly independent [5] [9].

Its form will be specified by equation (6) in the following cases.
The real case: If the roots of the initial equation are real, then there are the following cases:

Case 1: k, - k, isnotan integer; y,(t) =t (A, + At+ At*+..)
Case 2: Double roots k, = k, = k ; y,(t) =y, () Int+t (A, + At+ At® +..)

Case 3: Roots differing by integer; vy, (t) = ky (1) Int+t (A, + At+ At +..) [1][8].

I11. MAIN RESULTS
We solve some special problems using Frobenius method;

Problem 1
2
xzu+x3—z+(x2—4)y=0 11

dx?

Solution
Here, xP(x) and x2Q(x) are analytic (not infinite) at x = 0. So, x = 0 is regular singular point of this equation.

Lety = qx™tk

dy _
o Z a,(m+ k)xm+k-1

dZy — k 1 k 1 m+k-2
Tz = L W m+k—-1)(m+k—-1)x
. d?y dy .
Substituting the values of = o and y in (11), we get

x? Z ay(m+k)(m+ k — D)x™k=2 4 Z a(m+ k)x™He=t + (x2 — 4) Z axmt =0

= zak[(m+ KY(m +k—1) + (m + k) — 4]x™*k +Zakxm+k+2 —0

=S Yam+k+2)(m+k—2)x"Fk+Y aqxmk2 =0 (12)
The coefficient of lowest degree term x™ in (12) is obtained by putting k = 0 in first summation only and
equating it to zero. Then the indicial equation is

a,m+2)(m—-2)=0=> m=2,—-2
The coefficient of next lowest term x™*tin (12) is obtained by putting k = 1 in first summation only and
equating it to zero.

am+3)(m—-1)=0>a, =0
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Equating to zero the coefficient of x™**+2, we get
i
m+k+4)(m+k)

AQom+k+4)m+k)+a, =0=>a,, = —

g =a3=as=--=0
Qo
=
a, a,
M T+ 2)m+6) mm+2)m+4H)(m+6)
_ Ay _ Qo
a6__(m+4)(m+8)__m(m+2)(m+4)2(m+6)(m+8)
Hence,
L0 x’ x* x° 1

y=ax =|1- + - +...1 (13)

° L m(m+4) m(m+2)(m+4)(m+6) m(m+2)(m+4)2(m+6)(m+8) J

Putting m = 2 in (13), we get
X2 X4 X6 _}

- + ..
2.6 2:4-6-8 2-4:6°-8.10 J

(14)

Form = -2
Coefficient of x*, x°, etc. in (14) becomes infinite on putting m = —2. To overcome this difficulty, we put

ay, = bg(m + 2) in (14) and we get

4

2 6
(m+2)x x x + ] (15)

m@m+4) | m@m+a)(m+6)  m@m+4)2(m+6)(m+8)

y=bxm=[(m+2)—

On differentiating (15) w.r.t 'm’, we get

oy n [ (m+2)x2 x* x° 1

=b,(x .log x)| (m+2) - + - 2 + ...

om L m(m+4) m(m+4)(m+6) m(m+4)"(m+6)(m+38) J
ome2)xto1 1 1 ) x* (1 1 1 )
+b, x| 1~ -— - - —- + ...
L m(m+4)Lm+2 m m+4J m(m+4)(m+6)Lm m+ 4 m+6J J

On replacing m by -2, we get
x* x° ] ,ZF x° x' 1)
- . +o |+ X 1+ —+ . —|+...
(=2)(2)(4)  (=2)(2)"(4)(6) J L 2 2 -4L4J J

{_yJ 2Iogx){0—0+
om m=-2

, 1 x? x* , xz xt
=y, = byx"“logx _22'4+23'4'6_23'42'6'8+m + byx 1+2—2+m+'“

General solutionisy = ¢, ¥, + ¢, ¥,

1 x* x© 1 x2 x4
y = x? (1_§+2~4~6~8_2~4-62-8-10+ )+C2 [box Zlogx( 224—+23-4-6_23-42-6-8+.“)+
D0x—21+x2224x422-42+... (16)

Problem 2
Solve in series the differential equation

+5x +x y=0 @an
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Solution
Comparing the given equation with the form

d’y dy _
Rz + P(x); + Q(X)y =0, we get

P(x) = ;Q(X) =1
at x = 0, since P(x) is not analytic therefore x = 0 is a singular point. x P (x) =5
x2 Q (x) = x?
Since both xP (x) and x2 Q (x)are analytic at x = 0 therefore, x = 0 is a regular singular point.

Let us assume

Y = apx™ + a; x™ + ax™t? + azx™t3 + - (18)

dy m—1 1 m 2 m+1 19 dzy =
—. = Magx + (Mm+ Da;x™ + (m + 2)ax™ ™ + - 19z =
m(m — Dagx™? + (m + Dma,x™ 1 + (m + 2)(m + Dax™ + - (20)

Substituting the above values in given equation, we get
x2mim — Dagx™ 2+ (m+ 1) ma,x™ 1 + (m + 2)(m + Dax™ + -]
+5x[mayx™ ! + (m + Dax™ + (m + 2)a,x™*? + -]
+x2[agx™ 4+ a; x™ 1 4a,x™ 2 + azx™t3 4+ 1= 0 (21)
Equating the coefficient of lowest power of x to zero, we get
m(m — 1)a, + 5ma, = 0[coeff. x" = 0]
= (m? + 4m)a, =0
= m(m+4) =0 (indicial equation) (- ay #0)
= m=0, 4
Hence, the roots are distinct and differing by an integer. Equating to zero, the coefficients of successive powers
of x, we get
Coefficient of x™*1 = 0
(m+1ma; +5(m+1a, =0
= (m+5)(m+1Da, =0 = a, =0[~m=+*-5-1]
Coefficient of x™*2 = 0
(m+2)(m+1Da, +5(m+2)a, +a, =0

(m+2)(m+6)a,+a,=0

_ao
a,=—""""—""—""—
(m+2)(m+6)
Coefficient of x™*3 = 0
(m+3)(m+2)az;+5(m+3)ag;+a, =0

(m+3)m+7az;+a, =0
—a

=] e
%= Gt 3 m+7)

= a,=0

Similarly,as =a, =ag=++ =0
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Now, Coefficient of x™** =0
m+4)(m+3)a, +5(m+4)a, +a, =0

(m+4)(m+8)a, = —a,
_a2 (10

T M+ am+8) m+2)m+a)m+6)m+8) "
. _ m x2 x4
These give y = a,x [1 T imee) T menmenmre) mes) ] (22)
Putting m = 0 in (22), we get
2 4
V1= Mm=0 = o [1 _zx_.s + 2.:.6.8 ] (23)

If we put m = —4 in the series given by equation (22), the coefficients become infinite. To avoid this difficulty,

we put a, = by(m + 4), so that

_ (m+4)x2 x*
Y = box™ [(m +4) - i mie) T i mie)mes) ] (24)
Now, 0 m? + 8m + 20 (3m? +32m + 76)
—y=logxb0xm 1-— X — > sxt 4
om (m? + 8m +12) (m3 + 16m* + 76m + 96)

Second solution is given by
4

_<ay) = byx~*1 0—-0+ ad x6+ + box™* 1+x2 x4+
2= \om/) ., Do* 108X —2)2)@ 16 oX 4 4

= box"*logx —x—4—£+--- + box~% 1+x_2_x_4+...
0 16 16 0 4 4

Hence, the complete solution is given by

Y=Y+ Y,

x?  xt x*  x® x?  x*
= - .. —4 ——— .. —4 —_—— ...
clao(l 12+384 >+02b0x logx( 6 16 >+c2b0x <1+ R + )

where A = c¢;a, and B = ¢, b,,.

Problem 3

Find the general series solution about x = 0 of the differential equation

X2y " +4xy' + (x*+2)y=0 (25)
Solution

lety = Y a,x™+k (26)
y =X(m+ kaxmkt (27)

y ' =YX(m+k)(m+k—1Dax™k2 (28)
Substituting equation (26), (27) and (28) in equation (25) above.

Z(m +k)(m + k — Da,x™+* + 4Z(m + k)ap x™k + Z QxR 4 ZZ ax™k =0

Collecting like terms

Dm+k)(m+k—1)+4m+ k) + 2]apx™* + Y qx™ k2 =0 (29)

The coefficient of lowest power of x™ in (29) obtained by putting k = 0 in the first summation only and equates
it to zero

[mm—1)+4(m+0)+2]a, =0

[m?-m+4m+2]a, =0

[m?+3m+2]a, =0

(m + 2)(m + 1) = 0 (indicial)

m=—1, m=—2.
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[(m+2)(m+k—1)+4(m + k) + 2]apx™* + g, x™tk+2 = 0

@ (30)

= (m+2)(m+1)+4(m+k)+2
Equation (30) is called recurrence relation when k = 2,m = —1

P
2 6 .
i =3 —
putting, k =3; a3 = —
putting, k = 4; a4=_2—‘:)2 butazz_Ta0
P
* 7120
ik =C g = % _ o
Putting,k = 5; as =—=  but a3 =—
w=_%
> 7 360
- x2+x4+ 4y x2+x4+
A AT 1273607 N
putting, m—2, k=1
a, = ) »
putting, k=3;as=T1
putting, k = 4; a4=_1—“22 but az=_7a°
-0
=2 . )
i =5; === =%
puttlngc,l k=5 as=—~ buta;=—
S
“To 3
=y 2 XL 1_x, x
Y2 =X {1 T }a0+{x 6+120"'}a1'

1V. CONCLUSION
In this paper, we can clearly see that Frobenius method is an easier approach when dealing with power series
solution of second order ordinary differential equation.
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