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ABSTRACT

Generally, when we discuss operations on matrices, we introduce addition, subtraction, scalar multiplication
and even multiplication. We never discuss the concept of division of two square matrices.
In this paper, | have introduced the concept of division of two square matrices under certain conditions. In fact,

A
we have introduced the term ‘Quotient Matrix” — for two square matrices A and B of the same order provided
B

AB = BA and B is a non-singular matrix. We have also established all the parallel results for ‘Quotient Matrix’
related to algebra of Quotient Matrices, adjoint of a Quotient matrix, inverse of a Quotient matrix and
determinant of a quotient matrix.
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I.  INTRODUCTION

> Why do we stop at matrix multiplication while doing algebra of matrices?

> Why did we not talk about matrix division?

NOTE:Let us go to real number system where we learnt division. If a and b are two real numbers, b # 0
a

then ; is defined as solution of the equations bx = a and xb = a. We know that bx = xb (by

a
commutativity in real numbers), therefore uniqueness of a is preserved so the quotient ; is
meaningful.

A
Now, if we consider A and B as two square matrices (of same order), B = 0 and suppose E = C (where Cis

a square matrix of same order as of A and B) then A = BC or A = CB are the consequent matrix equation BC =

A
CB (in general), therefore uniqueness of A gets violated. Hence — does not make sense in case of matrices.
B

1.  MATERIAL AND METHODS
Let A and B are two square matrices of order n xn such that:

() AB=BA (i) |B|=0
A
Then we define quotient matrix E as a matrix C of order n xn such that C = AB™

NOTE: If A and B are commuting matrices (of same order) then AB™ = B*A.
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C is uniquely determined.

[ cosa sina | [cosa -—sina ]
Example 1: A = , B=
L—sina COSaJ Lsina CoS & J

Then AB=BA and |B| =1 (= 0)

A
~.—=C whereC=AB*
B

[ cosa sina | [ cosa sina]

Cz{—sina cosaJ {—sina cosaJ
[ cos2a sin2a |
2{—sin2a cosZaJ

[6 0] [1 0]
Exa1mp|e2:/-\=L0 7J and BZLO ZJ

Then AB=BA and |B| =2 (= 0)

LA C whereC=AB*
B

. 6 0] {1 0 1
o 7)o Y

[6 0 ]
= | |
7
o %]
Algebra of Quotient Matrices
A C
Let E and E are two quotient matrices (where A, B, C and D are square matrices of order n), then we can

define.

A C A C A A C | . . i
—+ —, —— —, o — (fora to be a scalar) and — . — in usual manner in which we have defined X + Y,
B D B D B B D

X =Y, aX and XY. (for two suitable matrices x and y)
Some more properties which one can easily verify are:

. (A v A
Q) adj a LEJ =a"" adj LEJ , Where o is a scalar and nis the order of the square matrices A and
B.

A (A
(2) anemﬂamL—J = amL—J
B B
A C C A

3) adj(—.—\ = adj— . adj —

LB DJ D B

(where adj denotes adjoint)

I11.  RESULTS AND DISCUSSION
A

1A

= Bl (where |A| = determinant of matrix A)

Result 1:
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. A -1 -1 A|
Proof: Consider, | —|=1AB "|=|A[[B | = —
B B |
(A\n A n
Result2:For n € [IF, we have L—J = |— .
B B
Proof: Consider,
(AY e i
— | |=I1(AB )| =[A (B )| (- AB ' = B’lA)
B
A" ‘(B‘l)” A" Al
= = h By Prop.1
|B B (By Prop.1)
(A [adiA|
Result3: |adj| — || = )
L B J |adj B
Proof: Consider,

adj{SJ ‘ = ‘adj AB*‘ _ ‘adj (B7').adj A‘
:‘adj(Bfl)Hade‘
= |adiB | |adj A|

_ adj Al
~ |adj 8]

(NOTE: |B|#0= |adj B |#0)

A C
Result4:For two quotient matrix — and E we have

B
(A 9‘_ [adi(ca)| adi(ac)]
]LB'DJ ~ |di(pB)|  |adj(BD)|
Proof: Consider,
adj(?.;}‘: adj—.adj—‘

- C A

= |ladj — adj —

D B

B ladjc| [adj Al

= - - (D)
|adj D| |adj B|

B ladjC . adj A |

~ |adjD . adj B |
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_ ladj (ac) | .
ladj (BD) |

adj (CA)
adj (DB)

‘ By (1)

Inverse of quotient matrix:

A . L A _ . . C
Let — be any quotient matrix with |A| # 0, then we say — is invertible if 3 a quotient matrix —
B

B D
suchthati.c—: I :g.i.
B D D B
-1
In this case, %z (%)
Now, (%)_1 = (AB™1)™! = BA™!
(ray™)
Prop.1 (i\ = A
ls) | 7%
Y Lt .
Proof; LHS= (A J = ((AB”) l) = (BA’l) _AB = A
B

> —
™
——

V(A
Prop.2 L JLEJ =

Proof: Consider

(AY(AY 1 1!
LEJ LEJ (AB )(AB )
- (A7) (A7)
=A(B'B)A = AA =1
(AN (AN e .
Similarly, LE LEJ:((AB ) )(AB )
=B(AA)B =1
result5: I addition. f A s nons (A el
esult5: In addition, if A is non-singular then L J = .
B N
Proof: Consider,
(ﬁ\_l :‘ AB -1 :‘ B o _|g At :M
5 ‘ (o) |- (o) = el a7 |-

G

|AD| _ |DA|

Result6:Further, if |C| # 0, we can see O~ 1561~ s

w | >

N\
—

Proof: =

/TN
oo
N—

-1 -1

=‘AB DC
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=|A|‘B’l [> Hc’l
_alle]
B [c |
_|AD| |DA]
“|BC| |CB]|
Assumptions:
M Jclx0 =Sl o as o [S1C L
ID | D| ID]|
B A C C A
(i) ——=—.—
B D D B

-1
n A

Prob.1: If (%) = ] for some positive integer n, then show that (—j exists.
B

Sol. Given: (ﬁ)n =1

- G1-m

= ﬁ =1
A
= —|==*1
B
= [al=0 (7 |B]=0)
-1
i\ exists
Yy
Prob.2: If (A) is a 3x3 quotient matrix, suchthat |— |= 4 . Find |2 adji .
LBJ B B
Sol. Consider,
3-1
[2adj5] = 8Jadj5] = 8 ([5])
el l]Apy
el
= 8x16
=128
A (AY A (AN A
Prob.3: " adJLBJ_ 5 | _adJLBJ =
Sol. Consider,
A i A)
g5
=(AB ") adj(AB )
=(AB ') adj(B ") adjA

=A(B" adj(B’l)) adj A

I adj A (O A-adj A=A|D)

= ‘B’l (A adj A)
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_Ial,
B |
- LAY A Al
larly, _:_
Similarly, L J - B
Prob.4: Ifi is a 3x3 matrix satisfying |— A 1and( WA = | . Prove that A—| =0.
2 e )le) 2
Sol. Consider,
A_,‘z A_(AVAY
5 s ls)le)
AL Ay
sl lE)
Al oY
5 Ty
Ay
s
T R
B
e
!
= 2|—-=1|=0
B
;|
= ——=1|=0
B
Prob.5: Ifi is a matrix order 2, such that 2{ MAJ =16and | B |=1. Find|A|.
B
Sol. Given,
(33|
AllraY
= 4 E LEJ =16
Al (oAl Ay ]
M Y I T (e
A
= —|==%2
B
I
B
= |A|=J_rz
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-1
Prob.6: If A is a 2x2non-singular matrix, show that adj(A\ =adjfi\ . Find A .
2 s) e 5
Sol. Given,
(AN AN
adJLBJ‘_ adj BJ
-1
= Jadj (5)] = (adf 5 >| = |ad,1(_)|
2
= adj[Sj =1
(AN
= adJL_J|=il
B
A A a1
= |§|=i1(" Jadi] = [£] )
= A ==+1
B
Prob.7: Let — and < are two non-singular matrixof order 2x2, such that |B|=2:|D|
B D
(A A c_(cY (A c) _
LEJ ZEEandLEJ :LEEJ F|nd|A|and|C|
Sol. Given,
AY A c©
BJ "B D
Al |a c‘
= — | == |—
B B D
A C
= — = |=
B D
rehl o la e [T
Also, — =|—.—
LDJ B D
c /| 1
= —_
o | |alle
B D‘
- el _, Colalle
D| e o)
= < ==*1
D
Al_le] .,
B| |p| ~
Also A =+1 = m=+1
" le| B
= |A|=+|B| A =+2
Similarly, [IC|==x2
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( ™ ( B
Prob.8: L{QJ J _L(QJ J
Sol Consider,

IV. CONCLUSION
The concept of division of two square matrices can be defined under certain assumed conditions. In fact, we can

. . A . . -
talk about the quotient matrix < — * and verify that all the parallel results related to algebra of matrices, adjoint
B

of a matrix, inverse of a matrix and determinant of a matrix hold true in case of quotient matrix.
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