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l. INTRODUCTION

Fractional differential equations arise in many engineering and scientific disciplines as the mathematical
modelof system and processes in the field of physics, chemistry, aerodynamics, electrodynamics of complex
medium, etc. (see [1 — 4] and references therein). The basic theory of fractional differential equation involving
Riemann — Liouville fractional derivative is developed[4 — 9] by Lakshmikantham et. al.

Numerous methods have been proposed in literature to study the fractional differential equations such as power
series method [2], compositional method [2], variationalLypanov method [10], quasilinearization method [11],
homotopy analysis method [12], homotopy perturbation method [13], collocation method [14], finite difference
method [15], Adomain decomposition method [16 — 18], iteration method [19, 20] and monotone method [5, 8,
9, 21] etc.

Among the available techniques,monotone method is powerful technique for nonlinear equations and dynamical
systems because it reduce the problem to sequences of linear equations. Many researchers attracted towards the
monotone method and developed it for initial value problems [9, 25, 27, 28, 36], boundary value problems [37,
38], integral boundary value problems [21 — 24, 30 — 35] and periodic boundary value problems [39, 40] and
proved existence and uniqueness of solutions of these problems. In this paper monotone method developed for
Riemann-Liouville fractional differential equations with initial conditions and integral boundary conditions is
reviewed. The rest of the paper is presented as under: Section Il is devoted for the basic definitions and results
that are used to develop monotone method for the problem under investigation. In section 111, monotone method
for fractional integral boundary value problem (IBVP), fractional initial value problem (IVVP) is considered. In
section 1V, monotone method for system of fractional differential equations is considered and its applications
are considered. Last section highlights the results on monotone method for finite system of fractional differential
equations.

Il. PRELIMINARIES
In this section, we discuss some basic definitions and results which are required to develop monotone method
for Riemann-Liouville fractional differential equations with initial conditions and integral boundary conditions
etc.

Letqe R, andn= [q] , Where [ . ] is the greatest integer function.

*Corresponding Authors:B.D. Dawkar and J.A. Nanware5 | Page


mailto:bdawkar@rediffmail.com
http://www.questjournals.org/

Monotone Method for Riemann — Liouville Fractional Differential Equations

Definition 2.1:The Riemann — Liouville fractional integral of order q is defined as
1 g-1
llu(t)=——|(t—7)" u(zr)dz
a’t
F(OI)£
Definition 2.2:The Riemann — Liouville fractional derivative of order g is defined as

1 d " n—-gq-1
athu(t):m(aj !(t—r) u(z)dr,for a<t<b.

l

For n =1, we have

athu(t)

dt
a! dz' 0<qg<l.

If U (t) is continuous fort > a , then fractional derivative and fractional integral has the following properties:

1 0L (t) = 17 u(t)

2. ath[altqu(t)]=u(t), for g>aand t>a

3, DI [ AU (t)+ 2 u, (t) ] =2 ,Dfu, (t) |+ z[ ,Du, (1) ]

Lemma 2.1:[6] Letm e C [J, R] be locally Holder continuous with exponent A > g and for t, € (tO,T]we
have m(t,)=0 and m(t) <Ofort, <t <t,.ThenD‘m(t,)>0.

Lemma 2.2:[6]Let {ue (t)} be a family of continuous functions of J , for each €> 0 where

D, (t)=f (t,u,(t)), Dou_(t)= f (t,u_(t)), for ue(to):ue(t)(t—to)l_q} and

t=t,

‘ f (t,ue (t))‘ <M fort, <t <T . Then the family {ue (t)} is equi-continuous on [tO,T].

The Lemma 2.1 is improved by J.V.Devi et.al [10] for the class of continuous functions which is stated below:
Lemma 2.3:[10] Let meC, ([tO,T], R) and forany t, € (tO,T) we have m(tl) =0 and m(t) <0 for

t, <t <t,. Then it follows that D'm(t,) > 0.

1. MONOTONE METHOD FOR RIEMANN - LIOUVILLE FRACTIONAL
DIFFERENTIAL EQUAITONS
In this section we consider the Monotone method developed by Wang et.al. [21]forfractional integral
boundary value problem (IBVP), McRae [9] for fractional initial value problem (IVVP) and monotone method
developed by Nanwareet.al.

In 2008, Wang and Xie [21] developed monotone method for following IBVP with Holder continuity
and obtained existence and uniqueness of solution of the problem

D(t)=f(t,u), teJ =[0,T], T=>0
(3.1)

u(0)=4[u(s)d(s), deR

O ey —

where0<q<1, A=xland f €C [J xR, R] , DY is the Riemann — Liouville fractional derivative of order

q.
Nanware and Dhaigude [23] have improved results obtained by Wang et.al. [21] for the IBVP (3.1) without
locally Holder continuous functions. The improvedexistence and uniqueness results are

Theorem 3.1:[23] Assume that:

0] f (t, u (t)) isnon-decreasing in u for each t.
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(ii) vV, (t) and W, (t) in Cp (J ) R) are lower and upper solutions of (3.1) such that V, (t) <W, (t) on
J :[O,T]
(iii) f (t,u) satisfies one-sided Lipschitz condition,
f(t,u)—f(t,v)<-L(u-v), L>0
Then there exists monotone sequences {Vn (t)} and {Wn (t)} inC, (J , R) such that {Vn (t)} - V(t)and

{Wn (t)} - W(t) asn — oo, where V(t) and W(t) are minimal and maximal solutions of (3.1)

respectively.
Theorem 3.2:[23] Assume that:

(i) f (t, u (t)) inC [J xR, R] is non-decreasing in u for each t .
(ii) V, (t) and W, (t) in C (J , R) are lower and upper solutions of (3.1) such that V, (t) SW, (t) on J

(i)  Functions f (t,u) satisfy Lipschitz conditions, |f (tu)—f (t,v)| <Llu-v|, L>0

(iv)

.
w, (t)-v, (t)” =0, where the norm is defined by | f || = H f (S)‘ ds,
0

then the solution of (3.1) is unique.

In 2008, J. Vasundhara Devi developed [39] general monotone method of periodic boundary value problems
(PBVP) of Caputo fractional differential equations when the function is sum of non-decreasing and non-
increasingfunctions. Nanware and Dhaigude developed monotone method [24] for Riemann — Liouville IBVP
(3.2).

D(t)=f(tu)+g(tu), ted =[0,T], T>0
3.2
zju s)ds+d, deR (32

where0<q<1, A=%1, f,g eC[J xR, R], f is non-decreasing and g is non-increasing, DY is the

Riemann-Liouville fractional derivative of order g. The developed monotone method is used to obtain existence
and uniqueness of the problem (3.2). The developed monotone method existence and uniqueness results are
stated here.

Theorem 3.3:[24] Assume that:

(i) f (t,u(t))and g(t,u(t)) in C[J xR, R], f (t,u) is non-decreasing in U for each t and

g (t,u) is non-increasing in U for eacht.

(i) v, (t) and W, (t) in C (J , R) are coupled lower and upper solutions of the problem (3.2) such that

Vo () <wy (t) onJ.

(iii) f (t, u), g (t, u) satisfy one-sided Lipschitz conditions,

f(t,u)—f(tv)<-L(u-v), L >0,

g(tu)-g(t,v)<-L,(u-v), L, >0

Then there exists monotones sequences { } and { t } in C(J, R) such that {Vn (t)} —){V(t)}

and {Wn (t)}—){w(t)} asn — oo, Where V(t) and W(t) are minimal and maximal solutions of the
problem (3.2) respectively which satisfy

Dv(t)=f (t.v(t))+g(t,w(t))
Dw(t)=f (t,w(t))+g(t,v(t))on.
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Theorem 3.4: [24] Assume that:
(i) f (t,u(t))and g (t,u(t)) in C[J xR, R], f (t,u) is non-decreasing in U for each tand

g (t, u) is non-increasing in U for eacht.

(i) v, (t) and W, (t) in C (J , R) are coupled lower and upper solutions of the problem (3.2) such that
Vo () =w, (t) onJ.

(iii) f (t, u), g (t, u) satisfy Lipschitz conditions

[f(tu)—f(tv)<Lfu-v], L >0,

lg(t.u)-g(tv)|<Lju-v|, L,=0.

Gv)  lim

.

w, (t)-v, (t)” =0, where the norm is given by | || = .ﬂ f (s)|ds, then the solution of the
0

problem (3.2) is unique.

X. Wang, L. Wang and Q. Zeng [22] have improved results obtained by Wang and Xie in [21] for the
IBVP (3.1) taking A > 0. The improved results are
Theorem 3.5:[22] Assume that:

(H,): feC(IxQR),
(Hz):There exists M >0 such that f(t,V)—f(t,u)SM[u—V]if v<u, uveQ, ted, and

u,V e D are upper and lower solutions of problem (3.1) with A >0, respectively and V(t) <u (t) onJ . If

Dy (t)=f(tu(t))-M[y(t)-u(t)]. ted, y(O):ﬂ_T[u(s)ds+d ,

T

Dz(t)=z(t,v(t))-M[z(t)-v(t)] ted, z(0)=i'|.v(s)ds+d,

0
then V(t) <z (t) < y(t) <u (t) ,t € J and vy, z are upper and lower solutions of problem (3.1) respectively.

Note that in above theorem, 2= {u Yo (t) <u<z, (t)} and

D :{WE C'(J,R)1y, (t)<w(t)<zy(t),te J} and M =sup,_; M (t).

Theorem 3.6:[22] Assume that the conditions (Hl),(Hz) and(H3) holds.: Y,, Z, eCl(J,R)are upper
and lower solutions of (3.1), 4 =0, respectively and such that Y, (t) =17, (t) t € J are satisfied. Then

there exists monotone sequence {Zn, yn} such that Z, (t) —>1Z (t) A (t) - y(t), teJ as n—ooand

this convergence is uniformly and monotonically on J . Moreover z, y are extremal solution of (3.1) inD .

In 2009, McRay [9] developed monotone method for following IVP (3.3) and obtained existence and
unigueness of solution of

Du(t)=f (tu(t)).u(t) =t =u(t)(t-t)" (33)
where f €C(JxR,R), J=[t,, T]
In 2015, Nanware [25] developed monotone iterative technique for following IVP involving the

difference of two monotone functions and successfully applied this technique to obtain existence of solution of
the problem (3.4).
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(3.4)

oDiu(t)=f (t,u(t))-g(tu(t)), ted[0,T]
With initial condition u(0) =u,
where f, geC (J xR, R) are both non-decreasing inU (t) uniformly in t. The results obtained are stated as

under:
Theorem 3.7:[25] Assume that:

0] f (t,u(t))and g (t,u(t)) in C[J xR, R] are non-decreasing in u(t).

(i) Vo (t)andWO (t) in C(J,R) are coupled lower and upper solutions of IVP (3.4) such that
Vo(t)<w,(t), ted =[0,T].

Then there exists monotone sequences {Vn (t)} and {Wn (t)}in C(J, R) such that {Vn (t)} —)V(t)and

{Wn (t)} - W(t) as n — oo, uniformly and monotonically on J and the functions V(t) and W(t) are the

coupled minimal and maximal solutions of nonlinear 1\VP (3.4) respectively.

In 2012,Yaker and Koskal [27] have studied initial value problem (3.5) for Riemann — Liouville fractional
differential equations and proved existence results by using concept of lower and upper solutions and local
existence results under the strong hypothesis that the functions are locally holder continuous.

D(t)= f (tu(t))+g(tu(t)), u°=(ut)(t—t0)1_q}t=t0,te[tO,T] (3.5)

where T,g e C[J xR, R], J= [tO,T], f (t,u)is non-decreasing in u, g (t,u) isnoni-increasing in U for

each t.

In 2017,Nanware et.al. [28] developed monotone method without locally Holder continuity for the VP
(3.5). Developed monotone method is applied to obtain existence and uniqueness of solution of IVP (3.5). The
Improved results are as follows:
Theorem 3.8:[28] Suppose that:

(i) V(t) and W(t) is C, (J : R) are coupled lower and upper solutions of I\VP (3.5) with V(t) < W(t)
onlJ.
(ii) f (t, u), g (t, u) eC [Q, R] and g (t, u (t ) is non-increasing in u for each t on J .Then there

<

exists a solution U (t) of IVP (3.5) satisfying V(t
Theorem 3.9:[23] Assume that:
(i) f (t,u(t))and g (t, u (t)) in C[Q, Rz} and f (t, u (t)) non-increasing in U for each t € [tO,T]

USW(t) ond .

.(ii) v, (t)amdw0 (t) in C[J,R] are coupled lower and upper solutions of IVP (3.5) such that
VO(tO)SWO(tO) onJ.

(iii) f (t,u(t)), g (t, u (t)) satisfies one-sided Lipschitz condition,
f(tu(t))-f(tu(t))=-M(u-u),M >0 uxzu,

g(t,u(t))—g(t,ﬁ(t))z-N(u—ﬁ), N>0,uzu.

Then there exists monotone sequence {V, (t)} and{w, (t)} such that {v,(t)} —>v(t)and

{W (t)} - W(t) asn — oo, wherev(t) and W(t) are minimal and maximal solutions of the IVP (3.5).

n

Theorem 3.10:[28] Assume that (i) — (ii) of Theorem 3.9 holds and if
[F(tu(®)-F (L) <Mu-u, v <u<u<w, M>0

Then V(t) = W(t) =u (t) is the unique solution of IVP (3.5)
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In 2011, C. Yaker and A. Yaker [26] developed monotoneiterative method for the following nonlinear
fractional differential equations with initial time difference with locally holder continuous function and obtained
existence and uniqueness of solution of the problem.

Du(t)=f(tu), u=u(t)(t-t)"} (3.6)

t=t,
where 0 <g<land f ECI:R+><R, R]

In 2020, authors [29] improved the results obtained by Yakeret. al. without locally Holder continuity for the
class of all continuous functions.

u(t)eC,(J,R)={u(t)eC(J,R)}andu(t)(t-t,)’ eC(J,R)}, J=[t,,T].
Theorem 3.11:[29] Assume that:

(El) Ve Cp [[to,t0 +T], R], t, ] >0,we C; [[z‘o,ro +T], R] is continuous and p =1—Q where
C,(3,R)={u(t)C(3,R) and u(t)(t-t)" eC(3,R)}, I =[tr,,+T],
C;(9R)={u(t)eC(3",R)andu(t)(t-7,)" €C(3I"R)}, 3" =[r, 7, +T],

f eC[[t,,7,+T]xR,R Jand

Div(t)< f(tv(t)), t,<t<t,+T, DWw(t)=f(t,w(t)), r,<t<z,+T

v =ul < W wherev =V (t)(t—t) " ft=t,, W =w(t)(t-7,) "}t =7,

(EZ) f (t,u)satisfies one —sided Lipschitz condition,

f(t,u)—f(t,v)<M[u-v]foru>v, M 20.

(E,) f (t,u)isnon-decreasing in t for each U and,V(t) <(t+7),t, <t <t;+T wherer7 =7, —t, then
there exists monotone sequences {Vn (t)} and {Wn (t)} inC, (J , R) which converges uniformly and
monotonically on [to,to +T] such that {Vn (t)} —)V(t) and {Wn (t)} —)W(t) as N — cowhere V(t)and

W(t) are minimal and maximal solutions of VP (3.6) respectively.
Theorem 3.12:[29] Assume that:
(U,) Assumptions E; and E; of Theorem 3.11 holds.

(Uz) f (t,u)satisfiesLipschitz condition,
|f(tu)-f(tv)|<Lju-v|, foru=v,M =0

Then there exists unique solutions of VP (3.6).

V. MONOTONE METHOD FOR SYSTEM OF RIEMANN - LIOUVILLE
FRACTIONAL DIFFERENTIAL EQUATIONS
In this section monotone methods developed by Nanwareet. al. [30] for system of Riemann — Liouville
Fractional Integral boundary value problem (IBVP) are considered.

Existence and uniqueness results obtained by Wang et.al. [21] are extended by Nanware and Dhaigude
[30] for the system (4.1) of IBVP.

Dy, (t) = f,(t,u,(t),u,(t)), u,(0)= ]‘ul(s) ds+d
’ (4.1)

D, (t) =, (t,u,(t),u,(t)), u,(0)

u,(s)ds+d

Il
O Sy, —
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where deR,ted, f,f, in C(J x R?, R), 0<qg<Z1u,u, are locally Holder continuous. The

developed Monotone method and existence and uniqueness results for system (4.1) are given in the following
Theorems:
Theorem 4.1:[30] Assume that:

(i) f=f(tu,u,), i=12 inC[J eR?, R] is quasi-monotonenon-decreasing.

(i) V0 = (Vlo,vg)and w = (Wf , Wg) inC, (J , R) ordered lower and upper solutions of (4.1) such that
v (0) < W2 (0), v2(0)< w2 (0) on,

(iii) f, = f, (t,u,, u, ) satisfies one-sided Lipschitz condition,

f,(t,u,u,)— T, (t,u_l,@)Z—Mi [ui —Gi], forus <M, >0.
Then there exists monotone sequences {V" (t)} and {W” (t)} such that {v" (t)} —>V(t)=(v,V,) and

{W" (t)} — w(t)= (W, W, )asn —>oo. WhereV(t) and W(t)are minimal and maximal solutions of the

problem (4.1).
Theorem 4.2:[30] Assume that:

(i) f,=f,(t,u,u,)in C[J xR?, R] is quasi-monotonenon-decreasing

[}
(i) v =(V1,V2) and W:(Wl,WZ) in C(J : R) are ordered lower and upper solutions of the problem

(4.1)onJ
iy = f(t,u,u,) satisfies Lipschitz condition,

‘fi (t,uy,u,)—f; (t,al,GZ)

> M, |u; ~ui, M; =0

(iv) Iimen —\"
n—oo

.
=0, where | f||= H f (S)‘ ds, then the solution of the problem (4.1) is unique.
0

Further above results are obtained byJadhav et.al. [31] for the system (4.1) when the functions U;,U, are

continuous. The obtained results are stated in Theorem (4.3) and (4.4).
Assume that:

(Hl) Vo= (Vf,vg)and w’ = (Wf,wg) in C, (J ) R) are ordered lower and upper solutions of (4.1) such
that v{ (0) <w{ (0),vs (0)<wj (0) on J.

(H,) f=f(tu,u,)i=12 inC[J xR?, R} is quasi-monotonenon-decreasing,

(H,) f, = f(t,u,,u,)satisfiesLipschitz condition,

‘fi (t,u,u,)—f, (t,ul*,u;)‘Z—Mi‘ui 7|, M; =0,

(H,) Lm“wn—v”

.
=0, where the norm is defined by || f || = ﬂ f (S)| ds.
0

Theorem 4.3:[31] Assume that (Hl) , ( H, ) and (H3) holds. Then there exists monotone sequence {V” (t)}
and {Wn (t)} such that {V” (t)} —V(t)=(v,V,) and {W” (t)} — w(t)=(w,W,)asn —>co. Wheres
V(t) and W(t)are minimal and maximal solutions of the integral boundary value problem (2.1).

Theorem 4.4: [31] Assume that (Hl), (HZ),(Hs) and (H4) holds. Then integral boundary valueproblem
(4.1) has a unique solution.

In 2017, Nanware [32] considered the system (4.2) of IBVP and developed monotone method for
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D, (t) =, (t,u,(t),u,(t)), teJ=[0,T] T=0
T (4.2)
ui(t):fui(s)ds+di, d eR, i=12
0
where f,, f,inC[JxR*,R], =1 0<q<1.

The developed monotone method and existence and uniqueness results of (4.2) are as under:
Theorem 4.5:[32] Assume that:

0] f. ('[,Vl (t),v2 (t)) is quasi-monotone non-decreasing,

(i) vV, (t)and W, (t) in C, (J,R) are weakly coupled lower and upper solutions of (2.1) such that
v, (t)SW0 (t) onJ,

(iii) f (t, u (t)) satisfy one-sided Lipschitz condition ,

f(t,u)—f(tv)<-L(u-v), L>0.

Then there exists monotone sequences {Vn (t)} and {Wn (t)} in C, (J,R)such that {Vn (t)} — Vv(t)and

{Wn(t)}—>w(t)as n—>oo.WhereV(t) andW(t) are minimal and maximal solutions of (4.2)

respectively.
Theorem 4.6: [32] suppose that:

0] f. (t, u, (t) U, (t)) is quasi-monotone non-decreasing,

(i) v, (t)and W, (t) in Cp (J : R) are weakly coupled lower and upper solutions for (4.2) such that
Vo (1) <wy(t) on J,

i) f(t,u(t),u,(t)) satisfy lipschitz condition

[ (60, (1)U, (1) = i (LY, (1), V, (1)) = My Ju, =V, M, >0,

Gv)  lim

.
w'(t)—v" (t)” =0, where the norm is defined by| f|| = J.| f (S)| ds.
0

Then the solution of problem (4.2) is unique.
Recently, Nanware and Dawkar [33] generalized the results of Nanware [32] for the system (4.3) of IBVP in

which A is any non-negative number.

D, (t) = f, (t,u, (t),u, (1)), ui(0)=/1]'ui(s)ds+di i=12 (4.3)

where d. e R, t e[O,T], f,f,in C(J x R?, R) J =[O,T] 0<g<land12>0.
The developed monotone method and obtained existence and uniqueness results are as follows:

Theorem 4.7:[33] Assume that :

(i) f,=f(tu,u,)eC [J xR?, R] isquasi-monotonenon-decreasing.

(i) X’ = (Xf, Xg) and y° = (ylo, yg) eC, (J , RZ) are ordered lower and upper solutions of problem
(4.3) such that X/ (0) < y; (0), x5 (0)<ys(0)on [0,T]

(iii) f, = f,(t,u,,u,) satisfies one sided Lipschitz condition

f,(t,u,U,) - T, (t,ﬂl,ﬂz) >-M, [ui —Gi]

whenever X’ (0)<y; < y; (0), M; >0and X/ (O)Sai <u; <y/(0)
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Then there exists monotone sequences {X” (t)}:(xf,xg) and {y” (t)}:(yf,yg)such that
{X”(t)}—)X(t)z(Xl,Xz) and {y”(t)}—>y(t)=(y1,y2)as n—o0. Where X(t) and y(t)are

minimal and maximal solutions of problem (4.3) respectively.
Theorem 4.8:[33] Assume that:

(i) f=f(tu,u,) inC[J xR, R2] is quasi-monotonenon-decreasing,

(ii) X= (Xl, X2) and y =(y1, yz) in Cp (J , Rz) are ordered lower and upper solutions of (4.3) on [0,
T]1
(iii) f, = f,(t,u,,u,) satisfies Lipschitz condition,

‘fi (t,u,u,)-f, (t,al,GZ)

S—Mi‘ui —Gi‘

:
=0, where the norm is defined by | f || = J‘| f (S)| ds.

(iv)

Then the solution of system (4.3) is unique.
Recently Nanwareet.al. [41], extended the results proved in [29], forsystem (4.4) of Riemann —
Liouville fractional differential equations with initial time difference

D, (1) = fy (L (1), uy (1)), w(t)(t-t,)""f =uf

DU, (t) = £, (8. (1), Uy (1)), u(D)(t-t)™"}  =u?

t=t,

(4.9)

wheret € J =[0,T], f,, f,in C(JxR* R}, 0<qg<L.

The developed monotone method and obtained existence and uniqueness of solutions for problem (4.4) are as
follows:
Theorem 4.9: [41] Assumethat:

(i) v=(V,,V,) eC[tt+T :'tT>OW(WW eC[roro+T]R]
iscontinuous and P =1—qQ where

C,(J,R*)={u(t)e(3,R*) and u(t)(t—t,)" ec(J,R?—)}, J=[t,t,+T]

C, (9,R?)={u(t)e(3",R?) and u(t)(t-7,P) e C(I",R*)}, 3" =[r0,7+T]

f €C[[ty,7,+T]xR? R |and

Dv(t) < f(tv, (), v, (1)), ty <t<t,+T,

DOw(t)> f(t,v,(t),w,(t)), 7, <t<z,+T,

VO <U® W, wherev® = v (t)(t—t, )™ } W =w(t)(t-7,) "}

t=t
(i) f, (t,ul,uz) is quasi-monotonenon-decreasing in t for each U; and
V(t)<Sw(t+n), t, <t <t +T , where 77 = 7, —t,
(iii) fi satisfies one- sided Lipschitz condition,
f,(t,u,U,) - T, (t,ﬂl,ﬂz) >-M, [ui —ai]for Ui <u, M, >0.
Then there exists monotone sequences {V” (t)} and {W” (t)} such that {v" (t)} —>V(t)=(v,V,)and

{W" (t)} - W(t) = (Wl,WZ)as N —> 00. where V(t) and W(t) are minimal and maximal solution of the
problem (4.4) respectively.
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Theorem 4.10:[41] Assume that:
(i) Assumption (i) and (iii) of Theorem 4.9 holds,

(ii) f, = f,(t,u,,u,) satisfies Lipschitz conditions,
‘ fi(tu,u,)—f (t,al,ﬁz) >-M, ‘ui —l_,li‘, M, >0,

Then the solution of the problem (4.4) is unique.

V. MONOTONE METHOD FOR FINITE SYSTEM OF RIEMANN - LIOUVILLE

FRACTIONAL DIFFERENTIAL EQUATIONS
In this section, some basic definitions are considered. Monotone method developed by Denton and Vastsala for
finite system of IVP and Monotone method developed by Nanware et.al for finite system of IBVP are
considered.

Definition 5.1: A function f, € C([tO,T]x RN, R) is said to satisfy mixed quasimonotone property if for

each i, f, (t,ui,[u]r_ ,[u]sv) is monotone non-decreasing in [u]_and monotone non-increasing in [u]. .

When either I; or S; is equal to zero a special case of the mixed quasimonotone property is defined as follows:
Definition 5.2: A function f; e C([tO,T]x RY, R) is said to be quasimonotonenondecreasing
(nonincreasing) if for each 1, U; <V;and U, =v;, i#],then

o (t Uy, Ugoee Uy ) < (0 Vg e Vi ) (6 (U Uy Uy ) 2 6 (00 )

Define the following function space:

C, ([t T1.R")={u(t) €C [tz T].R" ) and (t—t,)" eC([t,, TIR")}

where u(t):(ul(t),uz (t),....,uN (t)) and sector
Q={(t,u,U,,...u ) [0, T]xR" 1y (t)<u, () <w; (t),0<t<T}, i=12..N.
Consider the following finite system of 1\VP

Du(t) = f (tu(t)), u(t) = (U Uyt ), u(ty) =u* =u(t) (t-1,)*} 6

_to
where f eC(J xRN,R) is mixed quasi-monotone, J =(tO,T), 0<g<1 and D? denotes Riemann —

Liouvillefractional derivative.

In 2011, following results are obtained by Denton and Vatsala [36] for IVP (5.1) when the function is
mixed quasimonotone. These results are the generalization of the results due to McRae in [9], without Holder
continuity assumption.

Theorem 5.1:[36] Assume that:

0] f (t,u) C[Q, RM ] is mixed quasi-monotone on [tO,T],
(i) VO (t) and W’ (t) in C(J,R) are ordered lower and upper solutions of IVP (5.1) such that
VO (ty) <SWO(t,) on [ty, T]

(iii) f (t,u) satisfies one-sided Lipschitz condition

‘f (tu)—f (t,ﬁ)‘z-M [u—ﬂ]
Whenever V° <u < w, M >0, Vo < G <u< WO, then the exists monotone sequences {V" (t)} and
{W” (t)} such that {V” (t)} —v(t) and {W" (t)} —w(t)as Nn— o0, and V(t)andw(t) are minimal

and maximal solutions of FIVP (5.1).
Theorem 5.2:[36] Assume that (i) — (iii) of Theorem 5.1 hold and if

‘f(tu)_f(t1a)§M|:u—a],V0SaSUSWO, M>0,
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then V=W =U is the unique solution of IVP (5.1).

In 2014, Nanware et.al [34] developedmonotone iterative technique and obtained existence and uniqueness of
the solution of the following finite system (5.2) of nonlinear Riemann- Liouville fractional differential equations
with integral boundary conditions.

D, = f, (t,u,,u,,...,uy ), U (O):I f.(s)ds+d (5.2)

where f, €C ([O,T]x RN, R) is mixed quasi-monotone.
The problem (5.2) can be written as

D“u()_f(tu,,[u] Ju] ) Iu s)ds+d (5.3)

where I,S; be two non-negative integers such that I; +§; = N —1. The improved results are as follows:

Theorem 5.3:[34] Suppose that:

0] f,eC (J xRN, R) possess mixed quasi-monotone property,

(ii) V, (t) = (VOl,VOZ,...,VON ) and W, (t) = (WOl, Wy seeer Wy ) in C, (J ,R" ) are coupled lower and
upper quasisolutions of the problem (5.3) such that Vj, (0) < W, (0) on J [O,T]

(iii) fi satisfies one — sided Lipschitz condition :

f (t,ui,[u]ﬁ ~[u, )— f (t,vi,[u]ri ,[u]si)Z—Mi [u,—v;], M, >0, u, <v,

Then there exists monotone sequences {Vni (t)} and {W(t)} such that {Vni ('[)}—)Vi (t)and

r‘ll
{Wni (t)} —>W (t) as N — oo, uniformly and monotonically on J and V, (t)and W, (t) are coupled minimal
and maximal periodic quasisolutions of problem (5.3).
Furthermore, if U= (ul, Uy,..., U, ) is any solution of the problem (5.3) such that V,, (0) <U, (O) < W, (0)

onJ, then V; (t)<u; (t)<w;(t) onJ.
Theorem 5.4:[34] Suppose that:
0] f,eC (J xRV, R) possess mixed quasi-monotone property,

(ii) vV, (t)=<volvvoz’---’VoN )andW0 (t)=<W01,W02,...,WON) in Cp(J, RN) are coupled lower and

upper quasisoluitons of the problem (5.3) such that V,, (0) <W, (O) onJ.

(iii) fi satisfy one- sided Lipschitz condition ,

f(tua[u], ul, )= £ (tve[u], [ul, )2 My %] M, = 0,u
(1)-f

Furthermore f satisfy the condition (u v, f tu

I/\

V
) L||u —V||2 L > O whenever
LV

Vo (t)<u, v<wy(t), where u(t)=(u,U,,...,Uy ) &v(t)= (vl,v
periodic quasisolution of the problem (5.2).
RecentlyNanwareet. al. [35] considered the finite system (5.4) of fractional differential equations with integral

boundary conditions when the right hand side function is mixed quasi-monotone and A is any non-negative
number.

D, (t) =g, (t,u, (t),u,(t),...uy (),

iju s)ds+d,, i=12,..N, 1>0,

) Then there exists a unique

(5.4)

where g; €C ([O,T ] xRV, R) is nonlinear mixed quasimonotonefunction.

The problem (5.4) is rewritten as follows:
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D, (t) =g, (t,ui,[u]ri ,[u]si), u, (0)=/1]ui (s)ds+d, (5.5) where

I,S; are two nonnegative integers such thatI; +S, = N —1.

The developed monotone method and existence uniqueness results are as follows :
Theorem 5.5:[35] suppose that:

0] g, eC (J xRN, R) possess mixed quasi-monotone property
(ii) Vv, (t) = (Vol,v02 yeeen Vo ) and W, (t) = (Wo11W02 peoeny Wo ) in C, (J ,R" )are coupled lower and

upper quasisolutions of the problem (2.2) such that V, (O) Sw, (O) onJ=1[0,T]

(iii) 0; satisfies one —sided Lipschitz condition

et b o T

Then there exists monotones sequences {Vni (t)} and {Wni (t)} such that{vni (t)}—)Vi (t)and

>-M, (U, —ui), M, 20, u <y

{Wn, (t)} —>W, (t) as N — ocouniformly and monotonically on J and V, (t)and W, (t) are coupled minimal

and maximal periodic quasisolutions of the problem (5.5)...Furthermore, if U = (ul, U,,...,Uy ) is a solution of

the problem (5.5) such that V; (0) < Uy, (0)< W, (0) ony, then v; (t) <u; (t)<wi(t)onJ.
Theorem 5.6:[35] Suppose that:
0] g, eC (J xRV, R) possess mixed quasi-monotone property.

(ii) vV, (t):(vol’voz"“’VON )andw0 (t):<W01,W02,...,WON) in Cp(J, RN) are coupled lower and

upper quasisolutions of the problem (5.5) such that V, (O) <w, (0) onJ.

(iii) 0; satisfies Lipschitz condition

‘gi (t,ui [u], [u], )— g, (t,ﬁi,[ﬂ]n ,[Gli )

Furthermore f satisfies the condition (u -V,0 (t, u (t)) -0 (t,v(t)) < —L|| u —V||2 , L > O0whenever

Vo (t)<u ,v<wy(t), whereu (t) =(uy, Uy, ..., Uy ) V() =(Vy, Vo, Vy ) and 9 =(0;, 9510 Oy )
.Then there exists a unique quasi-solution of the problem (5.5).

sMi‘ui —Gi‘, M, =0, u, <u,

VI. CONCLUSION
Monotone method for Riemann-Liouville fractional differential equations with integral boundary
conditions and initial conditions is reviewed. As an application of monotone method, the qualitative properties
of solutions such as existence and uniqueness are proved for the problem under investigation. It is found that
two monotone sequences constructed using lower and upper solutions of the problem converges uniformly to
minimal and maximal solutions of the problem.
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