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I. INTRODUCTION 

Fractional differential equations arise in many engineering and scientific disciplines as the mathematical 

modelof system and processes in the field of physics, chemistry, aerodynamics, electrodynamics of complex 

medium, etc. (see [1 – 4] and references therein). The basic theory of fractional differential equation involving 

Riemann – Liouville fractional derivative is developed[4 – 9] by Lakshmikantham et. al. 

Numerous methods have been proposed in literature to study the fractional differential equations such as power 

series method [2], compositional method [2], variationalLypanov method [10], quasilinearization method [11], 

homotopy analysis method [12], homotopy perturbation method [13], collocation method [14], finite difference 

method [15], Adomain decomposition method [16 – 18], iteration method [19, 20] and monotone method [5, 8, 

9, 21] etc. 

Among the available techniques,monotone method is powerful technique for nonlinear equations and dynamical 

systems because it reduce the problem to sequences of linear equations. Many researchers attracted towards the 

monotone method and developed it for initial value problems [9, 25, 27, 28, 36], boundary value problems [37, 

38], integral boundary value problems [21 – 24, 30 – 35] and periodic boundary value problems [39, 40] and 

proved existence and uniqueness of solutions of these problems. In this paper monotone method developed for 

Riemann-Liouville fractional differential equations with initial conditions and integral boundary conditions is 

reviewed. The rest of the paper is presented as under: Section II is devoted for the basic definitions and results 

that are used to develop monotone method for the problem under investigation. In section III, monotone method 

for fractional integral boundary value problem (IBVP), fractional initial value problem (IVP) is considered. In 

section IV, monotone method for system of fractional differential equations is considered and its applications 

are considered. Last section highlights the results on monotone method for finite system of fractional differential 

equations. 

 

II. PRELIMINARIES 
In this section, we discuss some basic definitions and results which are required to develop monotone method 

for Riemann-Liouville fractional differential equations with initial conditions and integral boundary conditions 

etc. 

Let q R and  n q , where   is the greatest integer function. 
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Definition 2.1:The Riemann – Liouville fractional integral of order q  is defined as  
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Definition 2.2:The Riemann – Liouville fractional derivative of order q is defined as  
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For n = 1, we have  
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If  u t  is continuous for t a , then fractional derivative and fractional integral has the following properties: 

1.    p q p q

a t a t a tI I u t I u t     
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Lemma 2.1:[6] Let  ,pm C J R  be locally Holder continuous with exponent q  and for  1 0 ,t t T we 

have  1 0m t   and   0m t  for 0 1t t t  . Then  1 0qD m t  . 

Lemma 2.2:[6]Let   u t  be a family of continuous functions of J , for each 0  where 

    , ,qD u t f t u t            
0

1

0 0, ,
qq

t t

D u t f t u t for u t u t t t


   


   and 

  ,f t u t M  for 0t t T  . Then the family   u t  is equi-continuous on 0 ,t T . 

 

The Lemma 2.1 is improved by J.V.Devi et.al [10] for the class of continuous functions which is stated below: 

Lemma 2.3:[10]   Let   0 , ,pm C t T R  and for any  1 0 ,t t T  we have  1 0m t   and   0m t  for

0 1t t t  . Then it follows that  1 0qD m t  . 

 

III. MONOTONE METHOD FOR RIEMANN – LIOUVILLE FRACTIONAL 

DIFFERENTIAL EQUAITONS 
In this section we consider the Monotone method developed by Wang et.al. [21]forfractional integral 

boundary value problem (IBVP), McRae [9] for fractional initial value problem (IVP) and monotone method 

developed by Nanwareet.al. 

 

In 2008, Wang and Xie [21] developed monotone method for following IBVP with Holder continuity 

and obtained existence and uniqueness of solution of the problem 

     
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  (3.1) 

where 0 1q  , 1   and  ,f C J R R  , 
qD  is the Riemann – Liouville fractional derivative of order 

q. 

Nanware and Dhaigude [23] have improved results obtained by Wang et.al. [21] for the IBVP (3.1) without 

locally Holder continuous functions. The improvedexistence and uniqueness results are  

Theorem 3.1:[23] Assume that: 

(i)   ,f t u t isnon-decreasing in u for each t. 
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(ii)  0v t  and  0w t  in  ,pC J R  are lower and upper solutions of (3.1) such that    0 0v t w t  on 

 0,J T  

(iii)  ,f t u  satisfies one-sided Lipschitz condition,  

     , , , 0f t u f t v L u v L      

Then there exists monotone sequences   nv t  and   nw t  in  ,pC J R  such that     nv t v t and

    nw t w t as n , where  v t  and  w t  are minimal and maximal solutions of (3.1) 

respectively. 

Theorem 3.2:[23] Assume that: 

(i)   ,f t u t in  ,C J R R  is non-decreasing in u for each t . 

(ii)  0v t and  0w t in  ,C J R  are lower and upper solutions of (3.1) such that    0 0v t w t  on J

. 

(iii) Functions  ,f t u  satisfy Lipschitz conditions,    , , , 0f t u f t v L u v L     

(iv)    lim 0n n
n

w t v t


  , where the norm is defined by  
0

,

T

f f s ds   

then the solution of (3.1) is unique. 

In 2008, J. Vasundhara Devi developed [39] general monotone method of periodic boundary value problems 

(PBVP) of Caputo fractional differential equations when the function is sum of non-decreasing and non-

increasingfunctions. Nanware and Dhaigude developed monotone method [24] for Riemann – Liouville IBVP 

(3.2). 

       
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 (3.2) 

where 0 1q  , 1   ,  , ,f g C J R R  , f  is non-decreasing and g is non-increasing, 
qD  is the 

Riemann-Liouville fractional derivative of order q. The developed monotone method is used to obtain existence 

and uniqueness of the problem (3.2). The developed monotone method existence and uniqueness results are 

stated here. 

Theorem 3.3:[24] Assume that: 

(i)   ,f t u t and   ,g t u t  in  ,C J R R ,  ,f t u  is non-decreasing in u  for each t  and 

 ,g t u  is non-increasing in u  for each t .  

(ii)  0v t and  0w t in  ,C J R are coupled lower and upper solutions of the problem (3.2) such that 

   0 0v t w t  on J . 

(iii)    , , ,f t u g t u  satisfy one-sided Lipschitz conditions, 

     1 1, , , 0,f t u f t v L u v L      

     2 2, , , 0g t u g t v L u v L      

Then there exists monotones sequences   nv t  and   nw t  in  ,C J R  such that      nv t v t

and      nw t w t as n , Where  v t  and  w t  are minimal and maximal solutions of the 

problem (3.2) respectively which satisfy 

       , ,qD v t f t v t g t w t   

       , ,qD w t f t w t g t v t  on J. 
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Theorem 3.4: [24] Assume that: 

(i)   ,f t u t and   ,g t u t  in  ,C J R R ,  ,f t u  is non-decreasing in u  for each t and 

 ,g t u  is non-increasing in u for each t . 

(ii)  0v t and  0w t  in  ,C J R are coupled lower and upper solutions of the problem (3.2) such that 

   0 0v t w t  on J . 

(iii)    , , ,f t u g t u  satisfy Lipschitz conditions 

    1 1, , , 0f t u f t v L u v L    , 

    2 2, , , 0g t u g t v L u v L    . 

(iv)    lim 0n n
n

w t v t


  , where the norm is given by 

0

( ) ,

T

f f s ds  then the solution of the 

problem (3.2) is unique. 

 

X. Wang, L. Wang and Q. Zeng [22] have improved results obtained by Wang and Xie in [21] for the 

IBVP (3.1) taking 0  . The improved results are   

Theorem 3.5:[22] Assume that: 

   1 : ,H f C J R  , 

 2 :H There exists 0M   such that      , ,f t v f t u M u v   if , , ,v u u v t J   , and 

,u v D  are upper and lower solutions of problem (3.1) with 0  , respectively and    v t u t  on J . If                                                                          

            
0

, , , 0

T

qD y t f t u t M y t u t t J y u s ds d         , 

            
0

, , , 0 ,

T

qD z t z t v t M z t v t t J z v s ds d          

then         ,v t z t y t u t t J    and ,y z are upper and lower solutions of problem (3.1) respectively.  

Note that in above theorem,     0 0:u y t u z t    and 

        1

0 0, : ,D w C J R y t w t z t t J     and  supt JM M t . 

Theorem 3.6:[22] Assume that the conditions    1 2,H H  and  3H  holds.  1

0 0: , ,y z C J R are upper 

and lower solutions of (3.1), 0  , respectively and such that    0 0y t z t , t J  are satisfied. Then 

there exists monotone sequence  ,n nz y  such that    nz t z t ,    ny t y t , t J  as nand 

this convergence is uniformly and monotonically on J . Moreover ,z y are extremal solution of (3.1) in D . 

In 2009, McRay [9] developed monotone method for following IVP (3.3) and obtained existence and 

uniqueness of solution of 

    ,qD u t f t u t ,      
0

1

0 0 0

q

t t

u t u u t t t




      (3.3) 

where    0, , ,f C J R R J t T    

 

In 2015, Nanware [25] developed monotone iterative technique for following IVP involving the 

difference of two monotone functions and successfully applied this technique to obtain existence of solution of 

the problem (3.4). 
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         

 

0

0

, , , 0,

With initial condition 0

q

tD u t f t u t g t u t t J T

u u
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

 

   (3.4)  

where  , ,f g C J R R   are both non-decreasing in  u t , uniformly in t. The results obtained are stated as 

under:  

Theorem 3.7:[25] Assume that: 

(i)   ,f t u t and   ,g t u t in  ,C J R R  are non-decreasing in  u t . 

(ii)  0v t and  0w t  in  ,C J R  are coupled lower and upper solutions of IVP (3.4) such that 

     0 0 , 0,v t w t t J T   . 

Then there exists monotone sequences   nv t  and   nw t in  ,C J R  such that     nv t v t and

    nw t w t as n , uniformly and monotonically on J and the functions  v t  and  w t  are the 

coupled minimal and maximal solutions of nonlinear IVP (3.4) respectively. 

In 2012,Yaker and Koskal [27] have studied initial value problem (3.5) for Riemann – Liouville fractional 

differential equations and proved existence results by using concept of lower and upper solutions and local 

existence results under the strong hypothesis that the functions are locally holder continuous.  

             
0

10

0 0, , , , ,
qq

t t

D u t f t u t g t u t u ut t t t t T




      (3.5) 

where      0, , , , , ,f g C J R R J t T f t u   is non-decreasing in u,  ,g t u isnoni-increasing in u for 

each t . 

 In 2017,Nanware et.al. [28] developed monotone method without locally Holder continuity for the IVP 

(3.5). Developed monotone method is applied to obtain existence and uniqueness of solution of IVP (3.5). The 

Improved results are as follows: 

Theorem 3.8:[28]    Suppose that: 

(i)  v t and  w t  is  ,pC J R  are coupled lower and upper solutions of IVP (3.5) with    v t w t  

on J.  

(ii)      , , , ,f t u g t u C R  and   ,g t u t  is non-increasing in u for each t on J .Then there 

exists a solution  u t of IVP (3.5) satisfying    v t u w t   on J . 

Theorem 3.9:[23] Assume that: 

(i)   ,f t u t and   ,g t u t  in 
2,C R    and   ,f t u t non-increasing in u for each  0 ,t t T

. 

(ii)  0v t and  0w t  in  ,C J R  are coupled lower and upper solutions of IVP (3.5) such that 

   0 0 0 0v t w t  on J . 

(iii)      , , ,f t u t g t u t  satisfies one-sided Lipschitz condition,  

       , , , 0,f t u t f t u t M u u M u u      , 

       , , , 0, .g t u t g t u t N u u N u u       

Then there exists monotone sequence   nv t  and   nw t  such that     nv t v t and 

    nw t w t as n , where  v t and  w t  are minimal and maximal solutions of the IVP (3.5). 

 

Theorem 3.10:[28] Assume that (i) – (ii) of Theorem 3.9 holds and if  

      0 0, , , , 0f t u t f t u t M u u v u u w M        

Then      v t w t u t   is the unique solution of IVP (3.5)   
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In 2011, C. Yaker  and A. Yaker [26] developed monotoneiterative method for the following nonlinear 

fractional differential equations with initial time difference with locally holder continuous function and obtained 

existence and uniqueness of solution of the problem. 

        
0

10

0, ,
qq

t t

D u t f t u u u t t t




  
  

(3.6) 

where 0 1q  and ,f C R R R    . 

In 2020, authors [29] improved the results obtained by Yakeret. al. without locally Holder continuity for the 

class of all continuous functions.  

        , ,pu t C J R u t C J R   and       0 0, , ,
p

u t t t C J R J t T   . 

Theorem 3.11:[29] Assume that: 

   1 0 0, , ,pE v C t t T R   t0, 0T  ,  *

0 0, ,pw C T R     is continuous and 1p q   where  

           0, , and , ,
p

pC J R u t C J R u t t t C J R     0 0, ,J t t T   

     * * *, ,pC J R u t C J R  and       * *

0 0 0, , ,
p

u t t C J R J T      , 

 0 0, ,f C t T R R     and 

     0 0, , ,qD v t f t v t t t t T          0 0, ,qD w t f t w t t T      

0v u w   , where    10

0 0

q
v v t t t t t


   ,    10

0 0

q
w w t t t 


    

   2 ,E f t u satisfies one –sided Lipschitz condition,  

     , ,f t u f t v M u v   for u v , 0M  . 

   3 ,E f t u isnon-decreasing in t for each u and,     0 0,v t t t t t T     where 0 0t   then 

there exists monotone sequences   nv t  and   nw t  in  ,pC J R  which converges uniformly and 

monotonically on  0 0,t t T  such that     nv t v t  and     nw t w t  as nwhere  v t and 

 w t  are minimal and maximal solutions of IVP (3.6) respectively. 

Theorem 3.12:[29] Assume that: 

 1U  Assumptions 1E  and 3E  of Theorem 3.11 holds. 

 2U   ,f t u satisfiesLipschitz condition,                                                                                              

   , ,f t u f t v L u v   ,    foru v , 0M  . 

Then there exists unique solutions of IVP (3.6). 

 

IV. MONOTONE METHOD FOR SYSTEM OF RIEMANN – LIOUVILLE 

FRACTIONAL DIFFERENTIAL EQUATIONS 
In this section monotone methods developed by Nanwareet. al. [30] for system of Riemann – Liouville 

Fractional Integral boundary value problem (IBVP) are considered. 

 

Existence and uniqueness results obtained by Wang et.al. [21] are extended by Nanware and Dhaigude 

[30] for the system (4.1) of IBVP. 

          

          

1 1 1 2 1 1

0

2 2 1 2 2 2

0

, , , 0

, , , 0

T

q

T

q

D u t f t u t u t u u s ds d

D u t f t u t u t u u s ds d


   





  







  (4.1) 
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where 1 2, , ,d R t J f f   in  2 , , 0 1,C J R R q   1 2,u u  are locally Holder continuous. The 

developed Monotone method and existence and uniqueness results for system (4.1) are given in the following 

Theorems: 

Theorem 4.1:[30] Assume that: 

(i)  1 2, , , 1,2i if f t u u i  in
2 ,C J R R   is quasi-monotonenon-decreasing. 

(ii)  0 0 0

1 2,v v v and  0 0 0

1 2,w w w  in  ,pC J R  ordered lower and upper solutions of (4.1) such that 

       0 0 0 0

1 1 2 20 0 , 0 0v w v w   on J. 

(iii)  1 2, ,i if f t u u satisfies one-sided Lipschitz condition, 

   1 2 1 2, , , , ii i i if t u u f t u u M u u     
,   for 1 0iu M  . 

Then there exists monotone sequences   nv t  and   nw t such that       1 2,nv t v t v v   and 

      1 2,nw t w t w w  as n . Where  v t and  w t are minimal and maximal solutions of the 

problem (4.1). 

Theorem 4.2:[30] Assume that: 

(i)  1 2, ,i if f t u u in 
2 ,C J R R    is quasi-monotonenon-decreasing 

(ii)  1 2,v v v  and  1 2,w w w  in  ,C J R are ordered lower and upper solutions of the problem 

(4.1) on J  

(iii)  1 2, ,i if f t u u  satisfies Lipschitz condition, 

   1 21 2, , , , , 0ii i i i if t u u f t u u M u u M      

(iv) lim 0n n

n
w v


  , where  

0

,

T

f f s ds   then the solution of the problem (4.1) is unique. 

Further above results are obtained byJadhav et.al. [31] for the system (4.1) when the functions 1 2,u u  are 

continuous. The obtained results are stated in Theorem (4.3) and (4.4).  

Assume that: 

   0 0 0

1 1 2,H v v v and  0 0 0

1 2,w w w  in  ,pC J R are ordered lower and upper solutions of (4.1) such 

that        0 0 0 0

1 1 2 20 0 , 0 0v w v w   on J . 

   2 1 2, , 1,2i iH f f t u u i  in
2 ,C J R R    is quasi-monotonenon-decreasing, 

   3 1 2, ,i iH f f t u u satisfiesLipschitz condition,  

   * * *

1 2 1 2, , , , , 0,i i i i i if t u u f t u u M u u M    
 

 4 lim 0n n

n
H w v


  , where the norm is defined by  

0

T

f f s ds  . 

Theorem 4.3:[31] Assume that    1 2,H H and  3H holds. Then there exists monotone sequence   nv t  

and   nw t  such that       1 2,nv t v t v v   and       1 2,nw t w t w w  as n . Where s

 v t  and  w t are minimal and maximal solutions of the integral boundary value problem (2.1). 

Theorem 4.4: [31] Assume that      1 2 3, ,H H H  and  4H  holds. Then integral boundary valueproblem 

(4.1) has a unique solution. 

 

 

In 2017, Nanware [32] considered the system (4.2) of IBVP and developed monotone method for 
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        

   

1 2

0

, , , 0, 0

, , 1,2

q

i i

T

i i i i

D u t f t u t u t t J T T

u t u s ds d d R i

   



    



  (4.2) 

where 1 2,f f in
2 , , 1, 0 1C J R R q      . 

The developed monotone method and existence and uniqueness results of (4.2) are as under: 

Theorem 4.5:[32] Assume that: 

(i)     1 2, ,if t v t v t  is quasi-monotone non-decreasing,  

(ii)  0v t and  0w t  in  ,pC J R  are weakly coupled lower and upper solutions of (2.1) such that 

   0 0v t w t  on J , 

(iii)   ,f t u t  satisfy one-sided Lipschitz condition , 

     , , , 0f t u f t v L u v L     .                                                

Then there exists monotone sequences   nv t and   nw t  in  ,pC J R such that     nv t v t and 

    nw t w t as n .Where  v t  and  w t  are minimal and maximal solutions of (4.2) 

respectively. 

Theorem 4.6: [32] suppose that: 

(i)     1 2, ,if t u t u t  is quasi-monotone non-decreasing, 

(ii)  0v t and  0w t  in  ,pC J R  are weakly coupled lower and upper solutions for (4.2) such that 

   0 0v t w t  on J , 

(iii)     1 2, ,if t u t u t  satisfy lipschitz condition  

         1 2 1 2, , , , , 0i i i i i if t u t u t f t V t V t M u V M    , 

(iv)    lim 0n n

n
w t v t


  , where the norm is defined by  

0

T

f f s ds  .                     

Then the solution of problem (4.2) is unique. 

Recently, Nanware and Dawkar [33] generalized the results of Nanware [32] for the system (4.3) of IBVP in 

which   is any non-negative number. 

          1 2

0

, , , 0 1,2

T

q

i i i i iD u t f t u t u t u u s ds d i     (4.3) 

where   2, 0, , ,i id R t T f f   in  2 ,C J R R  0,J T  0 1q  and 0  . 

The developed monotone method and obtained existence and uniqueness results are as follows: 

 

Theorem 4.7:[33] Assume that : 

(i)   2

1 2, , ,i if f t u u C J R R     isquasi-monotonenon-decreasing. 

(ii)  0 0 0

1 2,x x x  and    0 0 0 2

1 2, ,py y y C J R   are ordered lower and upper solutions of problem 

(4.3) such that        0 0 0 0

1 1 2 20 0 , 0 0x y x y  on  0,T  

(iii)  1 2, ,i if f t u u  satisfies one sided Lipschitz condition 

   1 21 2, , , , ii i i if t u u f t u u M u u       

whenever    0 00 0 , 0i i i ix u y M   and    0 00 0ii i ix u u y    
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Then there exists monotone sequences     0 0

1 2,nx t x x  and     0 0

1 2,ny t y y such that 

      1 2,nx t x t x x   and       1 2,ny t y t y y  as n . Where  x t  and  y t are 

minimal and maximal solutions of problem (4.3) respectively. 

Theorem 4.8:[33] Assume that: 

(i)  1 2, ,i if f t u u in
2,C J R R    is quasi-monotonenon-decreasing, 

(ii)  1 2,x x x  and  1 2,y y y  in  2,pC J R  are ordered lower and upper solutions of (4.3) on [0, 

T], 

(iii)  1 2, ,i if f t u u  satisfies Lipschitz condition, 

   1 21 2, , , , ii i i if t u u f t u u M u u     

(iv) lim 0n n

n
y x


  , where the norm is defined by  

0

T

f f s ds  .                                      

Then the solution of system (4.3) is unique. 

             Recently Nanwareet.al. [41], extended the results proved in [29], forsystem (4.4) of Riemann – 

Liouville fractional differential equations with initial time difference 

          

          
0

0

1 0

1 1 1 2 1 0 1

1 0

2 2 1 2 2 0 2

, , ,

, , ,

qq

t t

qq

t t

D u t f t u t u t u t t t u

D u t f t u t u t u t t t u









  



   


(4.4) 

where  0,t J T  , 1 2,f f in  2 , , 0 1C J R R q   . 

The developed monotone method and obtained existence and uniqueness of solutions for problem (4.4) are as 

follows:  

Theorem 4.9: [41] Assumethat: 

(i)     2

1 2 0 0 0, , , , 0,pv v v C t t T R t T          2

1 2 0 0, , ,pw w w C T R     

iscontinuous and 1p q   where  

          2 2 2

0, , and , ,
p

pC J R u t J R u t t t C J R     0 0,J t t T   

          * * 2 * 2 * 2

0, , and , ,p

pC J R u t J R u t t C J R     *

0 0,J T    

  2

0 0, ,f C t T R R     and 

      1 2 0 0, , ,qD v t f t v t v t t t t T    , 

      1 2 0 0, , ,qD w t f t v t w t t T     , 

0 0 0v u w  , where    
0

10

0

q

t t

v v t t t




  ,    
0

10

0

q

t t

w w t t 




   

(ii)  1 2, ,if t u u  is quasi-monotonenon-decreasing in t for each iu  and 

    0 0,v t w t t t t T     , where 0 0t    

(iii) if  satisfies one- sided Lipschitz condition,  

   1 21 2, , , , ii i i if t u u f t u u M u u      for , 0i i iu u M  . 

Then there exists monotone sequences   nv t  and   nw t  such that       1 2,nv t v t v v  and

      1 2,nw t w t w w  as n . where  v t and  w t  are minimal and maximal solution of the 

problem (4.4) respectively. 
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Theorem 4.10:[41] Assume that: 

(i) Assumption (i) and (iii) of Theorem 4.9 holds, 

(ii)  1 2, ,i if f t u u  satisfies Lipschitz conditions,  

   1 21 2, , , , , 0,ii i i i if t u u f t u u M u u M      

Then the solution of the problem (4.4) is unique. 

 

V.  MONOTONE METHOD FOR FINITE SYSTEM OF RIEMANN – LIOUVILLE 

FRACTIONAL DIFFERENTIAL EQUATIONS 
In this section, some basic definitions are considered. Monotone method developed by Denton and Vastsala for 

finite system of IVP and Monotone method developed by Nanware et.al for finite system of IBVP are 

considered. 

Definition 5.1: A function   0 , ,N

if C t T R R   is said to satisfy mixed quasimonotone property if for 

each i ,     , , ,
i i

i i r s
f t u u u  is monotone non-decreasing in  

ir
u and monotone non-increasing in  

is
u . 

When either ir  or is is equal to zero a special case of the mixed quasimonotone property is defined as follows: 

Definition 5.2: A function   , ,N

i of C t T R R   is said to be quasimonotonenondecreasing 

(nonincreasing) if for each , i ii u v and ,j ju v i j  , then  

        1 2 1 2 1 2 1 1, , ,..., , , ,..., , , ,..., , ,...i N i N i N Nf t u u u f t v v v f t u u u f t v v   

Define the following function space: 

             0 0 0 0, , , , and ,
pN N N

pC t T R u t C t T R t t C t T R     

where         1 2, ,...., Nu t u t u t u t  and sector  

          1 2, , ,..., 0, : ,0 ,N

N i i it u u u T R v t u t w t t T        1,2,...i N . 

Consider the following finite system of IVP 

         1 2, , , ,..., ,q

ND u t f t u t u t u u u       0

0

1

0 0

q

t t

u t u u t t t




    (5.1) 

where  ,Nf C J R R   is mixed quasi-monotone,  0 , , 0 1J t T q    and 
qD  denotes Riemann – 

Liouvillefractional derivative.  

In 2011, following results are obtained by Denton and Vatsala [36] for IVP (5.1) when the function is 

mixed quasimonotone. These results are the generalization of the results due to McRae in [9], without Holder 

continuity assumption. 

Theorem 5.1:[36] Assume that: 

(i)  ,f t u , NC R    is mixed quasi-monotone on  0 ,t T ,  

(ii)  0v t  and  0w t  in  ,C J R  are ordered lower and upper solutions of IVP (5.1) such that 

   0 0

0 0v t w t  on  0 ,t T  

(iii)  ,f t u  satisfies one-sided Lipschitz condition  

   , , ,f t u f t u M u u       

Whenever 
0 0 0, 0, ,v u w M v u u w       then the exists monotone sequences   nv t  and 

  nw t  such that     nv t v t  and     nw t w t as n , and  v t and  w t  are minimal 

and maximal solutions of FIVP (5.1). 

Theorem 5.2:[36] Assume that (i) – (iii) of Theorem 5.1 hold and if  

    0 0, , , , 0f t u f t u M u u v u u w M         , 
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then v w u   is the unique solution of IVP (5.1). 

In 2014, Nanware et.al [34] developedmonotone iterative technique and obtained existence and uniqueness of 

the solution of the following finite system (5.2) of nonlinear Riemann- Liouville fractional differential equations 

with integral boundary conditions. 

     1 2, , ,..., , 0q

i i N i iD u f t u u u u f s ds d      (5.2) 

where   0, ,N

if C T R R  is mixed quasi-monotone.  

The problem (5.2) can be written as  

          , , , , 0
i i

q

i i i i ir s
D u t f t u u u u u s ds d  

   
(5.3) 

where ,i ir s  be two non-negative integers such that 1i ir s N   . The improved results are as follows: 

Theorem 5.3:[34] Suppose that: 

(i)  ,N

if C J R R  possess mixed quasi-monotone property, 

(ii)    0 01 02 0, ,..., Nv t v v v  and    0 01 02 0, ,..., Nw t w w w in  , N

pC J R  are coupled lower and 

upper quasisolutions of the problem (5.3) such that    0 00 0i iv w on  0,J T  

(iii) if  satisfies one – sided Lipschitz condition : 

           , , , , , , 0,
i i i i

i i i i i i i i i ir s r s
f t u u u f t v u u M u v M u v       . 

Then there exists monotone sequences   
inv t  and   

inw t  such that     
in iv t v t and

    
in iw t w t as ,n uniformly and monotonically on J and  iv t and  iw t  are coupled minimal 

and maximal periodic quasisolutions of problem (5.3). 

Furthermore, if  1 2, ,..., nu u u u is any solution of the problem (5.3) such that      0 0 00 0 0
i i i

v u w   

on J, then      i i iv t u t w t   on J . 

Theorem 5.4:[34]    Suppose that: 

(i)  ,N

if C J R R  possess mixed quasi-monotone property, 

(ii)    
1 20 0 0 0, ,...,

N
v t v v v and    

1 20 0 0 0, ,...,
N

w t w w w  in  , N

pC J R  are coupled lower and 

upper quasisoluitons of the problem (5.3) such that    0 00 0v w on J. 

(iii) if  satisfy one- sided Lipschitz condition , 

           , , , , , , , 0,
i i i i

i i i i i i i i ir s r s
f t u u u f t v u u M u v M u v       

Furthermore f satisfy the condition       
2

, , , 0u v f t u t f t v t L u v L      whenever

   0 0,v t u v w t  , where    1 2, ,..., Nu t u u u &    1 2, ,..., Nv t v v v . Then there exists a unique 

periodic quasisolution of the problem (5.2). 

RecentlyNanwareet. al. [35] considered the finite system (5.4) of fractional differential equations with integral 

boundary conditions when the right hand side function is mixed quasi-monotone and   is any non-negative 

number. 

        

   

1 2

0

, , ,..., ,

0 , 1,2,... , 0,

q

i i N

T

i i i

D u t g t u t u t u t

u u s ds d i N 





    



 (5.4) 

where   0, ,N

ig C T R R   is nonlinear mixed quasimonotonefunction. 

The problem (5.4) is rewritten as follows: 
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            
0

, , , , 0
i i

T

q

i i i i i ir s
D u t g t u u u u u s ds d    (5.5)                  where 

,i ir s  are two nonnegative integers such that 1i ir s N   . 

The developed monotone method and existence uniqueness results are as follows : 

Theorem 5.5:[35] suppose that: 

(i)  ,N

ig C J R R   possess mixed quasi-monotone property  

(ii)    
1 20 0 0 0, ,....,

N
v t v v v  and    

1 20 0 0 0, ,....,
N

w t w w w  in  , N

pC J R are coupled lower and 

upper quasisolutions of the problem (2.2) such that    0 00 0
i i

v w  on J = [0, T] 

(iii) ig  satisfies one –sided Lipschitz condition  

        , , , , , , ,
i i i

i ii i i i i ir s s
g t u u u g t u u r u M u u      

    0, ii iM u u   

Then there exists monotones sequences   
inv t  and   

inw t  such that     
in iv t v t and

    
in iw t w t  as nuniformly and monotonically on J  and  iv t and  iw t  are coupled minimal 

and maximal periodic quasisolutions of the problem (5.5)…Furthermore, if  1 2, ,..., Nu u u u is a solution of 

the problem (5.5) such that      0 0 00 0 0
i iiv u w   on J, then      i i iv t u t w t  on J . 

Theorem 5.6:[35] Suppose that: 

(i)  ,N

ig C J R R  possess mixed quasi-monotone property. 

(ii)    
1 20 0 0 0, ,...,

N
v t v v v and    

1 20 0 0 0, ,...,
N

w t w w w  in  , N

pC J R  are coupled lower and 

upper quasisolutions of the problem (5.5) such that     0 00 0v w on J. 

(iii) ig  satisfies Lipschitz condition 

      , , , , , , , 0,
i i i i

i ii i i i i i i ir s r s
g t u u u g t u u u M u u M u u       

     

Furthermore f  satisfies the condition      
2

, , , , 0u v g t u t g t v t L u v L      whenever

 0v t u  ,  0v w t , where    1 2, ,..., Nu t u u u ,    1 2, ,..., Nv t v v v and  1 2, ,..., Ng g g g

.Then there exists a unique quasi-solution of the problem (5.5). 

 

VI. CONCLUSION 
Monotone method for Riemann-Liouville fractional differential equations with integral boundary 

conditions and initial conditions is reviewed. As an application of monotone method, the qualitative properties 

of solutions such as existence and uniqueness are proved for the problem under investigation. It is found that 

two monotone sequences constructed using lower and upper solutions of the problem converges uniformly to 

minimal and maximal solutions of the problem. 

 

REFERENCES 
[1]. A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional differential equations North Holland 

Mathematical studies, vol. 204, Elsevier sciences publishers, Amsterdam, 2006. 

[2]. I. Podlubny, Fractional Differential Equations, Academic press, San Diego, 1999. 

[3]. S.G. Samo, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives, Theory and Applica tions, Gordon and Breach, 
Yverdon, 1993. 

[4]. V. Lashmikantham, S. Leela, J. V. Devi, Theory of Fractional Dynamic system, Cambridge Academic publishers, Cambridge, 2009. 

[5]. G.S. Ladde, V. Lakshmikantham, A. S. Vatsala, Monotone Iterative Techniques for Nonlinear Differential Equations, pitman 
Advanced publishing program, London, 1985. 

[6]. V. Lakshmikantham, A.S. Vatsala, Theory of Fractional Differential equations and applications, common, Appl. Anal. 11, (2007), 

395 – 402.  
[7]. V. Lakshmikantham, A.S. Vatsala, Basic Theory of Fractional Differential Equations and Applications, Nonl. Anal. 69 (8), (2008), 

2677-2682. 



Monotone Method for Riemann – Liouville Fractional Differential Equations 

*Corresponding Authors:B.D. Dawkarand J.A. Nanware17 | Page 

[8]. V. Lakshmiantham, A.S. Vatsala, General Uniqueness and Monotone Iterative Technique for Fractional Differential Equations, 

Appl. Math. Lett. 21(8) (2008), 828 – 834. 

[9]. F.A. McRae, Monotone iterative technique and Existence Results for Fractional Differential Equations, Nonl. Anal. 71 (12), (2009), 
6093 – 6096. 

[10]. J.V. Devi, F.A. McRae, Z. Drici, VariationalLyapunov method for Fractional Differential Equations, Comp. Maths with Appl. 64 

(10) (2012), 2982 – 2989. 
[11]. J.V. Devi, Ch. Suseela, Quasilinearization for Fractional Differential Equations, Common. Applied Anal. 71(4), (2009), 6093 – 

6096. 

[12]. H. O. Abduloziz, S. Momani, Homotopy analysis method fractional Initial value problems, common, Nonli. Sci. Numb. Simul. 14 
(2009), 674 – 684. 

[13]. S. Momani, I. Odibat, Homotopy perturbation method for nonlinear partial differential equations of fractional order, phys, Lett. A 

365 (2007), 345 – 350. 
[14]. E.A. Rawashdeh, Numerical solutions of fractional integro – differential equations by collocation method, appl. Math. Comput. 176 

(2006), 1 – 6. 

[15]. S.B. Yuste, weighted average finite difference method for fractional diffu. Equation, J. Comput. Phys. 216 (2006) – 274. 
[16]. Q. Wang, Numerical solution for fractional KDV – Burgers equations by Adomaan Decomposition method, Appl. Comput 182. 

[17]. D.B. Dhaigude, G. Birajdar, V. Nikam, Adomain Decomposition Method for Fractional Benjamin – Bona – Mohan – Burger’s 

Equations, Int. J. Appl. Math. Mechanics, 8(12) (2012), 42 – 51. 
[18]. D.B. Dhaigude, G.A. Birajdar, Numerical solution of system of Fractional partial Differential Equations by Adomain 

Decomposition Method J. Fract. Calcu. Appl. 3(12), (2012), 1.11. 

[19]. C.D. Dhaigude, V.R. Nikam,  Solution of Fractional Partial Differential Equations using Iterative method, Fractional Calculus and 
Applied Analysis, 15 (4), 684 – 699 (2012). 

[20]. C.D. Dhaigude, D.B. Dhaigude, An Iteration method for solving Linear Initial Value problems for Fractional partial Differential 

Equations, Bull. Marathwada Math. Society 2012.    
[21]. T. Wang, F. Xie, Existence and Uniqueness of Fractional Differential Equations with Integral Boundary Conditions, J. Nonlin. Sci. 

Appl. 1(4), (2009), 206- 212. 

[22]. X. Wang, L. Wang, Q. Zeng, Fractional Differential Equations with Integral Boundary conditions, J. Nonl. Scl. Appl. 8(4) (2015), 
309 – 314. 

[23]. J. A. Nanware, D.B. Dhaigude, Existence and Uniqueness of solutions of Differential Equations of Fractional order with Integral 

Boundary Condition, Int. J .Nonl. Sci. 14(4), (2012), 410 – 415. 
[24]. J.A. Nanware, D.B. Dhaigude, Existence and Uniqueness of solution of Riemann – Liouville Fractional Differential Equations with 

Integral Boundary condition. Int. J. Nonl. Sci. 14(4), (2012), 410 – 415. 

[25]. J.A. Nanware, Existence Results for Nonlinear Initial Value Problems Involving the Difference of Two Monotone Functions, Int. J. 
Anal. Appl. 7(2), (2015), 179 – 184. 

[26]. C. Yaker, A. Yaker, Monotone Iterative Technique with Initial Time Difference for Fractional Differential Equations, Hacett. J. 

Math. Stats. 40 (2) (2011), 331 – 340. 
[27]. A. S. Yaker, M.E. Koksal, Existence Results for Solutions of Nonlinear Fractional Differential Equations, Abst. Appl. Anal. 2012. 

[28]. J.A. Nanware, N.B. Jadhav, D.B. Dhaigude, Initial value problems for Fractional Differential Equations Involving Riemann- 

Liouville Derivative, Malaya Journal of Mathematik, 5(2), (2017), 337 – 345. 

[29]. J.A. Nanware, B.D. Dawkar, Method of Lower – Upper Solutions of Fractional Difference Equations with Initial Time Difference 

and Applications, Malaya Journal of Mathematik, 8(3), (2020), 1196 – 1199. 
[30]. J.A. Nanware, D.B. Dhaigude, Monotone Iterative Scheme for system of R – L Fractional Differential Equations with Integral 

Boundary Conditions, Math. Modelling Scien. Computation, Springer – Verlag, 283, (2012). 395 – 402. 

[31]. N.B. Jadhav, J.A. Nanware, Integral Boundary Value problems for Nonlinear system of Fractional Differential Equations, Bulletin 
of Marathwada Mathematical Society, 18 (2) (2017), 23 – 31. 

[32]. J.A. Nanware, Differential Equations of non-integer order with Integral Boundary conditions, American Journal of Engineering 

Research, 6(7), (2017), 2016 – 219. 
[33]. J.A. Nanware, B.D. Dawkar, Method of Lower and Upper Solutions for Differential Equations of Fractional order with Integral 

Boundary conditions, Int. J. Math. Trends Technol, 66(10) (2022) 8 – 13. 

[34]. J.A. Nanware, N.B. Jadhav, D.B. Dhaigude, Monotone Iterative Technique for Finite system of Riemann – Liouville Fractional 
Differential Equations with Integral Boundary conditions, Int. confe. Math. Sci. Elsevier, 2014, 235 – 238. 

[35]. J.A. Nanware, B.D. Dawkar, Finite system of Differential Equations with Integral Boundary Conditions, Involving R – L fractional 

Derivative., Adv. Appli, math. (Accepted). 
[36]. Z. Denton, A.S. Vatsala, Monotone Iterative Technique for Finite system of Non-linear Riemann – Liouville Fractional Differential 

Equations.  OpusculaMathematica, 31 (3), (2011), 327 – 339. 

[37]. M. Benchora, S. Hamani, S.K. Ntoyas, Boundary value problems for differential Equation with fractional order and Nonlocal 
conditions, Nonlinear Analysis. 71 (2009), 2391 – 2396. 

[38]. LinLiLv, JinRong Wang, Wei, Existence and Uniqueness Results for Fractional Differential Equations with Boundary value 

conditions, Opus, Math. 31 (4), (2011), 629 – 643. 
[39]. J.V. Devi, Generalised Monotone Method for Periodic Boundary value problems of Caputo Fractional Differential Equations, 

Commu. Appl. Analy, 12(4), (2008), 399- 406. 

[40]. D.B. Dhaigude, N.B. Jadhav, J.A. Nanware, Method of Upper Lower solutions for Nonlinear system of Fractional Differential 
Equations and Applications, Malaya Journal of Matematik, 6 (3), (2018), 467 – 472. 

[41]. J.A. Nanware, B.D. Dawkar, M.S. Panchal, Existence and Uniqueness Results for system of fractional Differential Equations with 

Initial Time Difference, Nonl. Funct. Anal. Appli. (Accepted). 
 

 


