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l. INTRODUCTION

Fractional differential equations are widely used to describe lots of important phenomena and dynamic
processes in physics, engineering, electromagnetics, acoustics, viscoelasticity electrochemistry, material science,
stochastic dynamical system, plasma physics, controlled thermonuclear fusion, nonlinear control theory, image
processing, nonlinear biological systems and astrophysics, etc. [1-4].

In recent years, a many of approximate analytical methods have been utilized to solve the ordinary and
partial differential equations in the Caputo sense such as the fractional variational iteration method, fractional
differential transform method, fractional series expansion method, fractional Sumudu variational iteration
method, fractional Laplace transform method, fractional homotopy perturbation method, fractional Sumudu
decomposition method, fractional Fourier series method, fractional reduced differential transform method,
fractional Adomian decomposition method, and another methods [5-69]. Our aim is to present the HPM, and to
used it to solve the nonlinear FRDE. The remaining sections of this work are organized as follows. In Section 2,
some background notations of fractional calculus are presented. In Section 3, the analysis of fractional HAM is
discussed. Applications of fractional HAM are shown in Section 4. The conclusion of this paper is given in
Section 5.

1. PRELIMINARIES
Definition 1.[3] Areal function ¥ix.t).x € R.t = 0 is said to be in the space C; .= € R if there exists a real
number q. (g = ). such that W(x. =) = 19, (x. T}, where ¥, (x. T} £ c[0.¢2], and it is said to be in the space C™
if W™ (%, 1) e (..meN.

Definition 2.[3] The Riemann Liouville fractional integral operator of order «= 0. of a function
Wit} € (,.e = —1 is defined as
; T je— Ly gy
I?LI-":TJ — [[':n' ,{l lr-2 flalds =010 {L]
wir) a=10
where I'(:) is the well-Known Gamma function.

Definition 3.[3] The Liouville-caputo operator (c) with order (e = 0} of ¥(x) is defined as follows:
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1
DIY(r) = 4 (W (2)
:—;LI-":T] . a=nel
formeN, =0 ,W¥e(®
The following are the basic properties of the operator D™:
1. DO*Wix 1) = ¥(x. 1)
2. I"D"W(xt) =Wix1) - Eg?;[,l;—}fw'k'{x.nj

ap — Fig+1) f-o
3. D% TaiD " cax=0

Definition 4.[3] The Mittag-Leffler function E{z} with o« = 0 is defined as.

m

z
Exlz) = Z et (3)

m=0

I,  ANALYSIS OF METHOD
Let us consider a general ifractional nonlinear PDE of the form:

D Wik, t) + F¥(x,7) + N¥(x, 7} = Glx. 1), m—-—lzsog=mxeRt=0 (4)
Subject to the initial conditions
Wi, 0) = WE(x,0) . k=12..m—-1 (3}
where Df W(x, 7} = L% is the CFD of the function Wiz, 7} defined as:
1 ' ) 8" Wix, 5)
—J‘ (r —sym-o-t — o, ds om—1l<a<m
pe wix,7) =4 T~ Jo o
: ' A (x, 7)
T m=me §

and R is the linear differential operator, N represents the general nonlinear differential operator, and & (. 7} is the
source term.
We define the nonlinear operator
Nlolx.:g)l =0lx.tig) — Glx.7) + R¥(x.m: q) + N¥(x.7: g) (6)
where g € [0,1] and @(x,7:q) isareal function of x.7 and g
the so-called zero-order deformation equation of (6) has the form
(1 - gictlelx, ©: q) — ¥(x, )] = ghH (x. 7IN[B(x, 7; g)] (N
where g £ [0.1] is the embedding parameter, H{x. 7) denotes a nonzero auxiliary function, h = 0 is an auxiliary

parameter.
W, (x.7) is an initial guess of Wix, ) and @(x.7: q) is an unknown function.

Obviously, when the parameter § = 0 and g = 1, it holds

olx.7: 0) = Wlx. 7). Blx. ;1) =¥lx. 1) (8
respectively. Thus as q increases from 0to 1
the solution @(x, 7;g) varies from the initial guess ¥, (x. 7J to the solution ¥{x, 7).

Expanding @(x. 7: g in Taylors serie's with respect to g,

we have
0lx.7:q) =W (r.7) + ) Wy(x7)q" ©
m=1
Where N
1 8™@(x1:q) _

le®) = T |1co (10)
If the auxiliary linear operator, the initial guess, the auxiliary parameter h, and the auxiliary function are properly
chosen.

The series (9) converges at g = 1, then we has

Wix, 1) = Wlx. o) + Z W (xT) (11)
m=1
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which must be one of the solution of the original nonlinear equations.
According to the definition (11), the governing equation can be deduced from the zero-order deformation (7)
Define the vectors
W o(x, 1) = (W, 0, ), W, (x,7),..., ¥, (x,7)} (12)
Differentiating the zero order deformation equation (7) m-times with respect to g and then dividing by m! and finally
setting q=0 we get the following m®™® — order deformation equation :

Lo (e, 1) — x, W, (., 7)] = hH (x, T) R (¥, _, (x. 7)) (13)
Applying the Riemann Liouville fractional integral operator of order of order « = 0, we have
W, (1) = 2 Wy Ce, ) + L% [MH (6, D) Ry (T, (D). (14)
where
— 1 am-iN[B(x, T )] _
Rm{q'rrn—L} = (m — 1! dgm-1 |l'|'=[:‘ (15)
0 Lx=1 ;
and X, = {'J. =1 (16)
In this way, it is easily to obtain W, {x.7) form =1, at m®™ - order, h = —1, we have
W)= ) W) (17)
m=0
IV. APPLICATIONS
Example 1: Consider the following nonlinear fractional Burger's equation.
DiW -, —¥. =0 O<axl (18)
with the initial condition
P(x, y.0) = sinlx) sin(y). (19)
We now define a nonlinear operator is : 0 ] o ]
g-@lx,v.mg) & 0lx.yv.Tig
I VTS = ST g) — - - - . 2
Nlo(x,v.1;:q)] = olx, y. 7 q) Py 3y (20)
and thus
— W ey miq) P (xy.miq)
Hrn{q'rrn—L} =Dr¥n_,— - ETE: - - By? (21}
The m®™ — order deformation Eq. (21) is
LWy — % W] = RH Gy, DRy (P, ) (22)
Applying The Riemann Liouville fractional integral operator £~% of order & = 0. . we have
W = X Wy + AL [H Oy, DRy (W] (23)

Solving above the Eq.(23) for m=1,2,... and choosing H(x,y,t)=1
Let us take the initial condition
W (x, y. 1) = sinlx) sin(y)
W, (x.y.7) = %, %, + hL 7[R, (%)
= (0} (sin (x) sin (v)) + RL™%[2 sinlx) sin(y)]
2ht? sinlx) sin(y)
T T@+l)
W, (x,y.7) = %, ¥, + hL ™[R, (@))]
Io+1) dr¥ dxs dy-
2ht? sinlx) sin(y) 4ht? sin(x) sin(y)
T @+l F(a + 1)
2ht sinlx) sin(y)  2h°t%sin(x) sin(y)  4h° % sin(x) sin(y)
[ + 1) * e + 1) * M2 + 1)

+ J:L“'"'[Eh sin(x) sin(y) +

and so on. Then we have
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o 2ne%sin(e) sin(y) | 2he®sin(x) siny) | 2h%2% sin () sin (y)
Y(x, v, 1) =sin(x) st nly) + F@+1) e +1) T e +1)
4h* 1™ sin(x) sin(y)
I(2a + 1)

(24)

Put h = —1 to obtain

Wix,y, 1) = sinx) sin(y) |1 2 i ]

Ta+D T2a+D "
The exact result of Example 1 when &« = 1 is

Yix,y, T} = sinlx) sin(y)e™™" (26)

Example 2: Consider the following nonlinear fractional DEs.
Df¥ + ¥, — ¥, =0, D=a=1 (27)
with the initial condition
P(x,0) = x. (28)
We now define a nonlinear operator is

g0, 7 B:Eﬁ V. TS
NIB(x.y.7: g)] = B(x.7: q) + O(x.7: g) br.rig) @ 0lny.mig)

dx gxt

(29)
and thus

Mm=1 -
) 3 v g 30)

Rm{ﬁm—L} =DfV,. ., + (Z 1'I'rf':1'I'rr1-.—1.—|'].1: Bl
i=0

The m*™ — order deformation Eq. (21) is

Lo, —x, ¥, 1= hH(x, DR, (¥, _,) (31)
Applying The Riemann Liouville fractional integral operator £~% of order e« = 0. . we have

Wy = % Wy +hL 0 [HOG DRy (¥, )] (32)

Solving above the Eq.(23) for m=1,2,... and choosing H(x,y,t)=1
Let us take the initial condition

Wolx. 1) = x
W, (x,7) = x,¥, + hL %R, (¥;)]

8o, 8°W,
= (0)(x) + hL™® [ P ]
= hL%[x]

hxt®
T+ 1)

Y. (x.7) = %W, + RS [R(F,)]

hxt™ gerwy 2hxt™ grw
={1) (”—] + hL™® [ = + - J-:|

T(a+ 1) 9t¢ T(a+1) ax
hxt® ;. 2hxt®
=—1_.{ﬂ+1]+h£ [.f:x+—1,{”+1]]
hxt® h*xr® 2R xr®®

“Tatl) T+l T2atl

and so on. Then we have

Wie.o) = hxt® hxt® hxt® 2R x7 ™ 23
T Mt T+ D) Tat D) T2atl) (33)
Put h = —1 to obtain
@ ET:G'
Wix, )= x |1 (34)

Te+D TasD ™™
The exact result of Example 2 when &« = 1 is
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X
w{x.r]=1+T (33)

V.  CONCLUSIONS
The successful implementation of method HAM yielded approximate solutions to nonlinear fractional

order differential equations with temporal fractional derivatives. The answers discovered were in the form of
infinite power series that could be stated in closed form.
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