Quest Journals

Journal of Research in Applied Mathematics
Volume 7 ~ Issue 5 (2021) pp: 21-27

ISSN(Online) : 2394-0743 ISSN (Print): 2394-0735
WWW.questjournals.org

Research Paper

Adomian Decomposition Method for Solving Nonlinear
Fractional PDEs

Hussein Gatea Taher
!(Department of Mathematics, Faculty of Education for Pure Sciences,
University of Thi-Qar, Nasiriyah, Iraq)
Corresponding Author: hussein_gatea.math@utg.edu.iq
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I. INTRODUCTION

Fractional calculus and its various applications in mathematics, physics and engineering have received
considerable attention. Fractional calculus applications are found in many areas, such as dynamic device control
theory, chemical mechanics, probability and statistics, electrical networks, corrosion electrochemistry, and
optics and signal processing. Linear and nonlinear fractional-order differential equations may be successfully
modeled. A fractional PDE is obtained from the classical diffusion equation of mathematical physics by
replacing the n™® order time derivative with a fractional-order derivative a, which is now the area of increasing
interest apparent in the literature study. A significant phenomenon of these evolution equations is that it
produces the Brownian fractional movement, a Brownian motion generalization. In several articles and books,
different definitions of fractional calculus are available [1-4].

In recent years, many researchers have paid attention to study the behavior of physical problems by
using various analytical and numerical techniques which are not described by the common observations, such as
the fractional variational iteration method, fractional differential transform method, fractional series expansion
method, fractional Sumudu variational iteration method, fractional Laplace transform method, fractional
homotopy perturbation method, fractional Sumudu decomposition method, fractional Fourier series method,
fractional reduced differential transform method, fractional Adomian decomposition method, and another
methods [5-69]. Our aim is to present the ADM, and to used it to solve the nonlinear FPDE. The remaining
sections of this work are organized as follows. In Section 2, some background notations of fractional calculus
are presented. In Section 3, the analysis of fractional ADM is discussed. Applications of fractional ADM are
shown in Section 4. The conclusion of this paper is given in Section 5.
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I1. Preliminaries
Definition 1. Let ¢ € H{a.b),a =b,a e (-, 7),0 = & = 1. then The definition of the new Caputo
fraction derivative is [70,71]:

T

Zla o
00 = s | ¢/ exp (- o)) as &

where Z(«) is a normalization function satisfying Z(0) = Z(1} = L.
Some properties fractional derivative
(). 207 Lo (@) + @ (@)] = TDF @, (2) + TDF @2 (7).
(ii). “D&(c) = 0, where ¢ is constant.
(iii). “EDEl(r) = @(r), where & = 0.
Definition 2. Lete € H{a.bl.a = b.a e (—wm,1).0 < & = 1. then The fractional integral of @{z} of order
e is defined by [70,71]:
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Some properties fractional integral
(i) 18 [, (0) + ()] = A E1fe, (7)) + EIE . (7).
(ii). I8 EDfo(r) = plr) — ola).
(iii). 518 () = ﬁ 1-a+alt—all

I11. Analysis of Method
We consider the fractional partial differential equation:
ooy, 1) -I—R{q:l{.u.r]} -I—N{@{u.r]} =glutl0=a=1lueR=0 (3)
with the initial condition
@lu.0) = o). (4)
where ¥ D is Caput- Fabrizio operator, R is a linear operator, N is a nonlinear operator and g is a source term.
Taking integral of Caput- Fabrizio to both side, of (3), we get
F12 FDFo(u 1) + FIF R(p(. D)) + FI1f N(p(p.0)) = FIF glu, 7). (5)
By properties fractional integral, we obtain
olp.7) — ol 0) = FI2 g(u7) — FIf R(p(u. o)) — FI12 Np(. 7). (6)

From (4), we get
- cF
plu. ) = @) + FIF glp.7) — Rle(u.7))

— FI12 N(p(p. o). (7)

let f=oplu) + FI8[gly. )]
then

o) =f - FI2R(p( 1) —FIF N(p(, ). (8)
Now, we represent solution as an infinite series given below

P =) gulw o) ©

n=0

and the nonlinear term can be decomposed as

N(eG) = Anlpp0102) (10)

n=0
where
1 an

N (Z 1'};;,-)L n=012.. (11)

By substituting (9)and (10)in (8), we have
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Y onlwo) = - I
n=0

(Ri-ﬁ +i Aﬂ)] (12)

On comparing both sides of the Eq.(12) we get
eolut) =f
0, (. 7) = —FIE[(Rlpou. T) + Ap))]
02 7) = —FIZ[(Rlp, (u.7) + 4,))]

(13)
In general, the recursive relation is given as
Pner (1) = —F12[(Rlp, (u. ) + 4,))] (14)
Finally, we approximate the analytical solution (3) by truncated seriea:
olu,t) =anﬂ(u.r] (13)
n=0
et = @) + @, (o) + @l o) + - (16)
1V. Applications
Example 1: We consider the following fractional KdV equation in the Caputo-Fabrizio sense
“Df plu.t) + 6o, + @y, =0 (17)
where 0 = & = 1,u € R, = 0 and subject to the initial condition
@lp,0) = 6y (18
Taking “If to both sides we get
o) = 64 + FIZ[60p, + @uu,] (19)
let ¢ =Z Pn and @@, =Zﬂn
n=0 n=0
then
gy, ) = 6y
‘Pﬂﬂ.{.”' ) = GFITR. [ﬁz Ap — {@ﬂ]_u_u_u] (20)
n=>0
Now
Ap = PoPou

A = @oPu + 9190,
Ar = @o@Pay + 2@ T P19,

‘PL(“' ) = EFITG. [ﬁ'ﬂb - {‘Pnjlu.u_u]
=F1e[6%y — 0]
=53 1— i .
& .u[ﬂ )l -I—n'-[:l n’s]

=6%ul(l — a) +als]i]
=6%ull —a) + et
62ull —a + at)

‘P:(‘u' T] I:":Ht.['5""1]. - {‘Pl]plu.u]
Fre[e(2(6*w) (1 —a + at) — 0]

206°w) FIE[(l — & + at)]

*Corresponding Author: Hussein Gatea Taher 23 | Page



Adomian Decomposition Method for Solving Nonlinear Fractional PDEs

=2(6%u) [{1 —2a+a’)+ 2 —n:]r+§r::r:]

Then the approximate solution of ¢{.7) is given by
oy, ) =Z enlpnt) = @t + @y 0
n=0
=6u +6°ull —a+ at) + 206%u) [{1 —Zat+a’l+2l@a—a'lt + éc::!:]
_|_ v
Therefore, the analytical solution when & — 1 is given by
olut) = 20

1-&°T

Example 2: We consider the following nonlinear equation in the Caputo-Fabrizio sense
“Df plu. 1)+ ooy + oy, = 0.
where 0 = & = 1,4 € R.7 = 0 and subject to the initial condition
olp, 0) = p.
I to both sides we get
FrEop, + 0@y,

let ¢ = Z P PPy = Zﬂn and  @@uuy =Z By
n=0 n=0

Polu ) = p

Taking
q:l(u. T} = o=

_GF-IR'

Pnes (7 =

Now
Ap = FoPop
BD = ‘PD‘PD.u.u.u
A = @opy + 9190
BJ. = ‘PD‘PL.u.u.u + ‘PL‘PD.u.u.u
Ar = @o@oy + @200y + 0101,
B: = @D‘P:.u_u.u + Pz ‘F'Dlu.u.u + ‘PL‘PL.u.u.u

@y () = —FIF4, — B
— 12y 4 (]

=—u [{'J_ —all+ta [Tds]

=—ulll — &) + alsli]
=—ull — & + a7l

@r(p. 1) = —F17l4; - B|]
=—Fr#[-2u(1 — a + ar) + 0]
=2uI18[(1 — o + ar)]

2u [{1 —2ata’)l+20e -l -I—%n‘:T:]

Then the approximate solution of @{u.7} is given by

(23)

@24)

(25)

(28]
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o) =) @nl?
n=0
=@ttt
=u—(1—a+atlyty [(1 —2a+ea’)+ 2l —alr +én‘:rz]
+ - (27)

Therefore, the analytical solution when & — 1 is given by

H
ol = T (28)

V. Conclusions
In this work, we have considered the fractional differential equations with Caputo-Fabrizio fractional

derivative. The ( FADM ) has been successfully used to obtain the analytical approximate solutions . The
obtained solutions were in the form of infinite power series which can be written in a closed form. The example
shows that the results of ( FADM ) are in excellent agreement with the exact solution when @ = 1. Because of
the results, we can say that the proposed technique is a powerful mathematical tool for solving fractional
differential equations. Also, we can use them to obtain approximate (or even analytical) solutions to other

problems.
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