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ABSTRACT: In this work, we provide an approximate solution of a parabolic fractional degenerate problem
emerging in a spatial diffusion of biological population model using the fractional Adomian decomposition
method (FADM). A new solution is constructed in power series. The time fractional derivatives are described in
the Caputo sense. The results prove that the proposed method is very effective and simple for solving fractional
partial differential equations.
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l. INTRODUCTION
Fractional differential equations (FDES) have been applied in many fields, such as physics, mechanics,
chemistry, engineering etc. There has been a significant progress in ordinary differential equations involving
fractional order derivative, see the monographs of Hilfer, Kilbas and Podlubny. Especially, numerous works
have been devoted to the study of initial value problems, etc. [1-6].
In recent decades, many of the numerical and analytical techniques have been
implemented to solve the differential equations in the Caputo sense such as the fractional differential transform
method, fractional variational iteration method, fractional differential transform method, fractional series
expansion method, fractional Sumudu variational iteration method, fractional Laplace transform method,
fractional homotopy perturbation method, fractional Sumudu decomposition method, fractional Fourier series
method, fractional reduced differential transform method, fractional Adomian decomposition method, and
another methods [7-71]. Our aim is to present the FADM, and to used it to solve two dimensional FRDE. The
remaining sections of this work are organized as follows. In Section 2, some background notations of fractional
calculus are presented. In Section 3, the analysis of fractional ADM is discussed. Applications of FADM are
shown in Section 4. The conclusion of this paper is given in Section 5.

1. PRELIMINARIES
Some fractional Calculus definitions and notation needed in the course of this work section are discussed in this
section.

Definition 2.1:  Areal function @{w) . p = 0, is said to be in the space Cz. 8 € R if there exists a real number
q(q =8), such that @(p) = p? @, (1), where ¢, () € [0.20). and it is said to be in the space
CPifp'™ e Cm e N,

Definition 2.2: The Riemann Liouville fractional integral operator of order v = 0, of a function
@lp) € C5. 8 = —1 is defined as

1 [k
(PR, 1 S ;
[l = {l"[vjj_; (n—1)" plduv = 0.p= 0. )
Pl =l . v=0
Where I'( -} is the well-known Gamma function.
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Properties of operator I¥, which we will use here, are as follows:
forpeld=-1.vvo =0,

1. I"I%p(p) =17 %plp).
2. IVI%p(p) =I°TV ().
3. [Vym = I(m+1)  yom

C{v+m+1)
Definition 2.3: The Caputo derivative of fractional order v of a function () is defined as :-
';F"{H] [m—'l.-'DmLP{M]

l"l[m—v]J. (n— D™ 1o™ (Ddr (2)

Form—1l<v=m,meN,p=0andyg cC™,.
The following are the basic properties of the operator DV:-
DVk= 0. wherek is a constant.
D" plp) = plp),
D¥C = e
Mo—v+1)
D\-DELP{M] — DF+EEF"|:I-1]
D(a @) + by(w)) = aD @) +bD’*'1]:(|.1].
I'DV() = @) — TPt ™ {U] “ .

il

S T o

Definition 2.4 : The Mittag-Leffler function E,.(z) with v = 0 is defined as:-

z"r-
E,(z) = n;—l"{mv+ N 3)

I1l.  ANALYSIS OF FADM :
Let us consider a generalized non-linear biological population equation of the form:

_ E-':q:-: EE‘PE
DY (.3 1) = +h¢*(1-r ") )

ap’ * ar
with the initial condition:

e (W 20) = . k=01..m-1
where . Z. T} is an unknown function, °D7 is the Caputo operator ,m — 1 < v = m and h,a,b,r are real
numbers.
Now, Operating with I in both sides of Eq.(4), we find

el 0.t) = @(p. 200 + 1V (q:rﬁp-l-ﬁl?gt +hl|-"a{1_r¢"b}:] ()
Now, we represent solution as an infinite series given below:
oWl D =) @) (6)
n=o

By substituting Eq. (6) in Eq. (5):
Yoo 0 = @, 7.0) + TV(ES Ay (7
where A, are Adomian’s polynomials which are derived as:
Ao = (9 + (@3 + hod(1 —r b)),
A= Qopoy)y, + Qoo )y +ahgi e, +1hia + blgi*tty, |
A, =(2 @0 0: + 1)y + Copp: + 01y + ah(ef e,
+3 (a b) @5 2@l) + Th(a + B) (93 " s + i(a+b—1) pi+P 2],
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on comparing both sides of Eq.(7), we get
@21 = @(u7,0)
@ (1) =T7(4,)
(o) =1¥(4,)

and so on,
Thus, the approximate solution of eq.(4) is:

oW.27) = ) @l (8)
n=0

IV. APPLICATIONS OF FADM
Example 4.1: Consider the fractional generalized biological population model:

a n 4]
DY ol =i, + ok —o(le +1) (9)
where 0 == v = 1 and subject to the initial condition

L ]
LP':H._. a-' U] = E;[IJ-H: .
operating with IV in both sides of Eq. (9),

.20 =
P2 0+ 17 (0}, + ¢k — o - o) (10)
Let @i ©) = z oy (1,27) (11)

n={0
Substituting the decomposition series (11) into (10), yields:
D a2 = @1 0) + 17 (Z a,,) (12)
n=0 n=0
where A, are Adomian’s polynomials which are derived as:
; ; g |
Ay = I:"~|:"[h:':]|.||.| + I:"‘l:"[h:':]{{ - a Py — Yo

16
A= Qoyey)y, + Qopey )y — S P Ty (13)

on comparing both sides of Eq.(L12), we get
EPD{H._. ;T] — EP{IVL. ; U] — EE[I-'+{.|I
@ (.1 =T7(4,)
L
=1" (U — eE[I'H'U]

_ _Tv Eé[“_'_{_l
v+ 1)
ra I:Ivl-.- ;T] = [v{ﬁlj
ol 1
Slp+g)
=1 (U 3K J
"Te+D°
= —T-v Eé[I'H'U
M2v + 1)
and so on,
then we have the solution (. Z. T} in a series form by
£[|.|+Jt,l ud ™
plp, 7, 1) = €3 1-— ¥ —
livsry  Dizven
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L | -
= &3 *Y E (—1%). (14)
Where E, (—1") is the Mittag-Leffler function.

Whenv =1

1

- = ] ' T:
plp.21) = e M*¥ (1—1:+——---)

2!

=ER:I'+£I_I . (15)

V. CONCLUSION
The approximate solutions of nonlinear fractional order biological population model with time

fractional derivatives have been obtained by successful application of FADM. The obtained solutions were
in the form of infinite power series which can be written in a closed form. In view of the results, we can
say that this technique is powerful mathematical tool for solving fractional PDEs. Also, we can use it to
obtain approximate solution of other problems.
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