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ABSTRACT: In this work, we provide an approximate solution of a parabolic fractional degenerate problem 

emerging in a spatial diff usion of biological population model using the fractional Adomian decomposition 

method (FADM). A new solution is constructed in power series. The time fractional derivatives are described in 

the Caputo sense. The results prove that the proposed method is very effective and simple for solving fractional 

partial differential equations. 
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I. INTRODUCTION 

Fractional differential equations (FDEs) have been applied in many fields, such as physics, mechanics, 

chemistry, engineering etc. There has been a significant progress in ordinary differential equations involving 

fractional order derivative, see the monographs of Hilfer, Kilbas and Podlubny. Especially, numerous works 

have been devoted to the study of initial value problems, etc. [1-6]. 

          In recent decades, many of the numerical and analytical techniques have been 

implemented to solve the differential equations in the Caputo sense such as the fractional differential transform 

method, fractional variational iteration method, fractional differential transform method, fractional series 

expansion method, fractional Sumudu variational iteration method, fractional Laplace transform method, 

fractional homotopy perturbation method, fractional Sumudu decomposition method, fractional Fourier series 
method, fractional reduced differential transform method, fractional Adomian decomposition method, and 

another methods [7-71]. Our aim is to present the FADM, and to used it to solve two dimensional FRDE. The 

remaining sections of this work are organized as follows. In Section 2, some background notations of fractional 

calculus are presented. In Section 3, the analysis of fractional ADM is discussed. Applications of FADM are 

shown in Section 4. The conclusion of this paper is given in Section 5. 

 

II. PRELIMINARIES 
Some fractional Calculus definitions and notation needed in the course of this work section are discussed in this 

section.  

Definition 2.1:    A real function  is said to be in the space  if there exists a real number 

, such , where   and it is said to be in the space 

. 

 

Definition 2.2:   The Riemann Liouville fractional integral operator of order  of a function 

  is defined as 

  

 
Where  is the well-known Gamma function. 
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Properties of operator  , which we will use here, are as follows: 

for  

1.  

2.  

3.  

Definition 2.3:   The Caputo derivative of fractional order  of a function  is defined as :- 

 

 
For  and . 

The following are the basic properties of the operator :- 

1.  where k is a constant. 

2.  

3.  

4.  

5.  

6. . 

 

Definition  2.4 :   The Mittag-Leffler function  with  is defined as:- 

 
 

III. ANALYSIS OF FADM : 
Let us consider a generalized non-linear biological population equation of the form: 

 
with the initial condition: 

 
where  is an unknown function,  is the Caputo operator ,  and h,a,b,r are real 

numbers. 

Now, Operating with  in both sides of Eq.(4), we find 

  

 

Now, we represent solution as an infinite series given below: 

 
 

By substituting Eq. (6) in Eq. (5): 

 

where  are Adomian’s polynomials which are derived as: 

 

 

 

                   (a-b) (a+b-1) . 
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on comparing both sides of Eq.(7), we get 

 

 

 

 
       and so on, 

Thus, the approximate solution of eq.(4) is : 

 
 

IV. APPLICATIONS OF  FADM 
Example 4.1:   Consider the fractional generalized biological population model: 

 

where  and subject to the initial condition 

  

, 

  

          

 
 
Substituting the decomposition series (11) into (10),  yields: 

 
where  are Adomian’s polynomials which are derived as: 

 
                                                                                          (13) 

 
on comparing both sides of Eq.(12), we get 

 

 

 

 

 

 

 

 
       and so on, 
then we have the solution  in a series form by 
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Where  is the Mittag-Leffler function. 

 

When  

 

     (15) 

 
V. CONCLUSION 

The approximate solutions of nonlinear fractional order biological population model with time 
fractional derivatives have been obtained by successful application of FADM. The obtained solutions were 
in the form of infinite power series which can be written in a closed form. In view of the results, we can 
say that this technique is powerful mathematical tool for solving fractional PDEs. Also, we can use it to 
obtain approximate  solution of other problems. 
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