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l. BASICS
As in the previous paper [8], we define a binary digital image to be a function P :z* - {0,1} .
Alternatively, it is also defined as an array of 0/1 integer values. A coordinate system in Z * is chosen such that
the first axis points downward (the row axis) and the second axis points to the right (the column axis). As usual,
an element (i, j) e z° can be regarded as a point (placed at row i and column j ), or as a square placed with

its center or with its upper-left corner at coordinates (i, j); such an element is usually called a pixel. If

P (i, j)=0,thepixel (i, j) iscalled a background point; otherwise, if P (i, j) =1, the pixel (i, j) is called

a foreground point. We assume the number of 1-pixels to be finite; we can therefore restrict each image to a
digital rectangle.

Given a binary digital image P, the set of all pixels defines a graph gr (P ). The vertices of this

r s

graph are single pixels, represented as [ p]; its faces are quadruples of pixels, represented as [ § “J ; and its

edges are horizontal pairs [p 4], vertical pairs ["} , main diagonal pairs [j °J , and secondary diagonal pairs

1. RESOLUTION REFINEMENTS

Let P be a binary digital image. The resolution refinement of P is a binary digital image Q ,
obtained from P by dividing each pixel into four smaller ones; this division is performed by cutting
each square by a horizontal line and a vertical line, both passing through its center.

A convenient way to represent the resolution refinement of a binary image is to place the pixels
of the original image P with their corners at integral coordinates, then multiply all coordinates by 2 and
perform the subdivision (and finally move back the pixels with their centers at integral coordinates, if
desired).

A function p on the class of binary digital images will be called a resolution refinement

invariant (or just a refinement invariant), if p (Q) = p (P) whenever Q is the resolution refinement of

P . The aim of this paper is to characterize all linear, real valued, resolution refinement invariants of
certain Kinds, including the refinement invariants discussed in [8].

In the following we will denote by #(P; ) the number of occurrences of the local pattern »

in the graph gr(P).
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1. TECHNICAL DETAILS
Consider the function

p(P)=a, #(P;[1)+a, #(Pi[11])+a, .#(P;[
ta, #(Pilo)ra, #(Pi[l])+ra, #(Pi[l.])
where the coefficients « ,a  ,a .« a  arereal numbers.
If Q isaresolution refinement of p, then
- each vertex [:] of P generates in Q : four vertices [:], two horizontal edges [: 1], two vertical
edges [ ], and one square [ | | ];
- each horizontal edge [:+ 1] of P generates in Q , in excess: two horizontal edges [: 1], and one square
- each vertical edge [] of P generates in Q , in excess: two vertical edges [] , and one square
- each horizontal edge [0 1] of P generatesin Q , in excess: two horizontal edges [o 1] ;

- each vertical edge [] of P generatesin Q , in excess: two vertical edges []

- eachsquare face [ | | ] of P generatesin Q , in excess: one square | | | ].
Therefore,
[11) = 4-#(P:[s])
#(Qilra]) =2 #(Pi[a]) + 2-(Pil1 1))

#(Q
(

(Q [])—2#(WDD+2(P{J)
#(Qilo 1) = 2-#(Pilo 1)
(Q
(Q

#

#

D =2#(m:[0])
[ = ey a(Pinnal) w# (P [[]) = # (P[11])

#
and we get
p(Q):av-#(Q;[1])+ahl-#(Q;[1 1])+aw-#(Q;[iJ)Jrahe-#(Q;[o 1])+ave-#(Q;[f:|)+asq-#(Q;[i

= (4a, +2a, +2a, +a ) #(Pil])+ (2a, +a, ) #(Pil1 1)+ (2a, +a ) #(Pi[,])
+2a, #(P;[0 1])+ 2a,, ~#(P;|:f:|)+asq #(Pi[11])

In the sequel we will need the difference
p(Q)-p(P)= (30{V +2a, +2a, +a5q)~#(P;[1])

+(0{hi +asq)~#(P:[1 1])+(avi +asq).#(P;|:i:|)
+ahe-#(P;[0 1])+ave~#(P§|:f:|)

If p(Q)=p(P), then for each binary digital image P ,

o) (3a,+2a, +2a,+a ) #(Pilil)+ (a, +a ) #(Pilid)+(a, +a,)-#(P:[]])

vy # (P10 D)y #(P[1]) - 0

If we extend the function p to one of the following three functions
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p(P)=a, -#(Pili)+a, #(Piloil)+a, #(P:[;
P

+ta, .#(P;[j 1])+amd .#(
p(P)=a, -#(Pilil)+a, #(Piloil)+a, #(P:[;
+ta, .#(P;[j 1])+asd .#(p
and
p(P)=a #(Pill)+a, #(Piloal)va, #(Pi[[])+a, #(Piloa])+a, #(P:[])

ta, -#(P;[i 1])+amd ~#(P;[; f})-kasd -#(P;[f 2})

where the coefficients « ,, «, are real numbers as well, then we easily see that each of the bit-quads

[1 ] and [ ] in P generates just one bit-quad of the same kind in Q ; therefore, there will be no changes

0 1

in(D) .

IV. EULERNUMBERS

We consider the following well known, linear, integer valued functions on the class of binary digital
images:
the 4-adjacency Euler number
2 (P) = #(P;[1]) - #(P;[1 1])7#(P;[1J)+ #(P;[i ])

the main diagonal 6-adjacency Euler number
7 (P) = 2 () (P ])
= #(P;[1]) - #(P;[x 1])7#(P;[1J)+#(P;[i j)—#(P;[; )

the secondary diagonal 6-adjacency Euler number
()= 2 (R - # (R 11])
= #(Pild) —# (Pile ) = # (P [ ]) = # (P ]) - #(Pi[ 0 ])

and the 8-adjacency Euler number
2P =2 (P # (P[] - # (P L])
= #(P;[]) - #(P;[1 1])7#(P;[1J)+#(P;[1 i])—#(P;[; D-#r[0])

For the 4-adjacency and 8-adjacency Euler numbers, see the references [1], [3], [4]; for the two 6-adjacency
Euler numbers see the references [1], [2].

Some more linear, integer valued functions on the class of binary digital images were discussed in [9];
this work was inspired by [5], [6], [7]:
the 4-adjacency Euler number

7 (P) = —#(Pilil)+ #(Piloal) + #(Pi[ [ ])+ #(P:[ 1 1])
== #(Pilal)+ # (Piloal) + # (P ]) + #(P:[} 1))
= —#(Pila]) + #(Pilxo]) v # (P[] ]) + #(Pi[ [ 1])
= —#(Pilal)+ #(Pilxol) v #(Pi[}])+#(P: [} 1])

the main diagonal 6-adjacency Euler number
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2 (PY = 2Py -k (P 1])
= —#(Pilad) + #(Piloal)+ # (P [ [])+ # (Ps[ 1 ]) - #(P:[, [])
= —#(Pil) + #(PiLoal) + #(P; [, ])+ #(P;

== #(Pi0) + # (Pl ol) + # (P[]

]

=—#(P;[])+ #(P;[1 0])+#(P;[: J+«# (P
the secondary diagonal 6-adjacency Euler number

2Py =2 () - (P[] ])

<k (P (Pl ) (P ]) £ (P ]) - # (P ])
- H (P« #(Pio ) (P[] ¢ A (P ]) - (Pi[2])
- i) () (e e (P )
=—#(PiLl)+# (Pl o)+ # (Pi[ L ])+ # (P11 ])-#(P:[ 1 )])

and the 8-adjacency Euler number
27 (P) =2 (P (Ps[L ])-#(Pi] )
= —#(P;[1]) + #(P;[o 1])+#(P;[
= —#(Pi[al) + #(Pilo )+ # (P3|
=—#(P;L]) + #(P;[1 o])+#(P;.:

= —#(PiLD)+ #(Pilr o)+ #(Pi[ L ])+#(Pi[L1])-#

It is enough to use the first formula in each of the four quadruples.
Each of these Euler number functions is a refinement invariant. For a proof, it is enough to replace in

(D)
or

andweget p(Q)=p(P) .
The four Euler numbers are not independent, since
Z(A)(P)"'}((B)(P): Z(Bm)(P)+/‘L’(65)(P)
On the other hand, as shown in [8], every three of them are independent.
The aim of this paper is to prove some unigueness results, according to which these four Euler number

functions are, essentially, the only extended linear, real valued refinement invariants on the class of binary
digital images, generalizing thus the results proven in [8].

But first, we derive an alternative version of identity (D ) . By an argument similar to that in [9], it can
be easily shown that
#(P;[o 1]) = #(P;[l])— #(P;[1 1])

#(P:[1]) = #(PiLn) - #(P:[])

Replacing in (D) , we get the identity
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(30{v + 2a, + 2a, +asq)-#(P ;[1])+(0{hi +asq)- #(P 1 1])+(05Vi +asq)- #(P {j)

(D.)

ta, (#(Pil) = #(Pilr 1)) + e, -(#(PiLd)-#(P:[])) =0
or
() (Sav+2ahi+2avi+ahe+ave+asq)~#(P;[1])

+(ahi_ahe+asq)'#(P;[1 1])+(avi %y +asq)-#(P;[j)= 0

V. UNIQUENESS THEOREMS
Theorem 1. Every refinement invariant of the form

p(P)=a, -#(Pil1])+a, -#(P;[ 1])+avi-#(P;[i])+ahe-#(P;[o 1])+ave-#(P;[:J)+asq-#(P;[
a o e a e, € R
can be expressed in a unique way as a linear combination
p(PY=a- -z (P), aeR .
Proof: We use identity (D), since , is arefinement invariant.
By choosing the image P = [1] (only one foreground pixel in the image), we get # (P;[:]) =1,
#(Pil11]) =0, #(P:[,])=0, #(P:iloa]) =1, #(P;[]]) =1; therefore,

3¢ +2a,  +2a +a,_+a_ +a_ =0,
v hi v he

i ve sq

By choosing the image P = [1 1] (only two foreground pixels in the image, forming a horizontal edge), we get

#(Pila]) =2, #(Pi[1]) =1, #(P;[,]) = 0; therefore, 6a, + 5a,, +4a  +a  +2a, +3a, =0.
By choosing the image P = [ﬂ (only two foreground pixels in the image, forming a vertical edge), we get

#(Pils]) =2, #(Pi[11]) = 0, #(P;[|]) =1; therefore, 6a, + 4a,, + 5a, + 2a,, +a, +3a, =0 .

sq

We derived the following system of equations

30{v+20:hi+20zvi+ozhe+ozve-¢—ozSq =0
ahl—aheJrasq:O
a —a +a_ =0
sq
and from these it turns out that
a,ta ta, =a, =a, a,~a, =a,-a, =-a, forsome a e R.Wecannow rewrite the

invariant formula as

p(P)=a, #(Pilil)+a, #(Pilial)+a, - #(Pi[[])+a, #(Pilol)+a, #(Pi[[])+a, #(Pi[],
=a, #(P;[1])+a, -#(P:[x 1])+aw.#(P;[j])
ta, - (#(PiL]) ~#(Pil1a])) v e, - (#(PiL]) —#(Pi[])) + o, - #(Pi[ 1])
=(a,+a, +va,) #(PiDD)+ (@, —a, ) #(Pild)+ (e, —a, ) #(Pi[[])+a, #(P:i[]])

Therefore, p (P)=a -z (P).
Theorem 2. Every refinement invariant of the form
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p(P)=a, #(Pil1l)+a, #(P:l 1])+avi~#(P;[j)+ahe-#(P;[o 1])+ave~#(P;[fJ)

v # (P[] e, # (P )])

,a ,a ,a ,a €R
he ve sq m

a, A, d

can be expressed in a unique way as a linear combination
p(P)=«a -;((4)(P)+5-;((6m), a,5eR.
Proof: The parameter « , does notappear in (D _ ), so it is independent. As in the proof of Theorem 1, we get

a, +ra ta, =a,=p, a,~a, =a,-a, =-p, forsome g e R . Therefore,

he e he

p(P)=p 2" (P)ra,, #(P:[])

o p(Py=a -z (P)+s5-,"",

wherea = f+a_,,0 =-a
Theorem 3. Every refinement invariant of the form

p(P)=a, #(Pil1])+a, #(P;l 1])+avi~#(P;[j)+ahe~#(P;[o 1])+ave~#(P;[fJ)

md *

av'ahi’avi’ahe’ave’asq'asd eR

can be expressed in a unique way as a linear combination
p(P)=«a ~Z(4)(P)+5~Z(GS), a,5eR.
Proof: Similar to that of Theorem 2.

Theorem 4. Every refinement invariant of the form

p(P)=a, #(Pil1l)+a, #(P;l 1])+avi~#(P;[j)+ahe-#(P;[o 1])+ave~#(P;[fJ)

a, Ay,

can be expressed in a unique way as a linear combination
p(PY=a -z (P)+s, " w54, a,5,.5 eR.

’ahe’ave’asq'amd'asd €R

Proof: As in the proofs of Theorems 2and 3, we get &, + &, + @, = @, = B ,

a,-a, =a, —a, =-p, forsome g e R . Therefore,

p(P)= 87" () gy - #(P[ []) vy #(Pi[11])

or p(P):a~Z(4)(P)+5m-Z(Gm)+5s~;((es),

wherea = f+a ,+a,, 6 =-a , , 6, =-a,.

m

REFERENCES

[1]. S.B. Gray, Local properties of binary images in two dimensions, IEEE Trans. on Computers 20(1971), no.5, 551-561.

[2]. B.K.P. Horn, Robot Vision, The MIT Press, Cambridge, Mass. and McGraw-Hill, NY (1986).

[3]. A. Rosenfeld and A.C. Kak, Digital Picture Processing, Academic Press, NY (1976).

[4]. A. Rosenfeld and A.C. Kak, Digital Picture Processing, 2™ ed, Vol.2, Academic Press, NY (1982).

[5]. E. Bribiesca, Computation of the Euler number using the contact perimeter, Comput. Math.Appl. 60(5): 1364-1373 (2010).

[6]. J.H. Sossa-Azuela, E.B. Cuevas- Jiménez, D. Zaldivar-Navarro, Alternative way to compute the Euler number of a binary image, J.
Appl. Res. Techn. 9(3):335-340 (2011).

[7]. J.H. Sossa Azuela, E. Rubio-Espino, R. Santiago-Montero, A. Ldpez, A. Pefia Ayala, E.V. Cuevas Jiménez, Alternative
formulations to compute the binary shape Euler number, IET Comput. Vis. 8(3): 171-181 (2014).

[8]. J. Weinstein, Refinement invariants of binary images, J. Comp. & Math. Sci. 2017, vol.8, no 12, 808 - 816.

[9]. J. Weinstein, An improved algorithm for the computation of the Euler number of a binary image using the perimeter, Int. J.
Inform. Comput. Sci. (1JICS) 7(8):1-6 (2020).

*Corresponding Author: Jack Weinstein 39 | Page


https://dblp.uni-trier.de/pers/hd/r/Rubio=Espino:Elsa
https://dblp.uni-trier.de/pers/hd/s/Santiago=Montero:Ra=uacute=l
https://dblp.uni-trier.de/pers/hd/l/L=oacute=pez:Alejandro
https://dblp.uni-trier.de/pers/hd/a/Ayala:Alejandro_Pe=ntilde=a
https://dblp.uni-trier.de/pers/hd/j/Jim=eacute=nez:Erik_Valdemar_Cuevas
https://dblp.uni-trier.de/db/journals/iet-cvi/iet-cvi8.html#AzuelaRSLAJ14

