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I.  INTRODUCTION

Continuous functions stands among the most fundamental point in the whole of
the Mathematical Science. Different forms of stronger and weaker forms of functions
have been introduced over the years. Balachandran et al [1] introduced the concept
of generalized continuous maps and generalized irresolute maps in topological spaces
and Benchalli et al [2], [3], [5] introduced and studied the concept of wa-closed sets,
wa-continuous maps and gwa-continuous maps In topological spaces.

Recently Rajeshwari K. and T.D.Rayanagoudar [16] introduced the concept of semi
generalized wea-closed (briefly sgwa-closed) sets in topological spaces.

In this paper, authors introduce the concept of sgwa-continuous functions and
sgwa-rresolute maps in topological spaces. Further, we also introduce quasi sgwa-
open, quasi sgwa-closed functions and sgwa-closed graphs in topological spaces.

Il.  PRELIMINARY

Throughout this paper spaces (X, 7) and (Y, o) (or simply X and Y) always denote
topological spaces on which no separation axioms are assumed unless explicitly stated.

Definition 2.1. A subset A of a topological space X is called a
(i) semi-open [8] if ACecl(int(A)) and semi-closed if int(cl(A))CA.
(i1i) a-open [15] if ACTint(cl(int(A))) and a-closed if clint(cl(A)))ZA.

Definition 2.2. [16] A subset A of a topological space X is called a
Tsgwa-space if every sgwa-closed set is closed.

Definition 2.3. Let X be a topological space. A subset A of X is said to be

(i) g-closed [9] (respectively ag-closed [6]) if cl(A) C U (respectively acl(A) C U) when-
ever A C U and U is open in X.

(iii) w-closed [17] if cl(A) C U whenever A C U and U is semi-open in X.

(iv) wa-closed [2] ( qua-closed [{]) if acl(A) C U whenever A C U and U is w-open
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(wa-open ) in X.
(v) g'wa-closed [14] if cl(A) C U whenever A C U and U is wa-open in X.
(vi) sgwa-closed [16] if scl(A) C U whenever A C U and U is wa-open in X.

Definition 2.4. A function f: X — Y is called

(1) g-continuous [1] (respectively c-continuous [12], w-continuous [17], ag-continuous
[6]) if £1(G) is g-closed (respectively a-closed, w-closed, ag-closed) set in X for every
closed set G of Y.

(1) g-closed [11] (respectively w-closed [17], ag-closed [7]) if f(G) is g-closed (respectively
w-closed, ag-closed) in Y for every closed set G in X.

(tit) wa-closed [3] (qwa-closed [5]) if f(G) is wa-closed (qua-closed) for every closed
set G in X.

(iv) gwa-continuous [5] (resp. g*wa-continuous [15]) if f1(G) is g*wa-closed set in X
for every closed set G of Y.

(v) w-irresolute [17] (wa-irresolute [3]) if f(G) is w-closed (wa-closed) in X for each
w-closed (wa-closed) set G of Y.

Definition 2.5. [16] If A is sqwa-closed, then sqwa-cl(A) = A.
If A is squwa-open then squa-int(A) = A.

Definition 2.6. [16] Let x € X and V C X, then V is called sqwa-neighborhood of =
in X if there exists squa-open set U of X such that x € U C V.

Theorem 2.7. [16] Let A be a subset of X. Then z € sqwacl(A) if and only if for any
sgwa-nbd Ny of z in X such that N.N A # ¢.

Definition 2.8. [10] Let f: X — Y be a function. Then

(i) the subset { (z, f(z)) : = € X } of the product space X x Y is called the graph of f
and is denoted by G(f).

(ii) a closed graph, if its graph G(f) is closed set in the product space X x Y.

Lemma 2.9. [10] A function f: X — Y has a closed graph if for each (z, y) € (X x
Y)\ G(f), there exists U e O(X, z) and V € O(Y, y) such that f(U) NV = ¢.

3 sgwa - Continuous Functions in Topological Spaces

In this section, we introduce the concept of semi generalized wo-continuous (briefly
sgwa-continuous) functions in topological spaces and study their properties.

Definition 3.1. A function f: X — Y is called squoa-continuous if the inverse image
of every closed set in Y is sgwa-closed in X.

Example 3.2. Let X =Y = {1,2,3}, 7 = {X,7,{1},{2,3}} and o = {Y, ¢, {2}, {1,3}}.
Define a function f : X — Y by f(1) = 3, f{2) = 1 and f(3) = 2. Then [ is squa-

continuous.

Theorem 3.3. Every continuous function is sgua-continuous function.
However the converse of the above theorem need not be true as seen from the following
example.

Example 3.4. Let X =Y = {1,2,3}, 7 = {X, 6, {1},{2},{1.2}} and o = {Y, &, {2}, {1,3} }.
Let f: X =Y be the identity function. Then fis sgwa-continuous but not a continu-

ous, since for the open set {2} in Y, f~1({2}) = {2} is not open in X but it is sqwa-open

in X.
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Remark 3.6. If the function [ : X = Y is o-continuous, w-continuous, guo-continuous,
g wa-continuous and o g-continuous then fis sgua-continuous, but the converse is not
true in general as seen from the following examples.

Example 3.7. In the Frample 5.4, the function f is squo-continuous but not a-
continuous, wao-continuous, guo-continuous, g wa-continuous and ag-continuous for
a closed set {2} in Y, f1({2}) = {2} is sgwa-closed but not a-closed, w-closed |
qua-closed, g wo-closed and ag-closed in X.

Theorem 3.8. A function f: X — Y is sgua-continuous if and only if the inverse
image of every open set in Y is squa-open in X.
Proof: The proof is obvious.

Theorem 3.9. The composition of sgwa-continuous functions need not be squeov-continuous
as seen from the following example.

Example 3.10. X =Y=Z={1.2 3}, 7r={Xo. {1}, {L2}}.o={Y. o {
L2} andy ={Z &, {1}}. Let f: X — Y be the identity function and define g : Y
— Z by g(1)=2, g(2)=1 and g(3)=5. Then f and g are squa-continuous functions but
gof : X — Z is not squa-continuous, since for the closed set { 2, 3} in Z, (gof )71 ({
2.3Y)=fYo'({23})=FY{1,3}) ={1, 3} is not squa-closed set in X.

Theorem 3.11. Following statements are equivalent for the function f : X — Y :

(i) f is squa-continuous.

(ii) the inverse image of each open set in Y is squa-open in X.

(i) the inverse image of each closed set in Y is sque-closed in X.

(iv) for each x in X, the inverse image of every neighborhood of f(z) is a squa-neighborhood

of z.

(v) for each x in X and each neighborhood N of f(z) there is a squa-neighborhood W of

z such that f{W) C N.

(vi) for each A C X, f(squacl(A)) C cl(f(A)).
(vii) for each B C Y, squael(f*(8)) C f*(el(B)).
Proof: (i) — (ii) Follows from the theorem 5.8.
(ii) — (iii) Follows from the result f1(A°) = (f1(A)F.
(i) — (iv) Let x € X and let N be a neighborhood of f(x). Then there exists V € O(Y)
such that f(z) € V C N. Consequently (V) € sgwa-O(X) and z € f1(V)C f1(N).
Thus f'(N) is squa neighborhood of f(x).
(iv) = (v) Let z € X and let N be a neighborhood of f(z). Then by assumption W =
f1(N) is a squee neighborhood of = and f(W) = f(f 1(N)) C N.
(v) — (vi) Let y € f(sqwa-cl{A)) and let N be any neighborhood of y. Then 3 z € X
and a squo neighborhood W of z such that f(z) =y, x € W. Hence x € squa-cl{A) and
f(W) C N. By theorem 2.7, WN A # ¢ and hence f(A) N N # ¢. Thus y € f(z) €
cl(f(A)). Therefore f(squwa-cl(A)) C cl(f(A)).
(vi) — (vii) Let B C Y. Then replacing A by f*(B) in (vi), we obtain f(squa-cl(f *(B))
C d(f(f ' (B))) € cl(B). That is sqwa-cl(f'(B)) C f(cl(B)).
(vii) — (i) Let G € O(Y), then Y \ G € C(Y). Therefore, f 1 (Y — \G) = f1{cl(Y\
G)) C sqwa-cl(f 1(Y\G)) = X\ (squa-int(f 1 (G)). This implies that squa-int(f1(G))
CX\fHY\G) = f1(G). Thus, sgwa-int(f*(G)) C f(G). But {1(G) C squa-
int(f1(G)) is always true. Therefore f1(G) = squa-int(f~1(G)). This implies, f1(G) €
sqwa-0(X). Therefore f is squa-continuous.
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4 sgwa-Irresolute Maps in Topological Spaces

This section gmives the concept of sgwa-irresolute maps and their properties in topo-
logical spaces.

Definition 4.1. A map f: X — Y is called squa-irresolute if f1(V) is squa-closed
set in X for every sgwa-closed set Vin Y.

Theorem 4.2. 4 map f: X = Y is sqwa-irresolute if and only if for every sgueo-open
set A in Y, f1(A) is squa-open in X.

Proof: The proof is obvious.

Theorem 4.3. If f : X — Y is squa-irresolute then for every subset A of X, f(squa-
cl(4)) C cl(f(A)).

Proof: If A C X, then cl(f(A)) € squa-C(Y). As f is squa-irresolute, f1(cl(f(A))) €
squa-C(X). Further A C f1(f(A)) C f1(cl(f(A))). Therefore by sque-closure operator,
sqa-cl(A) C f(cl(f(A))). Consequently, f(sqwa-cl(A)) C f(f(<l(f(A)))) C cl(f(A)).

Theorem 4.4. Fvery squa-irresolute map is squo-continuous.

Proof: Let f be sqwa-irresolute map and V € C(Y). Then V € sgwa-C(Y). Since [ is
squa-irresolute map, f~1(V) € squa-C(Y). Therefore f is squa-continuous.

The converse of the above theorem need not be true as seen from the following example.

Example 45. X =Y ={1, 23}, 7r={ X, ¢, {1}, {1, 3}}ando ={Y, ¢, {
1, 2}}. A function f: X — Y is defined as by f(1)=1, f(2)=3 and f(3)=2. Then f is
squa-continuous but not squa-irresolute, since for the set A = { 1, 3} in Y, f1({ 1,
3}) =11, 2} is not sqwa-closed in X.

Theorem 4.6. Let f: X — Y be surjective, squa-irresolute and a closed map. If X is
Tequa-space then Y is also Typ,0-space.

Proof: Let A € sqwa-C(Y). Sinee f is squa-irresolute, then f~1(A) € sgwa-C(X). As
X is Tygua-space, then f~1(A) € C(X). Then A= f(f~}(A)) € C(Y) as fis closed and

injective. Hence Y is also T,y q-space.

Theorem 4.7. Let f: X — Y is bijective, closed and wa-irresolute map. Then f1 :
Y = X is squa-irresolute.

Proof: Let G € sqwa-C(X). Let (f1)"1(C) = f(G) C U where U € wa-O(Y). Then
G C fYU). Since f Y U) € wa-0O(X) and G € sqwa-C(X), then cl(G) C f1(U)
and hence f(cl(G)) C U. As f is closed and cl(G) € C(X), so f(c(G)) € C(Y).
Thus f(cl(G)) € sqwa-C(Y). Therefore cl(f(cl(G)))) C U and cl(f(G)) € U. Thus
f(@) € sqwa-C(Y). Hence f1:Y — X is squa-irresolute.

5 Quasi sgwa-Open functions

In this section authors introduced the concept of quasi sgwa-open functions in topo-
logical spaces and some of their characterizations.

Definition 5.1. A function f: X — Y is said to be quasi sqwa-open if the image of
every sgua-open set in X is open in Y.
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Theorem 5.2. A function f : X — Y is quasi squa-open if and only if f(sqwa-int(U))
cant(f(U)), VU C X.

Proof: Let f be quasi squa-open. We have, int(U) © U and squa-int(U) € sgwa-
O(X). Thus, f(sqwa-int(U)) C f(U). As f(sqwea-int(U)) is open, then f(squa-int(U))
C int(f(U)).

Conversely, assume that U € sgwa-O(X). Then f(U) = f(sqwa-int(U)) C int(f(U)).
But always int(f(U)) C f(U) holds. Thus, f(U) = int(f(U)) and hence f is quasi

SqWa-0pen.

Lemma 5.3. If f: X = Y is quasi sqwo-open, then sque-int(f~H(U))  f~ (int(U))
where U C Y.

Proof: Let U C Y. Then squa-int(f 1(U)) € sqwaO(X). Since f is quasi sguwee-open,
then f(sqwa-int(f~YU))) C int(f(f~HYU))) C int(U). Henece squa-int(f~1(U)) C
fH(ant(U)).

Theorem 5.4. The following statements are equivalent for a function f: X — Y

(i) f is quasi squa-open

(ii) f(sqwa-int(U)) Cint(f(U)), U C X

(iii) for each x € X and each sqwa-neighbourhood U of z in X, 3 a neighbourhood V
of f(x) such that V- C f(U).

Proof: (i) — (ii) Proof follows from Theorem 5.2.

(ii) — (i#i) Let * € X and U be an arbitrary neighbourhood of z. Then there exists a
V € sqwaO(X) with x € V C U. But from (i), f(V) = f(sgwa-int(V)) C int(f(U)).
Hence f(V) =int(f(V)). Thus, f(V) is open in Y with f(z) € f(V) C f(U).

(iii) — (i) Let U € sqwaO(X). Then for each y € f(U), there exists a neighbourhood
Vyin Y with V, C f(U). But, as V}, is a neighbourhood of y, 3 an open set W, € Y with
ye W, V. Thus, f(U)=U{W, :y e f(U)} € OY). Hence f is quasi sqwc-open
Sfunction.

Theorem 5.5. A function f: X = Y is quasi sqgua-open if and only if for any subset
BeY and any F € C(X, f~1(B)), 3 G € C(Y, B) such that f~1(G) C F.

Proof: Assume that f is quasi squa-open. Let B C'Y where F € C(X, f~Y(B)). Put
G=Y\f(X\F)). Then fY(B) C F, that is B C G. By quasi sqwa-open function,
we get G € C(Y). Then f~Y(G)C F.

Conversely, let U € squaO(X). Put B=Y\ f(U). Then X\ U € sqwaO(X, f~Y(B)).
From hypothesis, 3 F € C(Y) with B C F and f~Y(F) c B\ U. Thus, f(U)C Y \ F.
On the other hand, we have B C F and Y\ F C Y\ B = f(U). Thus, f(U)=Y\F €
O(Y). Thus fis quasi squa-open.

Theorem 5.6. A function f : X — Y is quasi sqwa-open if and only if f(cl(B)) C
sqwa-cl(f(B)), VB €Y.

Proof: Assume that fis quasi sqwa-open. ThenVB € Y, f—1(B) C sgwa-cl(f~1(B)).
From theorem 5.5, 3 F € C(Y) such that B C F and f~1(F) C sgwa-cl(f~1(B)).
Thus, f~(cl(B)) C f~YF) C sgwa-cl( f~1(B)).

Conversely, let B C'Y where F € squaC(X, f~Y(B)). Let W = cly(B), then B Cc W
where W € C(X). Hence f~YW) C sgwa-cl(f~Y(B)) € F. From theorem 5.5, f is

qUasi SgWo-oper.
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6 Quasi sgwa-Closed functions

In this section, we introduce the concept of quasi sgua-closed functions in topolog-
ical spaces and studied their properties.

Definition 6.1. A function f: X — Y is said to be guasi squa-closed if the image of
each squov-closed set in X is closed in V.

Remark 6.2. Every squa-closed function need not be closed follows from the following
example.

Example 6.3. Let X =Y = {1,2.3}, 7 = {X.0,{1,2,}} and 0 = {Y. ¢. {1},{2,3}}.
Define a function f: X =Y as f(1) = 2, f(2) = 1 and f(3) = 3. Then fis squa-closed
but not quast sqwa-closed. Since the sqwa-closed set {3} in X, f({3}) = {3} is not
closed in Y.

Lemma 6.4. A function f : X =Y is quasi squa-closed if and only if f~'(int(B)) C
sqwa-intf "1 (B)), where B C Y.

Theorem 6.5. A function f : X — Y is quasi sgwa-closed if and only if for any
B CY and G € squaO(Y, f7Y(B)), 3U € O(Y, B) such that f~1(U) C G.

Proof: Similar to theorem 5.5.

Theorem 6.6. Let f: X =Y and g: Y — Z be any two functions with gof: X — Z
is quasi squa-closed. Then g is closed if f is sqwa-irresolute with surjective function.

Proof: Let F € squaC(Y). As f is squa-irresolute, f~Y(F) € sqwaC(X). As go f is
quasi sqwa-closed and f is surjective, (go f)(f 1 (F))) = g(F) is closed in Z. Thus g is

closed function.

Definition 6.7. A function f: X — Y is called sgwa®-closed if the image of every
sgwa-closed subset of X is sqwa-closed in Y.

Theorem 6.8, Let f: X =Y and g:Y — Z be any two functions. Then
(i) go f is squa®-closed if [ is quasi sqwa-closed and g is squa-closed.

(ii) g o f is quasi squwa-closed if f is squwa*-closed and g is quasi squa-closed.
Proof: Proofs are obvious.

Theorem 6.9. Let X and Y be topological spaces. Then f @ X — Y is quasi sgwao-
closed if and only if g(X) is closed in Y and g(V') \ g(X \ V) is open in g(X) whenever
V € sqwa-0(X).

Proof: Suppose g: X — Y is quasi sgwa-closed. As X is squwa-closed, g(X) is closed
in Yand g(V)\ g(X \V)=g(X)\ g(X\ V) is open in g(X), where V € squa-0(X).
Suppose, g(X) is closed in Y, then g(V)\ g(X \ V) is open in g(X), where V € sgwa-
O(X). Let C € C(X). Then g(C) = g(X)\ (g(X \C)\ g(C)) is closed in g(X). Hence
g(C) is closed in Y.

Corollary 6.10. Let X and Y be any fwo topological spaces. A surjective function
g: X =Y is quasi sgua-closed if and only if g(V)\ g(X\ V) € O(Y) where U € squa-
O(X).

Definition 6.11. A topological space (X, T) is said to be squa-normal if for any A, B €
sgwa-C(X) with ANB = ¢, U,V € O(X) with UNV = ¢ such that A C U and
BcV.
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Theorem 6.12. Let X and Y be any two topological spaces with X is sgwa-normal
and g : X — Y be sqwa-continuous, quasi sgwa-closed surjective function. Then Y is
normal.

Proof: Let A,B € C(Y) with ANB = ¢. Then g Y(A), g YB) € squa-C(X). As
X is normal, then 3 U,V € O(X) such that g7'(A) C U and g '(B) C V. Then
AcC gU)\g(X\U) and B  g(V)\ g(X \ V). From corollary 6.10, (g(U)\ g(X
U)). (g(V)\g(X\V)) € OY). Then (g(U)\ g(X\U))N (g(V)\g(X\V)) = . Thus

Y is normal.

7 sgwa-Closed Graphs in Topological Spaces

Definition 7.1. A topological space X is said to be

(i) sgua-T space if for each pair of distinct points x and y of X, there erist disjoint
sqwa-open sets U containing © but not y and V containing y but not .

(ii) squa-Ty space if for each pair of distinct points x and y of X, there erist disjoint
sqwa-apen sets U and V such that x € U and y € V.

Definition 7.2. A function f: X — Y has squa-closed graph if for each (v, y) € (X
x Y)\ G(f), there exist U € squaO(X, =) and V € O(Y, y) such that (U x cl(V)) N
G(f) = ¢.

Theorem 7.3. Let f: X — Y be a function. Then the following properties are equiv-
alent.

(i) f is squa-closed graph.

(ii) for each (z, y) € (X x Y)\ G(f), there AU € squwaO(X, x) and V € O(Y, y) with
fU) N e(V) =¢.

(ii1) for each (x, y) € (X x Y)\ G(f), there AU € squaO(X, z) and V € sguaO(Y,
y) with (U x sqwa-cl(V)) 0 G(f) = o.

(iv) for each (z, y) € (X x Y)\ G(f), there 3U € squaO(X, z) and V € squaO(Y,
y) with f(U) N squa-cl(V) = ¢.

Proof: (i) = (ii): Suppose (i) holds. Let f be a squwa-closed graph. Then (z, y) € (X
x Y)\ G(f), so AU € sguaO(X, z) and V € O(Y, y) with (U x cl(V)) N G(f) = ¢.
Thus, ¥V z € X, € sqwa-0(X, z), that is f(z) # y. Hence f{U) N cl(V) = ¢. Thus (b)
holds.

(ii) — (1): Suppose (i1) holds. Then (z, y) € (X x Y)\ G(f), U € sgwaO(X, ) and
Ve OfY, y) with f(U) N (V) = ¢, that is U € sgwa-O(X, z) and f(z) # y. Thus (U
x c(V))\ G(f) = ¢.

(i) — (iii) Suppose (i) holds. Then (z, y) € (X x Y)\ G(f), U € sqwaO(X, z)
and V e O(Y, y) with (U x cl(V)) N G(f) = ¢. Since every open set is sqwa-open,
sqwa-cl(V) C el(V). Therefore (U x sgwa-cl(V)) N G(f) = ¢. Thus, (iii) holds.

(1) — (iv): Suppose (1i) holds, that is (z, y) € (X x Y)\ G(f). Then 3 U € squaO(X,
z) and V € OfY, y) with f(U) N el(V) = ¢. Since every open set is squo-open, sgua-
c(V) C el(V). So f(U) N squa-cl{V) = ¢. Thus (iv) holds.

(i) — (iv): It follows from (ii).

Theorem 7.4. Let f : X — Y is surjective sqgwa-closed graph. Then Y is a Ty.

Proof: Let yy, yo € Y with y; # ya. Let zg € X. Then f(xy) = yo by surjectiveness of
f. Therefore (xo, 1) € (X x Y)\ G(f). Then 3 U € squaO(X, o) and Vi € OfY,
y1) with fiU1) N cl(Vi) = ¢ by sqwa-closed graphs. Since o € Uy and f(xo) = 41 €
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f(U1) and f(Ur) N cl(Vi) = ¢. Thus yo & V1.

Let 1 € X. Since f is surjective f(x,) = y1. Thus (x1, ya) € (X x Y)\ G(f). Then 3
Uy € squaO(X, z1) and Vi € O(Y, ya) such that f(Us) N clfVa) = ¢. Since 1 € Uy
and f{z1) = yo € f(Us) and f(Us) N cl(Vy) = &. Thus yy ¢ Vo. Therefore for each y,
yoe YV, IV, Voe OY) withyy € Vi, yo € Vi and yy € Vo, ya € V. Hence YV is Ty
space.

Corollary 7.5. Let f: X — Y is surjective sqgwa-closed graph. Then Y is sguwa-Ti
space.

Theorem 7.6. Let f: X — Y is injective squwa-closed graph. Then X is sguwa-T)
space.

Proof: Let 1, x5 € X with 1 # x9. Since f is injective, f(ry) # f(xa), implies (zy,
flxa)) € (X x Y)\ G(f). Then exists Uy € squaO(X, x1) and Vi € O(Y, f(zy)) with
AU ) N elVy) = & by sgwa-closed graphs. As zy € Uy, then f(x,) € f(Uy). So f(xzq) ¢
f(U1) and zo ¢ Uy .

Let (g, f(x1)) € (X x Y)\ G(f). Then 3 Uy € squaO(X, x9) and V3 € O(Y, f(xy))
with f(Us) N cl(Va) = ¢. As zy € Uy, then f(zs) € f(Us), so f(x1) & f(Us) and z, ¢
Uy. Therefore ¥V xq, z9 € X, 3 Uy, Uy € squa-0(X) such that xy € Uy, x9 ¢ Uy and x4
¢ Us, 9 € Us. Hence X is sqwa-T space.

Corollary 7.7. Let f : X — Y be bijective with squa-closed graph. Then both X and
Y are sguwa-Ty space.

Theorem 7.8, Let f: X — Y be surjective sqwa-closed graph. Then Y is Th-space.
Proof: Let yy, yo € Y with yy # ya. Since [ is surjective, ¥V xy € X, f(x1) = y1. Now
(xy, yo) € (X x Y)\ G(f). Since f is sgwa-closed graph, 3 U € squaO(X, x,), V &
O(Y, ya) with f(U) N el(V) = ¢. Now xq € U, then f(xy) =y € f{U). Soyy # cl(V)
as f{U) N el(V) = ¢. Therefore, 3 W e O(Y, yy) with Wn V =¢. Hence, Y is Ty
space.

Corollary 7.9. Let f: X — Y be surjective sqwa-closed graph. Then Y 1s sgwa-Th
space.
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