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I. INTRODUCTION 

Mikio Sato introduce the idea of hyperfunctions[4],[5] to mention his generalization ofthe concept of 

functions.Urs Graf use sato’s idea which uses the classical complex 

functiontheorytogeneralizethenotionoffunctionofarealvariableandappliedvarioustransformslikeLaplacetransform

,Fouriertransform,Hilberttransform,Mellintransforms,Hankeltransform to a class of hyperfunctions in his book. 

[1].A H Zemanian[2] introduces differenttransforms for generalized function for solving differential and partial 

differential equationsoccurringinsolvingphysicalproblemsinvariousengineeringfields. 

Inthispapertheideaofcompletelymonotonehyperfunctionsisdefinedforreal valued hyperfunctions.Some properties 

of this were proved for a class of real valuedhyperfunctionshavingboundedexponentialgrowth.. 

II. PRELIMINARIES 

Theupperandlowerhalf-planeofthecomplexplaneℂ aredenotedbyℂ+ = {𝑧 ∈ 

ℂ: 𝐼𝑧 > 0}, ℂ− = {𝑧: 𝐼𝑧 < 0}respectively. 

Definition 1.1[1]: “For  an  open  interval  𝐼of  the  real  line, the  open  subset  𝑁 𝐼 ⊂

ℂ   iscalledacomplexneighborhoodof𝐼,if𝐼isaclosedsubsetof𝑁(𝐼).Let𝑁+(𝐼) = 𝑁(𝐼) ∩ ℂ+and𝑁−(𝐼) =

𝑁(𝐼) ∩ ℂ−. 

𝔒(𝑁(𝐼)\𝐼)denotestheringofholomorphicfunctionsin𝑁(𝐼)\𝐼.ForagivenintervalIafunction𝐹(𝑧) ∈

𝔒(𝑁(𝐼)\𝐼)canbewrittenas 
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𝐹+(𝑧)for 𝑧 ∈ 𝑁+(𝐼),  

𝐹 𝑍 = 𝐹−(𝑧)for𝑧 ∈ 𝑁−(𝐼) 

where𝐹+(𝑧) ∈ 𝔒(𝑁+(𝐼))and𝐹−(𝑧) ∈ 𝔒(𝑁−(𝐼))arecalledupperandlowercomponent 

of𝐹(𝑧)respectively.In general the upper and lower component of 𝐹 (𝑧) need not be related to each 

other.IftheyareanalyticcontinuationsfromeachotherwecallF(z)aglobalanalyticfunctionon𝑁(𝐼)andwewrite

𝐹+(𝑧) = 𝐹−(𝑧) = 𝐹(𝑧).” 

Definition1.2[1]:”Twofunctions𝐹 (𝑧)and𝐺(𝑧)in  𝔒(𝑁 (𝐼) \ 𝐼)are  equivalent  if  for  𝑧  ∈ 𝑁1(𝐼) ∩

 𝑁2(𝐼) , 𝐺(𝑧) =  𝐹 (𝑧)  +  𝜑(𝑧),with𝜑(𝑧) ∈

𝔒(𝑁 (𝐼))where𝑁1(𝐼) and𝑁2(𝐼)arecomplexneighborhoodsof𝐼of𝐹(𝑧)and𝐺(𝑧)respectively.” 

Definition1.3[1]:“Anequivalenceclassoffunctions𝐹 (𝑧) ∈  𝔒(𝑁 (𝐼) \ 𝐼)definesahyperfunction𝑓 (𝑥)on 

𝐼. Which is denoted by 𝑓 (𝑥)  = [𝐹 (𝑧)]  =  [𝐹+(𝑧), 𝐹−(𝑧)]. 𝐹 (𝑧) is 

calleddefiningorgeneratingfunctionofthehyperfunction.Thesetofallhyperfunctionsdefinedontheinterval𝐼is

denotedby𝔅(𝐼).Then 𝔅(𝐼) = 𝔒(𝑁(𝐼)\𝐼)\𝔒(𝑁(𝐼)). A real analytic function 𝜑(𝑥) on 𝐼is defined by 

the fact that 𝜑(𝑥) can analytically becontinuedtoafullneighborhood𝔘containingIi.e.wethenhave𝜑(𝑧) ∈

𝔒(𝔘).Foranycomplexneighborhood𝑁(𝐼)containing𝔘wemaythenwrite𝔙(𝐼)  =  𝔒(𝑁 (𝐼) \ 𝐼) \ 𝒜(𝐼),where 

𝒜(𝐼)is the ring of all real analytic functions on 𝐼. Thus ahyperfunction𝑓(𝑥) ∈

𝔅(𝐼)isdeterminedbyadefiningfunction𝐹(𝑧)whichisholomorphicinanadjacentneighborhoodaboveandbelowt

heinterval𝐼,butisonlydetermineduptoarealanalyticfunctionon𝐼.The value of a hyperfunction at a point𝑥 ∈

𝐼 is 

𝑓 𝑥 = 𝐹 𝑥 + 𝑖0 − 𝐹 𝑥 − 𝑖0 = lim
𝜖→0+

{𝐹 + (𝑥 + 𝑖𝜖) − 𝐹 − (𝑥 − 𝑖𝜖)} 

providedthelimitexists.” 

Example[1]:“ Diracdeltafunctionat𝑥 = 0isrepresentedintermsofhyperfunctionas𝛿(𝑥) =

[−
1

2𝜋𝑖𝑧
].Herethedefiningfunctionis(𝑧) =  −

1

2𝜋𝑖𝑧
.𝐹(𝑧)isdefinedexceptat𝑧 = 0.At𝑧 =

0, 𝐹(𝑧)hasanisolatedsingularity,whichisapoleoforder1.Foreveryrealnumber𝑥 ≠ 0thelimitlim𝜖→0+{𝐹 + (𝑥 +

𝑖𝜖)−𝐹−(𝑥−𝑖𝜖)}existsandequalto0.” 

Definition1.4[1]: “A  hyperfunction  𝑓 (𝑥)  is  called  holomorphic  at  𝑥  =   𝑎,  if  the  lowerand upper 

component of the defining function can analytically be continued to a full(two-

dimensional)neighborhoodoftherealpoint𝑎i.e.theupper/lowercomponentcananalyticallybecontinuedacross

𝑎intothelower/upperhalf-plane.” 

Definition1.5[1]:“Let 𝑓 (𝑥) =  [𝐹+(𝑧), 𝐹−(𝑧)] be a hyperfunction,holomorphic at 

bothendpointsofthefiniteinterval[𝑎, 𝑏],thenthe(definite)integralof𝑓(𝑥)over[𝑎, 𝑏]isdefinedanddenotedby 

 𝑓 𝑥 𝑑𝑥
𝑏

𝑎

=  𝐹+(𝑧)𝑑𝑧
𝛾𝑎 ,𝑏

+
−  𝐹− 𝑧 𝑑𝑧

𝛾𝑎 ,𝑏
−

= − 𝐹 𝑧 𝑑𝑧
(𝑎,𝑏)

 

wherethecontour𝛾𝑎,𝑏
+ runsin𝑁+from𝑎to𝑏abovetherealaxis,andthecontour𝛾𝑎,𝑏

−  i s  i n  𝑁− f ro m 𝑎 to  𝑏 b e lo w 

the  r ea l  ax i s . ”  

Exa mple [1] :”∫ 𝛿 𝑥 𝑑𝑥
∞

−∞
= − 

−1

2𝜋𝑖𝑧
𝑑𝑧 = 1“
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∪ 

Definition 1.6[1]:“Let Σ0 be the largest open subset of the real line where the hyper-function𝒇(𝒙) =

[𝑭(𝒛)]isvanishing.Itscomplement𝑲𝟎 =

ℝ\  𝟎 issaidtobethesupportofthehyperfunction𝒇(𝒙)denotedby𝒔𝒖𝒑𝒑𝒇(𝒙).Let  𝟏  be the largest open 

subset of the real line where the hyperfunction 𝒇 (𝒙)  =  [𝑭 (𝒛)] isholomorphic.Its complement 𝑲𝟏  =

 ℝ \  𝟏  is said to be the singular support of the hyperfunction𝒇(𝒙)denotedby𝒔𝒊𝒏𝒈𝒔𝒖𝒑𝒑𝒇(𝒙). 

Todefinehyperfunctionsofboundedexponentialgrowth,consideropensets𝐽 = (𝑎, 0) ∪ (0, 𝑏)withsome𝑎 <

0andsomeb>0andcompactsubsets𝐾 =  𝑎′ , 𝑎′′  ∪ [𝑏′ , 𝑏′′ ]with𝑎 < 𝑎′ ≤ 𝑎′′ < 0and0 < 𝑏′ ≤ 𝑏′′ <

𝑏.Alsoconsiderthefollowingopen neighborhoods[−𝛿, ∞) + 𝑖𝐽and(−∞, 𝛿] +

𝑖𝐽ofℝ+andℝ−respectivelyforsome𝛿 > 0. 

Considerthesubclass𝔒(ℝ+)ofhyperfunctions𝑓(𝑥) = [𝐹(𝑧)]onℝsatisfying 

(i) Thesupport𝑠𝑢𝑝𝑝𝑓(𝑥)iscontainedin[0, ∞) 

(ii) Eitherthesupport𝑠𝑢𝑝𝑝𝑓(𝑥)isboundedontherightbyafinitenumber𝛽 > 0orwedemand that among all 

equivalent defining functions, there is one, 𝐹 (𝑧) defined in [−𝛿, ∞)  +  𝑖𝐽suchthatforanycompact set 𝐾 ⊂

𝐽thereexistsomerealconstant𝑀′ > 0and𝜎′ ′suchthat|𝐹(𝑧)| ≤ 𝑀′𝑒𝜎 ′ ℛ𝑧holdsuniformlyforall𝑧 ∈ [0, ∞) +

𝑖𝐾. 

Because𝑠𝑢𝑝𝑝𝑓(𝑥) ⊂ ℝ+andsincethesingularsupport𝑠𝑖𝑛𝑔𝑠𝑢𝑝𝑝𝑓isasubsetofthesupport,we have 𝑠𝑖𝑛𝑔𝑠𝑢𝑝𝑝𝑓 ⊂

ℝ+. Therefore 𝑓 (𝑥) is a holomorphic hyperfunction for all 𝑥 < 0. Moreover, the fact that 𝐹+(𝑥 +  𝑖0)  −

 𝐹_(𝑥 −  𝑖0)  =  0 for all 𝑥 < 0 shows that 𝐹 (𝑧) is real 

analyticonthenegativepartoftherealaxis.Hence𝑓(𝑥) ∈ 𝔒(ℝ+)impliesthat𝜒(−є,∞)𝑓(𝑥) = 𝑓(𝑥)forany𝜖 >

0.” 

Definition1.7[1]:“Wecallthesubclassofhyperfunctions𝔒(ℝ+)theclassofrightsidedoriginals.Inthecaseofanunbou

ndedsupport𝑠𝑢𝑝𝑝𝑓(𝑥),let𝜎− = 𝑖𝑛𝑓𝜎 ′ ′bethegreatestlowerboundofall 𝜎 ′  where the infimum is taken over all 

𝜎′and all equivalent defining functions satisfying(ii).This number 𝜎−  =  𝜎−(𝑓 ) is called the growth index 

of 𝑓 (𝑥)  ∈ ℝ+. It has the properties 

(i)𝜎− ≤ 𝜎′  

(ii)Forevery𝜖 > 0thereisa𝜎′with𝜎− ≤ 𝜎′ ≤

𝜎− + 𝜖andanequivalentdefiningfunction𝐹(𝑧)suchthat|𝐹(𝑧)| ≤ 𝑀′𝑒𝜎 ′ ℛ𝑧uniformlyforall𝑧 ∈ [0, ∞) +

𝑖𝐾. 

Inthecaseofaboundedsupport𝑠𝑢𝑝𝑝𝑓(𝑥),weset𝜎−(𝑓) = −∞.” 

Definition1.8[1]:”The Laplace transform  of  a  right-sided  original  𝑓 (𝑥)  =  [𝐹 (𝑧)]  ∈

 𝔒(ℝ+)isnowdefinedby 𝑓  𝑠 = ℒ 𝑓  𝑠 = −∫ 𝑒−𝑠𝑧𝐹(𝑧)𝑑𝑧
(0+)

∞
.Theimagefunction  𝑓  𝑠 of𝑓(𝑥) ∈

𝔒(ℝ+)isholomorphicintherighthalf-planeℛ𝑠 > 𝜎−(𝑓) 

Similarly,weintroducetheclass𝔒(ℝ+)ofhyperfunctionsspecifiedby 

(i) Thesupport𝑠𝑢𝑝𝑝𝑓(𝑥)iscontainedinℝ− = (−∞, 0] 

(ii) Eitherthesupport𝑠𝑢𝑝𝑝𝑓(𝑥)isboundedontheleftbyafinitenumber𝛼 <

0,orwedemandthatamongallequivalentdefiningfunctionsthereisone,denotedby𝐹(𝑧)anddefinedin(−∞, 𝛿] +
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𝑖𝐽suchthatforanycompactsubset𝐾 ⊂ 𝐽therearesomerealconstants𝑀′′ > 0 and𝜎 ′′  suchthat|𝐹(𝑧)| ≤

𝑀′′ 𝑒𝜎 ′′ ℛ𝑧holdsuniformlyforz∈(−∞,0]+iK.“ 

Definition1.9[1]:“ Theset𝔒(ℝ−)issaidtobetheclassofleft-sidedoriginals. 

Inthecaseofanunboundedsupportlet𝜎+ = sup 𝜎 ′′ betheleastupperboundofall𝜎 ′′ ,where the supremum is taken 

over all 𝜎 ′′ and all equivalent defining functions satisfying (ii).The number 𝜎+  =  𝜎+(𝑓 ) is called the 

growth index of 𝑓 (𝑥)  ∈ 𝔒(ℝ−).It has the properties 

(i) 𝜎 ′′ ≤ 𝜎+ 

(ii)Forevery𝜖 > 0thereisa𝜎 ′′ suchthat𝜎+ − 𝜖 ≤ 𝜎 ′′ ≤ 𝜎+andadefiningfunction𝐹(𝑧)suchthat|𝐹(𝑧)| ≤

𝑀′′ 𝑒𝜎 ′′ ℛ𝑧uniformlyfor𝑧 ∈ (−∞, 0] + 𝑖𝐾. 

Ifthesupport𝑠𝑢𝑝𝑝𝑓(𝑥)isbounded,weset𝜎+(𝑓) = +∞” 

Definition1.10[1]: “TheLaplace  transform  of  a  left-sided  original  𝑓 (𝑥)  =  [𝐹 (𝑧)]  ∈

𝔒(ℝ−)isdefinedby𝑓  𝑠 = ℒ 𝑓  𝑠 = −∫ 𝑒−𝑠𝑧𝐹(𝑧)𝑑𝑧
(0+)

−∞
. Theimagefunction  𝑓  𝑠 of𝑓(𝑥) ∈

𝔒(ℝ−)isholomorphicinthelefthalf-planeℛ𝑠 < 𝜎+(𝑓). 

Withaleft-sidedoriginal𝑔(𝑥) ∈ 𝔒(ℝ−)withgrowthindex𝜎+(𝑔)andaright-sided original𝑓(𝑥) ∈

𝔒(ℝ+)with growth index 𝜎_(𝑓) form the hyperfunction 𝑕(𝑥)  = 

𝑔(𝑥) + 𝑕(𝑥)whosesupportisnowtheentirereal 

axis.If𝑔 = ℒ 𝑔(𝑡)  𝑠 , ℛ𝑠 < 𝜎+(𝑔)and𝑓 = ℒ 𝑓(𝑡)  𝑠 , ℛ𝑠 > 𝜎−(𝑓)we can add the two image 

functions provided they have a commonstripofconvergence,i.e.𝜎−(𝑓) < 𝜎+(𝑔)holds.” 

Definition1.11[1]: “With𝑔(𝑥) ∈ 𝔒(ℝ−)𝑓(𝑥) ∈ 𝔒(ℝ+),𝑕(𝑥) = 𝑔(𝑥) + 𝑕(𝑥), 

ℒ 𝑕(𝑡)  𝑠 = 𝑔 𝑥   𝑠 + 𝑓 𝑥   𝑠 , 𝜎−(𝑓) < ℛ𝑠 < 𝜎+(𝑔), provided 𝜎−(𝑓) < 𝜎+(𝑔).” 

Definition 1.12[1]:“Hyperfunctions of the subclass 𝔒(ℝ+) are said to be of bounded ex-ponential growth 

as 𝑥 →  ∞ and hyperfunctions of the subclass 𝔒(ℝ−) are said to be ofboundedexponentialgrowthas𝑥 →

−∞. 

An ordinary function 𝑓 (𝑥) is called of bounded exponential growth as𝑥 →  ∞,if 

therearesomerealconstants𝑀′ > 0and𝜎′ > 0suchthat|𝑓(𝑥)| ≤

𝑀′𝑒𝜎 ′ 𝑥 forsufficientlylarge𝑥.Itiscalledofboundedexponentialgrowthas𝑥 →

−∞,iftherearesomerealconstants𝑀′′ > 0and𝜎′′ > 0suchthat|𝑓(𝑥)| ≤

𝑀′′ 𝑒𝜎 ′′ 𝑥 ,forsufficientlynegativelarge𝑥.Afunctionorahyperfunctionisofboundedexponentialgrowth,ifitisofbo

undedexponential growth for 𝑥 →  −∞ as well as for 𝑥 →  ∞ .Thus a hyperfunction or ordi-

naryfunction𝑓 (𝑥)hasaLaplacetransform,ifitisofbondedexponentialgrowth,andif𝜎− 𝑓 < 𝜎+ 𝑓 .” 

 

Definition 1.13[1]:”For any given hyperfunction 𝑓 (𝑥)  = [𝐹 + (𝑧), 𝐹 − (𝑧)] its derivative  

inthesenseofhyperfunctionisdefinedanddenotedas 

𝐷𝑓(𝑥) = 𝑓′(𝑥) =  
𝑑𝐹+

𝑑𝑧
,
𝑑𝐹−

𝑑𝑧
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n 

𝐷𝑛𝑓(𝑥) = 𝑓(𝑛)(𝑥) =  
𝑑𝑛𝐹+

𝑑𝑧𝑛 ,
𝑑𝑛𝐹−

𝑑𝑧𝑛  ” 

 

III. COMPLETELYMONOTONEHYPERFUNCTIONS 

Definition 2.1:A positive real valued hyperfunction 𝑓 (𝑥)  =  [𝐹 (𝑍)] defined on 

(0,∞) iscalledacompletelymonotonehyperfunctionifitsatisfies −1 𝑛𝑓(𝑛)(𝑥) ≥ 0forall𝑥 > 0, 𝑛 = 0,1,2, . .. 

Theorem2.2:Apositiverealvaluedhyperfunction𝑓(𝑥) = [𝐹(𝑍)]definedon(0, ∞)isa completely 

monotone hyperfunction if there exists a positive real valued hyperfunction 𝑔(𝑥)  = [𝐺(𝑧)] on (0, ∞) with 

bounded exponential growth such that 𝑓 (𝑠)  =  ℒ[𝑔(𝑥)](𝑠), for all 𝑠 > 0. 

Proof: 

Suppose there exists a positive real valued hyperfunction 𝑔(𝑥)  =  [𝐺(𝑧)] on (0, ∞) 

withboundedexponentialgrowthsuchthat𝑓(𝑠) = ℒ[𝑔(𝑥)](𝑠),forall𝑠 > 0. 

Then −1 𝑛𝑓 𝑛  𝑥 =  −1 𝑛 𝑑𝑛

𝑑𝑠𝑛 ℒ 𝑔 𝑥   𝑠  

                                         = ∫ 𝑥𝑛𝑒−𝑠𝑥𝑔(𝑥)𝑑𝑥
∞

0
≥ 0for all 𝑠 > 0 

Hence𝑓(𝑥)isacompletelymonotonehyperfunction. 

Theorem 2.3:Let 𝑓 (𝑥)  =  [𝐹 (𝑥)] and 𝑔(𝑥)  =  [𝐺(𝑥)] be two completely monotone 

hyperfunctions.Then 𝑓 (𝑥)𝑔(𝑥) is a completely monotone hyperfunction whenever the product is defined and 

𝑓 (𝑠)  =  ℒ[𝑕(𝑥)](𝑠) and (𝑥)  =  ℒ[𝑗(𝑥)](𝑠) , where 𝑕(𝑥)  =  [𝐻(𝑧)] and 𝑗(𝑥)  =

 [𝐽(𝑧)]aretwohyperfunctions, where 𝑠 > 0. 

Proof: 

Productof𝑓(𝑥)and𝑔(𝑥)isdefinedwhen𝑠𝑖𝑛𝑔𝑠𝑢𝑝𝑝𝑓(𝑥) ∩ 𝑠𝑖𝑛𝑔𝑠𝑢𝑝𝑝𝑔(𝑥) = 𝜑 

If𝑠 ∉ 𝑠𝑖𝑛𝑔𝑠𝑢𝑝𝑝𝑓(𝑥)  ∩ 𝑠𝑖𝑛𝑔𝑠𝑢𝑝𝑝𝑔(𝑥)then 

𝑓(𝑠)𝑔(𝑠) = ℒ[𝑕(𝑥)](𝑠)ℒ[𝑗(𝑥)](𝑠) 

= ℒ[𝑕(𝑥) ∗ 𝑗(𝑥)](𝑠) 

Thenbytheorem2.2theresultfollows 

Theorem2.4:Let 𝑓 (𝑥)be a completely monotone hyperfunction and 𝑔(𝑥) be a positivereal 

valuedhyperfunctiondefinedon(0, ∞)suchthat𝑔′ (𝑥)isacompletelymonotonehyperfunction, then𝑓 ∘

𝑔isalsoacompletelymonotonehyperfunction. 

Proof: 

Wearegoingtoprovetheresultusingmathematicalinduction 

Clearly 𝑓 ∘ 𝑔  𝑥 ≥ 0for𝑥 > 0. 

 𝑓𝑜𝑔 ′ =  𝑓 ′𝑜𝑔 𝑔′ ≤ 0since −1 𝑓 ′ ≥ 0and𝑔′ ≥ 0 

Hencetheresulttruefork=1. 

Supposethattheresultistruefor𝑘 = 𝑛i.e. −1 𝑘 𝑓 ∘ 𝑔 𝑘 ≥ 0forall𝑘 = 0,1,2, . . . , 𝑛 

Since–𝑓 ′and𝑔′arecompletelymonotone  −1 𝑛+1 𝑓 ∘ 𝑔 𝑛+1 

=  −1 𝑛   −𝑓 ′ ∘ 𝑔 𝑔′ 
 𝑛 
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=  −1 𝑛  𝑛𝐶𝑘  −𝑓′ ∘𝑔 
 𝑘 

 𝑔′  𝑛−𝑘 

𝑛

𝑘=0

 

=  𝑛𝐶𝑘  −1  𝑘  −𝑓′ ∘𝑔 
𝑘

][ −1 𝑛−𝑘 𝑔′ (𝑛−𝑘)]

𝑛

𝑘=0

 

≥ 0 

Hencetheresultistruefork=n+1also. 
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