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l. INTRODUCTION

Mikio Sato introduce the idea of hyperfunctions[4],[5] to mention his generalization ofthe concept of
functions.Urs Graf use sato’s idea which uses the classical complex
functiontheorytogeneralizethenotionoffunctionofarealvariableandappliedvarioustransformslikeLaplacetransform
,Fouriertransform,Hilberttransform,Mellintransforms,Hankeltransform to a class of hyperfunctions in his book.
[1].A H Zemanian[2] introduces differenttransforms for generalized function for solving differential and partial
differential equationsoccurringinsolvingphysicalproblemsinvariousengineeringfields.
Inthispapertheideaofcompletelymonotonehyperfunctionsisdefinedforreal valued hyperfunctions.Some properties
of this were proved for a class of real valuedhyperfunctionshavingboundedexponentialgrowth..

II. PRELIMINARIES
Theupperandlowerhalf-planeofthecomplexplaneC aredenotedbyC, = {z €
C:1z > 0},C_ = {z:1z < O}respectively.
Definition 1.1[1]: “For an open interval Jof the real line, the open subset N(I)c
C iscalledacomplexneighborhoodofl,iflisaclosedsubsetofN (I).LetN, (1) = N(I) n C,andN_(I) =
N()NC_.
O (N (DH\I)denotestheringofholomorphicfunctionsinN (I)\I.ForagivenintervallafunctionF (z) €
O(N (I)\I)canbewrittenas
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F, (z)for z e N.(]),
F(Z) = F_(2)forz € N_(I)

whereF, (z) (N.(D)andF_(z) € O(N_(I))arecalledupperandlowercomponent

of F (z)respectively.In general the upper and lower component of F (z) need not be related to each
other.IftheyareanalyticcontinuationsfromeachotherwecallF(z)aglobalanalyticfunctionon N (1) andwewrite
F.(z)=F_.(z2) =F(2).”
Definition1.2[1]:”TwofunctionsF (z)andG(z)in  O(N (I) \ Dare equivalent if for z e Ny(I) N
N,(I),G(z) = F (z) + ¢(2),withe(z) €
O(N (I))whereN, (I) andN, (I)arecomplexneighborhoodsof/of F (z)andG (z)respectively.”
Definition1.3[1]:“AnequivalenceclassoffunctionsF (z) € O(N (1) \ I)definesahyperfunctionf (x)on
I. Which is denoted by f (x) = [F(2)] = [Fe(2),F.(2)].F (2) is
calleddefiningorgeneratingfunctionofthehyperfunction. Thesetofallhyperfunctionsdefinedontheinterval 7 is
denotedby®B(1).Then B() = O(N(DH\D\DO(N(I)). A real analytic function ¢(x) on Iis defined by
the fact that ¢@(x) can analytically becontinuedtoafullneighborhoodlcontainingli.e.wethenhaveg(z) €
O (U).ForanycomplexneighborhoodN (I)containingwemaythenwriteB(1) = O(N (I) \ 1) \ A),where
A(Dis the ring of all real analytic functions on [. Thus ahyperfunctionf(x) €
B(I)isdeterminedbyadefiningfunctionF (z)whichisholomorphicinanadjacentneighborhoodaboveandbelowt
heintervall,butisonlydetermineduptoarealanalyticfunctiononl.The value of a hyperfunction at a pointx €
lis

fx)=F(x+i0) — F(x —i0) = Eli,%lJr{F_'_ (x+ie)— F— (x—ie)}

providedthelimitexists.”

Example[1]:¢ Diracdeltafunctionatx = Oisrepresentedintermsofhyperfunctionasd (x) =
[— ﬁ].Herethedefiningfunctionis(z) = —ﬁ.F(z)isdefinedexceptatz = 0.Atz =
0, F (z)hasanisolatedsingularity,whichisapoleoforderl.Foreveryrealnumberx == Othelimitlim,_y+{F + (x +
le)—F_ (x—ie) jexistsandequalto 0.”
Definition1.4[1]: “A hyperfunction f (x) is called holomorphic at x = a, if the lowerand upper
component of the defining function can analytically be continued to a full(two-
dimensional)neighborhoodoftherealpointai.e.theupper/lowercomponentcananalyticallybecontinuedacross
aintothelower/upperhalf-plane.”
Definition1.5[1]:“Let f (x) = [Fi(2),F_(2)] be a hyperfunction,holomorphic at
bothendpointsofthefiniteinterval|[a, b],thenthe(definite)integraloff (x)over[a, b]isdefinedanddenotedby
J-bf(x)dx = f F.(2)dz —J- F (z)dz = —jg F(z)dz
a Ya Yab (a,b)

a,b
wherethecontoury,”, runsinN, fromatobabovetherealaxis,andthecontoury,, is in N_ from a to b below
the real axis.”

-1

2miz

Example[1]:”[* §(x)dx = —§—dz = 1¢
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Definition 1.6[1]:“Let X, be the largest open subset of the real line where the hyper-functionf(x) =
[F(z)]isvanishing.ltscomplementK, =

R\ Y, issaidtobethesupportofthehyperfunctionf(x)denotedbysuppf(x).Let };;  be the largest open
subset of the real line where the hyperfunction f (x) = [F (z)] isholomorphic.lts complement K, =
R\ ); issaid to be the singular support of the hyperfunction f (x)denotedbysingsuppf (x).
Todefinehyperfunctionsofboundedexponentialgrowth,consideropensets/ = (a, 0) U (0, b)withsomea <
Oandsomeb>Oandcompactsubsetsk = [a,a"Ju[b,b"lwitha<a <a" <oO0and0<b' <b' <
b.Alsoconsiderthefollowingopen neighborhoods[—§, o) + iJand(—oo, §] +
iJofR,andR_respectivelyforsomed > 0.

ConsiderthesubclassO (R, )ofhyperfunctionsf (x) = [F (z)]onRsatisfying
(i) Thesupportsuppf (x)iscontainedin[0, «)

(ii) Eitherthesupportsuppf (x)isboundedontherightbyafinitenumberg > Oorwedemand that among all
equivalent defining functions, there is one, F (z) defined in [—§, ) + iJsuchthatforanycompact set K c
JthereexistsomerealconstantM > Oanda"suchthat|F(z)| < M’ e ®#holdsuniformlyforallz € [0, ) +
iK.

Becausesuppf (x) c R, andsincethesingularsupportsingsupp fisasubsetofthesupport,we have singsuppf c
R,. Therefore f (x) is a holomorphic hyperfunction for all x < 0. Moreover, the fact that F, (x + i0) —
F (x—i0) =0 for all x<0 shows that F (2) is real
analyticonthenegativepartoftherealaxis.Hence f (x) € O(R,)impliesthaty _¢.)f (x) = f(x)foranye >
0.”
Definition1.7[1]:“Wecallthesubclassofhyperfunctions© (R )theclassofrightsidedoriginals.Inthecaseofanunbou
ndedsupportsuppf (x),leto_ = infa"bethegreatestlowerboundofalI o where the infimum is taken over all
o and all equivalent defining functions satisfying(ii).This number o_ = o_(f) is called the growth index
of f (x) € R,. It has the properties

(Yo_<o’

(ii)Foreverye > Othereisac” witho_ < o’ <

o_ + eandanequivalentdefiningfunction F (z)suchthat|F (z)| < M'e”’RZuniformeforallz €[0,0) +
iK.

Inthecaseofaboundedsupportsuppf (x),weseto_(f) = —o0.”

Definition1.8[1]:”The Laplace transform of a  right-sided original f (x) = [F (2)] €
O(R,)isnowdefinedby £ (s) = L[f](s) = — foioﬂ e~5? F(z)dz.Theimagefunction F(s)off(x) €
O(R,)isholomorphicintherighthalf-planeRs > a_(f)
Similarly,weintroducetheclass©O (R ) ofhyperfunctionsspecifiedby

(i) Thesupportsuppf (x)iscontainedinR_ = (—, 0]

(i) Eitherthesupportsuppf (x)isboundedontheleftbyafinitenumbera <

0,orwedemandthatamongallequivalentdefiningfunctionsthereisone,denotedby F (z)anddefinedin(—oo, §] +
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iJsuchthatforanycompactsubsetK c JtherearesomerealconstantsM~ > 0 ando suchthat|F (z)| <
M" e ®7holdsuniformlyforze(—o,0]+i K.«

Definition1.9[1]:“ ThesetO(R_)issaidtobetheclassofleft-sidedoriginals.
Inthecaseofanunboundedsupportlets, = sup o’ betheleastupperboundofallc” ,where the supremum is taken
over all ¢ and all equivalent defining functions satisfying (ii).The number o, = o,.(f) is called the
growth index of f (x) € O(R_).It has the properties

(i) o <o,

(ii)Foreverye > Othereisas” suchthato, — e < ¢" < o, andadefiningfunctionF (z)suchthat|F (z)| <

M e ®zuniformlyforz € (—,0] + iK.

Ifthesupportsuppf (x)isbounded,weseto, (f) = +00”

Definition1.10[1]: “TheLaplace  transform of a left-sided original f (x) = [F (2)] €
O(R_)isdefinedbyf (s) = L[f](s) = — f_((::) e s?F(z)dz.  Theimagefunction f(s)off(x) €
O(R_)isholomorphicinthelefthalf-planeRs < o, (f).

Withaleft-sidedoriginal g (x) € O(R_)withgrowthindexo, (g)andaright-sided originalf (x) €
O(R,)with growth index a_(f) form the hyperfunction h(x) =

g(x) + h(x)whosesupportisnowtheentirereal

axis.Ifg = L[g(®)1(s),Rs < o.(g)andf = LIf(t)](s), Rs > o_(f)we can add the two image
functions provided they have a commonstripofconvergence,i.e.o_(f) < o, (g)holds.”
Definition1.11[1]: “Withg(x) € O(R.)f(x) € O(R,),h(x) = g(x) + h(x),

LIR®O](s) = gG)(s) + F(x)(s), 0-(f) < Rs < 0,(g), provided o_(f) < 0,.(9).”

Definition 1.12[1]:“Hyperfunctions of the subclass D(R,) are said to be of bounded ex-ponential growth
as x — oo and hyperfunctions of the subclass O(R_) are said to be ofboundedexponentialgrowthasx —
—00,

An ordinary  function f(x) is called of bounded exponential growth asx — oo,if
therearesomerealconstantsM’ = Oando’ = Osuchthat|f (x)| <

Me® *forsufficientlylargex.Itiscalledofboundedexponentialgrowthasx —

—oo,iftherearesomerealconstantsM” = 0ando’ = Osuchthat|f (x)| <

M’ e’ * Jforsufficientlynegativelargex.Afunctionorahyperfunctionisofboundedexponentialgrowth, ifitisofbo
undedexponential growth for x — —oo as well as for x — o .Thus a hyperfunction or ordi-

naryfunctionf (x)hasaLaplacetransform,ifitisofbondedexponentialgrowth,andifo_(f) < o, (f).”

Definition 1.13[1]:”For any given hyperfunction f (x) = [F+ (2),F —(z)] its derivative

inthesenseofhyperfunctionisdefinedanddenotedas

, dF, dF_
PreO =f 0 =]
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d"Fy d"F_],,

D f(x) = f () = |, T

I11. COMPLETELYMONOTONEHYPERFUNCTIONS

Definition 2.1:A positive real valued hyperfunction f (x) = [F (Z)] defined on
(0, o0) iscalledacompletelymonotonehyperfunctionifitsatisfies (—1)" f ™ (x) = Oforallx > 0,n = 0,1,2,...
Theorem?2.2: Apositiverealvaluedhyperfunctionf (x) = [F (Z)]definedon(0, oo)isa completely
monotone hyperfunction if there exists a positive real valued hyperfunction g(x) = [G(z)] on (0, =) with
bounded exponential growth such that f (s) = L[g(x)](s), forall s > 0.

Proof:

Suppose there exists a positive real valued hyperfunction g(x) = [G(z)] on (0,00)

withboundedexponentialgrowthsughthat f (s) = L[g(x)](s),foralls > 0.
= LIg()]1(s)

ds™
= f0°° x"e* g(x)dx = Oforall s > 0

Then(=1)"f ™ (x) = (=1)"

Hencef (x)isacompletelymonotonehyperfunction.

Theorem 23:Let f (x) = [F(x)] and g(x) = [G(x)] be two completely monotone

hyperfunctions.Then f (x)g(x) is a completely monotone hyperfunction whenever the product is defined and
f(s) = L[h(x)](s) and x) = L)1) ; where h(x) = [H(2)]and j(x) =
[J (z)]aretwohyperfunctions, where s > 0.
Proof:
Productoff (x)andg (x)isdefinedwhensingsuppf (x) N singsuppg (x) = ¢
Ifs & singsuppf (x) N singsuppg (x)then

f($)g(s) = LIR)](S)LL ](s)

= L[h(x) *j(x)](s)

Thenbytheorem2.2theresultfollows

Theorem2.4:Let f (x)be a completely monotone hyperfunction and g(x) be a positivereal
valuedhyperfunctiondefinedon (0, co)suchthatg” (x)isacompletelymonotonehyperfunction, thenf o
gisalsoacompletelymonotonehyperfunction.

Proof:

Wearegoingtoprovetheresultusingmathematicalinduction

Clearly(f o g)(x) = 0forx > 0.

(fog) = (fog)g < O0since(—1) £ > 0andg >0

Hencetheresulttruefork=1.

Supposethattheresultistruefork = ni.e.(—1)*(f o g)¥ = oforallk = 0,1,2,...,n

Since- £ andg arecompletelymonotone (—=1)**1(f o g)"*!

— D [(FIo9)g]"
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= (—D" > nC((—fD°9)*gH" "
k=0

nCr [(—11*((—FD o g) 1=~k (g Y]

o

k

=0

Hencetheresultistruefork=n+1also.

REFERENCES
[1]. UrsGraf,IntroductiontoHyperfunctionsandTheirlntegraltransforms,Birkhauser,2010
[2]. A.H.Zemanian,GeneralizedIntegral Transformations,DoverPublications,Inc.,NewYork.

[3]. M.Sato, TheoryofHyperfunctionsl,J.Fac.Sci.Univ.Tokyo,Sect.1,8(1959),pp139-193

[4]. M.Sato, TheoryofHyperfunctionsll,J.Fac.Sci.Univ.Tokyo,Sect.l,8(1960),pp387-437

[5] MitsuoMorimoto,AnIntroductiontoSato’sHyperfunctions,AmericanMathematicalSociety, Volume129

[6]. K.Y osida,OperationalCalculus:Atheoryofhyperfunctions,Springer

[7]. Isaolmai,AppliedHyperfunctionTheory,Springer,\Vol.8,1992

[8]. A.Kaneko, Introductiontothetheoryofhyperfunctions,Springer,Vol.3,1988

[9]. V.S.Vladimirov(2002),Methodsofthetheoryofgeneralizedfunctions. TaylorandFrancis.ISBN0-415-27356-0

[10]. V. S. Vladimirov, (2001) [1994], ”Generalized function”, in Hazewinkel, Michiel (ed.),Encyclopedia of Mathematics,
Springer Science, Business Media B.V. / Kluwer Aca-demicPublishers,|ISBN978-1-55608-010-4.

*Corresponding Author: DeepthiA.N 11 | Page



