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ABSTRACT: Statistical distributions are in general, used in describing real-world occurrences. In line with
the usefulness of these statistical distributions, their theory is largely studied and applied to many scenarios in
real life. In this paper, we propose a new probability distribution called Exponential-Exponential distribution,
provide a comprehensive study of its theory and derive appropriate expressions for its statistical properties. The
method of maximum likelihood was employed to estimate its parameter.
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I. INTRODUCTION

Statistical distributions are in general, used in describing real-world occurrences. In line with the usefulness of
these statistical distributions, their theory is largely studied and applied to many scenarios in real life. One of the
main challenges of statisticians is to find the appropriate and efficient statistical distribution in modeling natural
life events in the form of known probability distributions. Probability distributions posed important usefulness in
modeling natural life phenomena that are characterized by uncertainty and riskiness. It was noted in [4] that the
interest in developing and modifying existing distributions to form more flexible statistical distributions remains
an arguable topic in the statistics profession; numerous generalized forms and classes of distributions have
emerged and applied to describe various phenomena a common feature of these generalized distributions is that
they have more parameters. In several fields of studies such as medicine, engineering, and finance, estimating
and analyzing lifetime data is fundamental, some lifetime distributions have been employed to model such kinds
of data, and the feature of the techniques used in a statistical analysis depends heavily on the assumed
probability distributions given this, significant efforts have been used in the development of large classes of
typical probability distributions along with pertinent statistical procedures [11]. Researchers in many fields of
study have contributed to the development and application of new probability distribution models. The
following is a brief kind of literature review on the development of new probability distribution and their
applications by different scholars such as [1], [2],[3].,[4].[5],[6], and some contributions in term of applications
of probability into various areas of life such as [7],[8],[9],[10],[11],[13],[14]

1. METHODS
2.1 The Derivation of the new model Exponential-Exponential Distribution (EED)
The probability density function of the EED is derived in this section

Theorem 1: Let X be continuous independent random variables such that; X ~ E(X, 1) follows an
Exponential distribution and, let f(X) and F(X) be the probability density function and CDF of exponential
distribution given as;

f(x)=4e”, x>0,1>0 1)
and F(x)=1-e*, x>0,1>0 )
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similarly, from [4], let,

g(x) =2 ()A-F(x)*", x>0 ®

be the pdf of the ED-X, where f(x) and 1—F(X) is the pdf and the survival function of the baseline
distribution then inserting (1) and (2) into (3) above, then pdf of the Exponential-Exponential distribution is
given as

g(x)=21%"*, x>0,1>0 (@)

2.2 Statistical Properties of the Exponential-Exponential Distribution (EED)

The statistical properties of EED especially the first four moments, the variance, coefficient of variation,
moment generating function, characteristic function, skewness, and kurtosis are obtained in this section as
follows

(i) Moments
Theorem 2: If X is a random variable distributed as an EED (X; A), then the rth non-central moment is
_ . I'(r+1)
givenby Y, = T
Proof:
U= I X" f (x;A)dx
0
< 2
= J‘x%ze‘ﬂ *dx
0
= 12_[ x"e " *dx
0
(%)
u du
Let U=A°X, X= —, OX=— then, so that (5) reduces to
A A
r
(u) _,du
=2 J' (7j e
0
A2 1
=S X—— Iure “du
A (A) %

But Iure_udu =T(r+1) then
0

- _I(r+1)

M, T (6)

the first(mean), second, third, and fourth moment is obtained by substituting r=1,2,3 and 4 respectively as
follows;
Substitutingr =1,2,3,4, in (6) we obtain the mean, the second moment, third, and the fourth moment for

EED. We also obtained the Variance from the association

V() =4 —(14)

The mean is given as
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. 1
mean = g, =—
A @

2
"7
1

Variance =V (x) = ’h

1

8)
The third and the fourth moment is given as

6
i

. 24 ©)
=g

(ii) Coefficient of variation (C.V) is a standardized measure of the dispersion of a probability distribution and
is given as;

1y

(10)

cv=2
7]
1
=\l 7
1
22
CVv =1 (11)

(iii) Moment generating function (M.G.F)
Theorem 3: If X is a continuous random variable distributed as an EED (X; A) , then the moment generating

/12
function is defined as M, (t) = —
A% -t
Proof:
M, (t) = E(e") = j e f (x; A)dx
0
M. (t) = j A%e**e¥dx
0
= izj'e*“z*‘)dx 12
0
Let u=x(A%—t), X =+ ,then dx = Su so that (12) is reduced to
(A°-1) (A7 -1)
© ., du
= ﬂzje —
N Gl )
A° Y B
=gl )]
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(iv) Characteristic function (C.F)
Theorem 5: If X is a random variable distributed as an EED (X; A1), then the characteristics function
. . A2
@, (it) is defined as ¢, (it) = ———
" (A -it)

MX(t):

Proof:

0

,(it) = E (") = [€" f (x; 2)dx

0

&, (it) = j A%+ e™dx
0

_ lzj'efx(ﬂzfit)dx 14)
0
» . u du .
Let U= X(A" —it), X=————,then dX =——— so that (14) is reduced to
(A7 —it) (A7 —it)
- /’Lz]ge_u d—U
0 (A% —it)
i A2
It) =———
¢, (i) 219 (15)

(v) Skewness and Kurtosis
Skewness is a measure of the asymmetry of the probability distribution of a real-valued random variable
about its mean and is given as;

sk = E=1)’ _ ps _ gt =Bpupy + 244

0'3 O'3 0'3
6 1Y 2 1)’
zﬁ‘?’(f)(x)”(f)
[1]3/2

T

Sk =2 (16)
Kurtosis is a descriptor of the shape of a probability distribution and is given as;
k= E-m) _ py = At + 6" 1, — 34’

4 4 4
O O (o}
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w Ao ()

[a(aZ”‘ —aA+2° )T

: B

24 24 12 3
AL
&
K=9 (17)

(vi) Cumulative distribution function (CDF)
The cumulative distribution function of a random variable X evaluated at x is the probability that X will take a

value less than or equal to x and is defined as;
X
F(x)=P(X gx):jf(x)dx
0
Theorem 6: If X is a continuous random variable from the Exponential-Exponential distribution, the

cumulative density function (CDF) is defined by F (X) =1_e_12x’ X,A>0

Proof:
f(x) =A%, X,c, A >0

F(x)= .[/Ize”lzxdx
0

= /lz‘x[e‘lzxdx

0

(18)

so that (18) is reduced to:

u du
let U=—-2°X, X=—, thendX = —
A A

N s
=-Z_[e'd
lzge u

~few]

0

recall that U = —A2X then,
B 2
— _e—/l x:|

applying the limits, then_we have

F(x)=1—e"12x, A2>0, x>0 (19)
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(vii) Survival function
The survival function is also known as the reliability function is a function that gives the probability that a
patient, device, or other objects of interest will survive beyond any given specified time and is defined as;

S(X) =1-F(X) where; F(x)is the cumulative distribution function of x then,
~1-(1-e ")

2
S(x)=e** (20)
(viii) Hazard function
The hazard function also called the force of mortality, instantaneous failure rate, instantaneous death
rate, or age-specific failure rate is the instantaneous risk that the event of interest happens, within a very
narrow time frame and is defined as;

h(x) = )

S(x)
Where f(X) and S(X) are pdf and survival function of EED then,
22 e—ﬂzx
- e—izx
2
h(x)=A4 (1)

(ix) Cumulative hazard function
The cumulative hazard function is the integral of the hazard function. It can be interpreted as the probability of
failure at time x given survival until time x and it can be defined as;

H(x) =W (F(x)) = —log(l— F (x)) = j' h(x)dx

H(x)= j.}tzdx

=2 [ dx 22)
0

H (x) = A°x (23)

2.3 The Maximum Likelihood Estimator for Exponential-Exponential Distribution (EED)
Theorem 7: Let X, X,,..., X, be a random sample of size n from Exponential-Exponential
distribution(EED). Then the likelihood function is given by

_22 i
L(at, A X) = A27e "+ 2" (24)
By taking natural logarithm of (24), the log likelihood function is obtained as;

9 yog, =2 223 %i=0

di A (25)
differentiating (25) with respect to A and equate it to zero(0) then we have

d 2n .

—log, =—-24>» xi=0 26
17100 =242, (26)

make A the subject of the formula from (26) above then,
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A

X

Therefore, the MLE of which maximizes (26) is obtained as

A

%

n
D xi
I1. CONCLUSION
Numerous distributions have been developed, defined, and proved to be widely applied in the field of

(27)

probability and statistics. In this study, we defined, studied, and established a new Exponential-Exponential
distribution and derived various properties of the new distribution, including the first four moments, moment
generating function, characteristics function cumulative distribution function, skewness, kurtosis, survival and
hazard functions, and obtain its parameter estimate using the method of maximum likelihood estimation.

(11
2.
[3].
[41.
[5].
[6].
7.
[8].
[9].
[10].

[11].
[12].
[13].

[14].

REFERENCES
Adewusi., O.A., Ayeni, T.M., Ogunwale, O.D. (2019). On The Exponential-Gamma-X Mixed Distribution. International Journal of
Research and Innovation in Applied Science; IV (X1):139-141
Afaq A., Ahmad, S. P. and Ahmed, A. (2017), Characterization and Estimation of Weibull-Rayleigh Distribution with Applications
to Life Time Data Applied Mathematics and Information Sciences (5)2, 71-79 http://dx.doi.org/10.18576/amisl/050206
Al-Agtash, R., C. Lee and Famoye, F. (2014), Gumbel-Weibull distribution: Properties and applications. Journal of Modern
Applied Statistical Methods, 13(2): 201-225.
Alzaatreh, A., Lee, C. and Famoye, F. (2013), “A new method for generating families of continuous distributions”, Metron 71(1),
63-79,
Alzaatreh, A., Famoye, F., and Lee, C. (2013), Weibull-Pareto Distribution and Its Applications, Communications in Statistics -
Theory and Methods, 42(9), 1673-1691.
Artur, J. L. (2014), The beta log-logistic distribution, Brazilian Journal of Probability and Statistics 28(3); 313-332, DOI:
10.1214/12-BJPS209
Ayeni, T.M., Ogunwale, O.D., Adewusi, O.A. (2019). Exponential-Gamma Distribution and its Applications. International Journal
of Research and Innovation in Applied Science; IV (XI1):116-120
Ayeni, T.M., Ogunwale, O.D., Adewusi, O.A. (2020) Application of Exponential-Gamma Distribution in Modeling Queuing Data.
International Journal of Trend in Scientific Research and Development 4(2); 839-842
Ayeni, T.M., Ogunwale, O.D., Adewusi, O.A., Odukoya, E.A. (2020). Estimating the Performance Measure of Exponential-Gamma
Distribution with Application to Failure Rate Data. International Journal of Scientific and Research Publications;10(3); 768-771
Ayeni T.M., Ogunwale O.D., Odukoya E.A. (2022) On some inferences on modeling Covid-19 deaths in Nigeria using Rayleigh
and Weibull Distribution International Research Journal of Modernization in Engineering Technology & Science (IRIMETS);
4(6);2797-2801
Faton, M. and Ibrahim E. (2015). Weibull Rayleigh Distribution: Theory and Applications. Applied. Mathematics and Information
Sciences. 9(4), 2127-2137 http://dx.doi.org/10.12785/amis/090452
Nadaraja, S. and Kotz, S. (2005). The beta exponential distribution; Reliability Engineering and System Safety 91(6); 689-697
www.elsevier.com/locate/ress
Ogunwale, O.D., Adewusi, O.A., Ayeni, T.M. (2019). Exponential-Gamma Distribution. International Journal of Emerging
Technology and Advanced Engineering; 9(10):245-249
Ogunwale O.D., Ayeni T.M., Odukoya E.A. (2022) Modeling Covid19 Deaths in Nigeria using Exponential-Gamma Distribution
International Journal of Multidisciplinary Research and Analysis 5(6);1456-1460 DOI: 10.47191/ijmra/v5-i6-32

*Corresponding Author: Ayeni Taiwo Michael 19 | Page



