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l. INTRODUCTION

Despite the fact that fractional derivatives have a long mathematical history, physics did not utilize
them for a very long time. The fact that there are multiple non-equivalent definitions of fractional derivatives [1]
may be one reason for their unpopularity. Another issue is that due to their nonlocal nature, fractional
derivatives lack a clear geometrical meaning [2]. However, during the past ten years, mathematicians and
physicists have begun to pay considerably greater attention to fractional calculus. It was discovered that
fractional derivatives may be used to neatly simulate a variety of applications, notably multidisciplinary ones.
For instance, fractional derivatives can be used to describe the nonlinear oscillation of earthquakes [3] and the
flaw introduced by the assumption of continuous traffic flow in the fluid-dynamic traffic model [4].Fractional
order differentidl equétions have lately been shown to be useful tools for characterizing many physical
phenomena [5], and fractional partial differential equétions for spillage flow in porous media are presented in[6]
based on experimental evidence. Mainardi [7] provides an overview of a few fractional derivative applications
in statistical mechanics and continuum theory. Numerous writers have looked at the analytical findings about
the existence and uniqueness of solutions to the fractional differentidl equations [8]. Over the last several
decades, methods such as Adomian's decomposition approach, He's variational iteration method, and others
have been utilized to solve fractional differential equéations, fractional partial differential equétions, fractional
integro-differential equations, and dynamic systems with fractional derivatives [9].

1. DEFINITIONS
This section presents the definitions of fractional derivatives, the Laplace transform and some properties related
to them.
Definition1. Let yp > 0 is a non-negative real number, n = [y] is a non-negative

integer number and t > a [10], then
o the Riemann-Liouville integral is given by as

1

RO () = )

f(t — 1)V 1¢p(1)dr, >0,
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o the Riemann and Liouville fractional derivative is

RLDE(I)(t) = ( Dt f(t — )" g (1)dr, >0,

e the Caputo derivative is given by as

CD”(I)(t) = f(t — ) 1D ¢p(T)dr, 7>0.

Definition 2. Let y € (0,1), ¢ € H'(a,b), t>a and b > a, then [11]

e the fractional derivative of Atdngana and Baleanu in Riemannsense is

ABR 9y (1) = SZ3(1)) fd’() n( (t—_ )O>dr, >0,

e the fractional derivative of Atangana and Baleanu in Caputo sense is

ABCD) (1) = (I)) f & Es ( T;) dr, >0,

e the fractional derivative of Caputo and Fabrizio in Riemann sense is

CFED () = %%J $(1) exp (— (1_ ﬂ) dr, >0,

e the fractional derivative of Caputo and Fabrizio in Caputo sense is

CPED) () = f $' ex ( ﬁ:?)ch, >0,

Where  8B(y)is a normalization function such that 8(0) = 8(1) = 1and E, (—I) (H)U)is

1-9
the Mittag-Leffler.

Definition 3. Assume that $ is a function of the (time) variable with real or complex values greater than
zerothen, theL T of ¢ (t) is defined as [10,11],

Slp®] = J P(st) e7tdt = G(8), 8 €C.
Now it is possible to mention some of the ne(::essary features related to this work,
s {62, T} = 6(),
s{® D”f(t)} = 6796(s) — Zhzp s DY (),
s{6o; f(t)} = 5796 (s) — LRZ6 sK O DEF(0).

s (#5010} = o2 96(s),

> wbdh =
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5 s {ABgD?f(t)} — 1_?;:?;53 (,50(5(5) — ,59_1f(0));

6. s{“oin] = %56(5),
7. Stap {50 ()} =1 f;_‘fw (86(s) — F(0)).

I1l.  ALGORITHMS OF LAPLACE ADOMIAN DECOMPOSITION METHOD
In this part, we will look at the methods of the Sumudu Adomian decomposition technique

for fractional differential equations with the fractional derivatives listed below (Riemann and
Liouville, Caputo, Caputoand Fabrizio in Riemann sense, Caputo-Fabrizio in Caputo sense,
Atanganaand Baleaneu in Riemann sense, Atanganaand Baleaneu in Caputo sense).

Algorithm of Method for FPDEs With Riemann-Liouville Sense [12]

Suppose the fractional differential equation involving the fractional derivative Riemann-
Liouvilleis written in the following form,

REDEX(x, 1) + R(X(x, 1)) + NV (X(x, 1)) = g (=, 1), €))
with the initial condition®5Df=%~1%(x,0) = X{7%"1(x), where®4D? isRiemann-Liouville
derivative, R denotes a linear operator, N'denotes a an non-linedr operator, gdenotesa
source term andf = 0.

By performing the ST to both sides of Eq (1),

s [R{;Dfﬂx, t)] = S[g@,t) — R(X(x, 1) — N (X D)], @)
using the ST's property, Can be obtained,
87 % (x, 1) — ni 8L DEIR1%(2,0) = S[g(x, £) — R(X) — N (X)], 3)
k=0
X(x,1) = ni SR XER () + 878 [g (2, £)] — SIS[R(F)] — 8ISV (X)], (4
On both sides ]:fOEq.(4), perform the inverse of the ST,
X(x,t) = S%aeg—k—l(x) +571 [l )] - s [s'S[RGD) + N ®)]], (5)
=0

in the following infinite series, we represent the solution,
X t) = ) X5 0),(6)
i=0
thus it is possible to separate the non-linear term into,

N(EED) = ) AE D), ()
i=0

where, o, (,(x, 1)) = +-2 [N (X0 a"E)],_, =012,

i!dal
R (Z %n) + Z A, (%),
n=0 n=0

; (8)

Z X, =6(xt)-S1|sts
n=0

SubstitutingEgs.(6,7) into Eq.(5),
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—k-1
where,&(x, £) = 1= 3W S H @+ s |sslg @ 0)1],
By comparing both sides of Eq.(8), the following result can be obtained
%0 = 6(x, 7[:),

£n+1 = _5_1

sts [R(i 3€n> + i c/zncae)l .
n=0 n=0

1. Algorithm of Method for FPDEs With Caputo Sense [12]

Suppose the fractional differential equation involving the fractional derivative Caputois written
in the following form,

DExX(x,t) + R(X(x, 1)) + N (X(x, £)) = g(x,2), (9
with the initial conditionX®) (x,#) = XX (x), where§D? isCaputo derivative,R denotes a linear

operator, N'denotes & an non-linear operator , gdenotesa source termandf > 0.
By performing the ST to both sides of Eq (9),

S[6Dfx(x, )] = S[g(x. ) — R(X(x, 1)) — N(X(x,1))], (10)
using the ST's property, Can be obtained,
n—1
s E(xt) — 2 S X0 (4, 0) = S[g(x, 1) — R(E) — N (E)], (11)
k=0
n—1
¥(xt) = Z 85 X () + 58S [g(x £)] — US[R(®)] — £°S[N (D)), (12)
k=0
On both sides of Eq.(12), perform the inverse of the ST,
n—1 k

T
— k =1 _c—1|c?
X(x,1) = kZOF(H @ +s |85l 0] - 57 [s*SIR@E) + N (®)]|,  (13)
in the following infinite series, we represent the solution,
X t) = ) X o), (18)
i=0
thus it is possible to separate the non-linear term into,

N(E(@ ) = qui(aei (x,1)), (15)

Where, A,; (% (x,1) = —5a [N(Zn 0@"¥%,)],_ i=
0,1,2,...
SubstitutingEqgs.(15,14) into Eq.(13),
X, =6 t)—Sst|ss :R( 3en> + ) A, (%) (16)
> )+

where, S(x, t) = ¥ or(k+1)$k(x)+5 [s~slgx 0)1],

By comparing both sides of Eq.(16), the following result can be obtained
xO = 6(xl t):

8tS [R(i xn) + i An(x)l .
n=0 n=0

Xy =—5"
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Algorithm of Method for FPDEs With Caputo-Fabrizio-Riemann Sense [13]

Suppose the fractional differential equation involving the fractional derivative Céputo-Fabrizio-
Riemannis written in the following form,

CFRDIX(x, ) + R(X(x, 1)) + N (X(x, 1)) = g(x, 1), 17)
with the initial conditionX(x, 0) = X,(x), where®%¥D¢ isCaputo-Fabrizio-Riemann derivative,R
denotes & linear operator, N'denotes & an non-linedr operator , gdenotesa source termand0 <
£ <1

By performing the ST to both sides of Eq (17),

S[TEDEx(x, 0)] = S[g(x, £) — R(X(x, 1)) — N (X(x 1)), (18)

using the ST's property, Can be obtained,
B¢ _

s {,( +) “15355;' 2 = S[g(xt) - RE) - N (®)], (19)

_ -0+ 43

X(x,t) = B0 Slg(x £)] = S[RE)] = S[V (XD, (20)
on both sides of Eq.(20), perform the inverse of the ST,

|1 —=2+1s L [1—=2+4s
X0 =57 Wsmwad 57 | g CR@I+sv@D], @

in the following infinite series, we represent the solution,
X t) = ) X0, 22)
thus it is possible to separate the non-I;Oear term into,
N(X@x 1) = Z Ai(%:(x1)),(23)

where, Ai(Xi(x 1) =-— [N(Zn 0" %,)] _ i=012,..

ildatl

SubstitutingEgs.(23,22) into Eq.(21),

= Ji-e+es C C
;xn =G t) =57 e < (Z ) Za‘l (%) ) (24)
1 {+48

—_ c¢—1
where, Sx 1) =57 |5 S[g(x,t)]],

By comparing both sides of Eq.(é4), the following result can be obtained
Xy =Xo(x) +S(x, 1),

a1t +es S S
X, =S @ (5 [R (;xn) + Zocﬂn(as)m.

Algorithm of Method for FPDEs With Caputo-Fabrizio-Caputo Sense [13]

Suppose the fractional differential equation involving the fractional derivative Céaputo-Fabrizio-
Caputo is written in the following form,

CFEDEX(x,8) + R(X(x,8)) + N (X(x, 1)) = g(x, 1), (25)
with the initial conditionX(x, 0) = X,(x),where®*%D? isCaputo-Fabrizio-Caputo derivative,R
denotes a linear operator, N'denotes & an non-linedr operator , gdenotesa source termand0 <
£ < 1.
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By performing the ST to both sides of Eq (25),

S[F6Dix(x, )] = S[g(x. £) — R(X(x, 1)) — N (X(x,1))], (26)
using the ST's property, Can be obtained,

1—-¢+4s  _ _

B0 [8X(x, ) — X(x,0)] = S[g(x 1) — R(X) — N (X)], (27)

_ X(x,0) 1—¢+71s

X(x,t) = 10 (Slgx )] = S[RE)] = SNV )], (28)
On both sides of EQq.(28), perform the inverse of the ST,

£ 8) = 2 () + 57 | 2 S )
%1) = Xolx sB(0) IV
1=t +1ts
57 g CR@ITSIVED], @9

in the following infinite series, we represent the solution,
X 6) = ) X0, (30)
thus it is possible to separate the non-Ii;loear term into,
N(E(, t)) = 2 A(%,(x ), (31)

where, A (X (1) === [N(Zn 0a™%,)] _ i=012,..

ildat

SubstitutingEqgs.(31,30, into Eq.(29),

Y %, =6 - 5 %(;) ‘S< (Z >+Z¢zn(a€) ) (32)
n=0 n=0
where, S(x, 1) = ¥y(x) + 71 [15;;?5[9(% f)]],

By comparing both sides of Eq.(32), the following result can be obtained
X, =6S(x, 1),

a1+t S S
o= [ g ({20« 28]

V.  Algorithm of Method for FPDEs With Atangana-Baleaneu-Riemann Sense [14]

Suppose the fractional differentiadl equation involving the fractional derivative Atangana-Baleaneu-
Riemannis written in the following form,

ABRDEIX(x, 1) + R(X(x, 1)) + N (X(x, 1)) = g(x, 1), (33)
with the initial conditionX(x, 0) = X,(x), whereBXD? isAtangana-Baleaneu-Riemannderivative, R
denotes & linear operator, N'denotes & an non-linedr operator , gdenotesa source term
ando< £ <1.
By performing the ST to both sides of Eq (33),

S[BEDLX (2, 1)] = S[g(x, t) — R(X(x, ) — NV (X(x, 1))], (34)
using the ST's property, Can be obtained,
B(?) — B
=73 757° ¥ t)[ Slg(x1) —R(®) - N (X)), (35)
_ 1-¢+4s
X(x t) = B Slg(x, )] — S[RO] = SV @)D, (36)
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on both sides of Eq.(36), perform the inverse of the ST,
1 1—4+ st 1—¢+ s
8IB(F) stB(L)

in the following infinite series, we represent the solution,

X(x,t) =S~ Slg(e, ]| -8 SR +SNVED]|,  GB7D

X t) = ) X0, (38)
i=0
thus it is possible to separate the non-linear term into,

N(EED) = ) AX D), (39)
i=0

1 4! o .
where, A (X (x, 1) = s V" %)),y 1=012,..

SubstitutingEgs.(39,38) into Eq.(37),

S 1— ¢+ s N N
_ _c¢—1
ngzo %, =600 - 57— (s R<nE=O 3en> + nio A, (%) ) , (40)
1 |a-0st+e
where, S(x,t)=§ 1 [W({;S[g)(x, t)]],

By comparing both sides of Eq.(40), the following result can be obtained
%0 = %O(x) + G(xl t)ﬁ

S Lo

_ _c¢1
%n+1 =-5 I 5€%(€) Z

VI.  Algorithm of Method for FPDEs With Atangana-Baleaneu-CaputoSense [14]

Suppose the fractional differential equation involving the fractional derivative Atangana-Baleaneu-
Caputois written in the following form,

ABCDEX (2, 8) + R(X(x, ) + N (X(x, 1)) = g(x, 1), (41)
with the initial conditionX(x, 0) = X,(x), where*$DisAtangana-Baleaneu-Caputoderivative,R
denotes & linear operator, N'denotes a an non-linedr operator , gdenotesa source term
ando < ¥ <1.
By performing the ST to both sides of Eq (41),

S[BEDEX(x, 1)] = S[g(x £) — R(X(x, 1)) — N (X(x,1))], (42)
using the LT's property, Can be obtained,
B —
1= 75750 {’(+)1?5{’ [sff(x, ) — 5‘:1%@, 0)] =S8[g(x 1) — R(EX) — N(X)], (43)
— Xg(x) 1—-¢+7°¢
%0 = 20 g 196 O] - SREO) - SV D), (44)
On both sides of Eq.(44), perform the inverse of the ST,
o) = X () + 51 |t 10 ]
(6 = %0(@) + 57 |z Sloe )
1=t + st
-5 [W@) (S[RE®)] + S[N(%)D], (45)

in the following infinite series, we represent the solution,
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X(x, ) = z X, (x, 1), (46)
i=0

thus, it is possible to separate the non-linear term into,

N(ae(x, 1)) = z A (%:(x,1)),(47)

where, Ai(Xi (1) =-— [N(Zn 0a"¥%,)] i=012,..
SubstitutingEgs.(47,46) into Eq.(45),

C 1— 0+ 68! C C
Z = S(x,£) — §1 sl an +zc/ln(1-') , (48)
'8
n=0 n=0 n=0
_1 [1—t+est
where, G(X, ’t’) = £0(x) +s571 m&‘[ga(x, t)]],

By comparing both sides of Eq.(48), the following result can be obtained

X, = S(x, 1),
ittt S S
X, = -8 [75{,% @ (5 [32 (T;xn> +nzocﬂn(ae)]>]

IV. CONCLUSION
The Sumudu Adomian decomposition method is considered one of the oldest nd most important ways

to find the &pproximate solution to differential equations. Many reseérchers have taken this method to solve
many famous equations, so we presented this study to help researchers interested in this method facilitate their
task, shorten the time and reduce efforts.
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