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I.  Introduction
Consider the following abstract fractional integral equations with respect to functions:

t

t
1 dy(s) w( )
u(t) = uy + ——— t) —Y(s —A ds+— t p-1 s,L(s)u(s))ds
() = uo F(ﬁ)of[w() ()1~ (s) r(ﬁ) [Y(©) =) ——f(s.L(s)u(s))
Where 0 < 8 < 1, A is a linear closed operator defined on a dense set S in a Banach space E, and i is a real
bijective functions, which has continuous derivative dlp(s) on a finite closed interval | = [0,T], ¥(0) =0,

Y©) 20, 2> 00n] ()

Is the gamma function, L(t)u(t) = (B;(®)u(t). ... ... B.()u(t)), By (t). ... ... ... B.(t) are families of linear
closed operators, defined on dense sets S; ... ....S, D S repectively in E. f is a given abstract function defined
on/ X E"toE .

It is assumed that A generates a- times integrated semi groups {Q(t):t € J},0 < a < 1 such that {Q(t): t € J}
Is a family of linear bounded operators on E to E, with the following properties :

(i) Q(¢t) is strongly continuous on J.

(ii) The operator (AI — A)~?! exists and:

A=A = 2% [" e Q(Ddt (1.2)

forall 2 > 1, > 0, the interval (4,,00) is contained in the resolventof A, Q(t)h € S, for everyt >0,h €
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E.
(i) Q(O)h = r( oy h+ f AQ(s)hds forevery he€E . (1.3)

In section 2, we shell study the linear case.

In section 3, we solve the equation (1.1).

In section 4, we give an example.

The applications can be founded in the theory of elasticity and also in the quantum mechanics, see [1-3].

I1.  The linear case
Let us study now equation (1.1), when f depends only on t.
In other words, let us try to solve the following equation:
t

u(®) = o + 5 f w(© - @ur P puoyas
ap(s)
+ f WO - T wds, @D

Suppose that the abstract derivative ‘Z—’; Where f is a given abstract continuous function on J, with values in E.
exists and continuous on J .

We shall consider the following operators:

AQ) = f 1p(0)Q(tP0)do
0

A (¢) = BeP1 f 035(6)Q(t6)d6
0
Where {g(t) is a probability density function defined on [0,00] by
1 41 _1
(=5t P op(¢7) 22)

pp is the one-sided stable probability density function.

The Laplace transform of these functions are given:

j e pp(t)dt = exp(—pP) @3)
0
[ o (—p)
e Pt p(t) (dt = ) ——r
Of LT+

We shall consider the following definitions:

a*f@® _
dt“ 0() dt

f (t — )" f(s)ds

1 L df(s) t=a
- F(l—a)f(t_s) s Crtra-o/©

1 t
I“f(t)zmj(t—s)“‘lf(s)ds 0<a<i1
0
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(see [4-12].
Theorem 1.1.

The solution u(t) of equation (2,1) is given by u(t) = v(¥(t)) ,where

v(6) = 25 [AOuo + [ 4~ )f ()]

Proof.
Consider the equation:

v(t)=u

1 t
- —)B-1 -1

Where 1~ tis the inverse function of 1.

Set s = (Y(1)),s0:

v(®) = o + 5 [ O = @) M Av@(E) + f)] L dr

Thus u(t) = v((t)).

Now let us try to find v.

Let(p) and §(p) be the Laplace transforms of v(t), and g(t) respectively, where g(t) = f(¥~1(t)) .
It is easy to find:

7(p) = @1 = A7 PP uo + G(P)]-

Using (1,2) and (2,4), we get

() = f et Q(0)[pPuo + G(p)]dt @5)
0

From (2,3), we can write:

< 1
exp(—tpf) = f e‘petﬁpﬁ(e)de (2,6)
0

Differentiating (2,6) with respect to p , we get

P 1

exp(—tp?) = p*Fp~* f 0tF e P9 p,(0)d6 2.7)
0

From (2,5), (2,6) and (2,7) one gets:

7(p) = p* | 7P U pp(6)Q <9—ﬁ) uy d ] dt
0 0

—+

b f ot [ f BOPF10,(0)Q (97) g(p)deldt (2,8)

From (2,2) and (2,8), one gets:
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v(p)

p“ﬁf e Pt U 0(0)Q(tP0) uy do

dp+p“ﬁf e Pt U 0BtF125(0)Q(tP6) G(p)do |dp (2,9).
0 0

According to properties of the Laplace transform of fractional derivatives and noticing that Q (0) is the zero
dement in E, one gets from (2,9):

_ d
(O = gear

[A(t)uo + f A(t - n)g(n)dn‘ (2,10)

0

Hence the required result.

Noticing that:

aeh T(a+1)
af — a —
g 1P =T(ap + 1),f 095(0)d6 = TR
0
And using (1,3), (2,10), we get:
ooBtB
d#
o(6) = up + ta,; f f 5 ()AQ(s)ugdsdf + f A (t = n)gGdn 211)

It is easy to rewrite formula (2,11) in the following form:

o gth t o8 4o
ORI f f QG uods + [ K= m) s gulman + 5z f X (e =g
0 0
Where go(s) = g(s) ~ 9(0) 212)

Also, we can rewrite formula (2,12), in the following form

U(t) = uO

d%h ]

dtap

aeh
fA*(t —1)[g(0) + Auyldn + f Nt —1n)— JtaF go(m)dn whereuy, € S. (2,13)
0 0

If (0) = u(0) =0, 0 is the zero in E , we can write

t

ap

d
v(©) = [ N (=) ety

0

In this case, we get:

u(®) = v((®) = [P Ap® —n) Sz gan.  (214)

I11.  Nonlieaner integral equations

Consider the following equation:

1 t
B-1
u(®) = s f () — p(s)]

Where £*(t, L()u(t)) =

lll()

Aus)ds + —— f () — (ot T

) — 2 sLu)ds (3,1)

r(aﬁ)f (t = )P f (s, L(s)u(s)ds.

It is assumed that f is uniformly Holdre continuous in t € J ,that is:
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If(tv) — fEWI < K(ty — t,)¢, forallt, >t ty,t, €](3,2)
Where v € E" and K, ¢ are positive constsnts, ¢ < 1, ||"|| is the norm in E.

It is assumed also that the Lipchitz condition

If ™) = FEnl < K ) llvi = v (33)

=1

Is satisfied for all v, v* € E, (v = (vq, -+ ,1,.), v* = (v], -, 17)),
Where K is a positive constant.

About the operators B, (t), --+,B,.(t), we assumed that functions B, (t)hA,.....,B.(t)h ,are uniformly Holder
continuous in J for h € N}, S;.

It is assumed also that
K
IB(t)Q(t Al < 7 (el 34
1

Where K is positive constant, 0 <y < 1,t, € ],t; € (0,T].

We notice that the solution u(t) of equation (8,1) can be represented by
u(t) = v(¥(®)) (35)

Where

YL v(P(s))) ds

1 t i 1 t(t—S)ﬁ_lf*(
=—— —5)8-1 _
v(t) F(ﬁ)!(t )P~ Av(s)ds + F(ﬁ)oj 3.6)

Set V(t) = f(t,L(t)u(t)), we can write , by using formula (2,14), the following representation:
t

o(t) = f At — )V () d

0

Thus

] d
w® = vy ©) = [ 8 0O ) L vemar 67
0

Let Cz(J) be the set of all abstract continuous functions u on J , with values in E.
We define a distance function d (u,v) by

d(uv) = max[e*lu(t) - v(®)]

Where A is a positive number . It is clear that (C;(J), d(u,v)) is a complete metric space.

We shall solve equation (3.7).

Theorem 3.1. If u;,u, € Cg(J) are two solutions of equation (3,7), then u, (t)=u,(t), forall t € J.
Proof.

According to the conditions (3,3), (3,4), and gets

V1 (8) = V(D] <

*Corresponding Author: Mahmoud M El-Borai 38 | Page



Integrated semi groups and some nonlinear fractional integral equations with respect to functions

< K Jy [ = pm1° Vi (r) — Vo)l dny
Where § = (1 — 8),K is a positive constant, V;(t) = f(t,L(H)w;), i = 1,2.

According to the properties of the function ¥ and the mean value theorem, we can find a positive constant K

such that
t

V() - ROl < K f (& = )P Vs () = Va()lldy

It is easy to see that

V() — Vo (Ol < KAY8d(V,. V) f e’ ds + Kd(V,.V,) f e’s(t —s)%tds
0 0

Thus
)

at V) <K (3) 1+ pdv)

. s 1
Choosing 4 sufficiently large such that s = K (Z) (1 + E) <1,

We get d(V,.V,) = 0. Hence the required result.
Theorem 3.2. Equation (3,7) has a unique solution u € Cz(J).

Proof. Set
Vi (©) = f(t. LOug (D)
Thus

d(Vir1, Vi) < vd Vi, Vie—1)

By induction, we get

d(Vier, Vi) SVEd(V. 1)

where V,, is zero approximation, which can be takes the zero element in E.Thus the sequence

{Vr ()} uniforomaly converges in the space Cg(J) to a continuous abstract function V (t), which satisfies

V(©) = f(t. L{tu(t))
Hence the required result. (see [13-22].
4-Example

Letp>1,0<a< ijl . suppose that LP[0.1] is the set of all measurable functions f such that follf(x)lpdx

exists.
Define an operator A by:

- _W®)  a
UNE) = -2+ 21 ()
The domain of definition S of A is the set of all absolutely continuous functions f defined on [0.1] with f(0) =

0.2 e rrfo].
The considered operator A generates the integrated semi group Q(t), where
t

QWHX = fx“(x —$)"*f(x —s)H(x — s)ds. x € [0.1]

0
H Is the Heaviside function.
Consider the following equations

u(x.6) = 9() + 15 [ (O = PP B2 (=22 4 Lux o)} ds + o [ (0 -
0]t 1Mf(x-s)ds,

L di(s) (uCr.s)
B s { F ;u(x s)}ds

uGe.) = o [ ~ o))

f w(© - v L e s ues)ds

S
I'B)

f*(x.s.u(x.t)) = f(t — $)P1f (x.s5.u(x.s))ds

F'(ap)
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These equations can be solved as in section 3.
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