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ABSTRACT: In this paper, we find the general solution of % =z—u’by
determining the infinitesimal generator of a one-parameter Lie group which
leaves the equation invariant. Employing the group invariant as the new
independent variable, the equation is transformed into one which is solved
by a quadrature.
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I. INTRODUCTION

The general solution of a first-order ODE may possibly be found if one can
determine a symmetry group, i.e., a one-parameter Lie group the action of
which on R? leaves the equation invariant [1], [2]. The method has been
successfully applied to several particular equations [3]. If the equation is
expressed in the form

du
T = F(z,u), (1)

then the symmetry algebra, i.e., the Lie algebra of the symmetry group, is
generated by the vector field

0 7]
v = {(x, u)a-i—(‘f)(l.', u)aa (2)

the infinitesimal generator of the group. The components £ and ¢ of v must

satisfy the underdetermined first-order PDE

2+ (du — &a) F — EuF? = EF, + OF . (3)
Any pair (&, @) which satisfies Equation (3) yields a symmetry vector (2). If
F(:E: U)&(ZE: u’) - (fJ(I., 'H-) #:é 0: (4)

then Equation (1) can be solved by either one of two methods. The first is
to note that, in view of Equation (3), if Equation (1) is expressed as

F(z,u) - % =0, (5)
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then
1

I = .
F(x, u)e(x, u) — ¢z, w)

is an integrating factor which makes Equation (5) exact. It is then solved

by computing a potential function. The second is to transform into new

coordinates (y,w) in terms of which Equation (1) becomes % = G(y) and
may then be integrated. The new coordinates are given by y = n(x, u) and

w = ((x,u), where the functions n and ( are determined by the equations
9 oC | oC _

ad .
v = ¢ + o5l =0 and v(¢) = {52 + 052

a dr L (6)

The group invariant n is determined by the solution 7(x,u) =constant of
the equation

de du
E(z,u) @z, u)
If Equation (4) is violated, then this method also fails because Equation (7)

(7)

becomes equivalent to Equation (1).

We shall apply this method to solve the nonlinear equation

gz;c—ug. (8)

In addition to the foregoing, the procedure will involve solving an initial-
value problem for a third-order linear ODE. Equation (8) is of interest as it
cannot be solved by any of the standard elementary methods.

II. A SYMMETRY VECTOR FOR EQUATION (8)
For Equation (8), F(x, u) = = — u? and Equation (3) becomes
&z + (du — &x)(x — 'ug) — &ulz — ug)g =& 2ug. (9)

As the general solution of (9) is not required and may be too difficult to
determine, we seek a simple solution of the form

E(w,u) = a(xr) and ¢(x, u) = b(x) + c(x)u. (10)

Then, denoting derivatives with respect to x by primes; Equation (9) is
satisfied if

c+a =0
c+26=0
bV+ac—xa" —a=0
with the solutions ¢ = —a’, b= a;, and
a" — dxa’ — 2a = 0. (11)

Since 0 is an ordinary point of Equation (11), the general solution takes the
form

oo
a = Zan;ﬁn, (12)
n=>0

with the coefficient recursion relation

2(2n + 1)a,

('n—l— 1)(n.+ 2)(?1_’_3): n =0 {13)

An43 =
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For reasons which will become apparent later, we require only the particular
solution which satisfies the initial conditions ap = a(0) =1, a1 = a/(0) =0
and as = a”(0) =0,

=

o0 ok .
2%.1.7-13-19...(6k -5
Yy 6k -5) o, (14)

= (3K)!

with infinite radius of convergence. Thus, with a defined by (14),

&(ryu)=a(r) and @(x,u) = %a."(;c} —a'(z)u, (15)

(2) is a symmetry vector for Equation (8).

IIT. THE SOLUTION OF EQUATION (8)

We require functions n(x,u) and ((x, u) satisfying

v(n) =ans + Ga" - a’u) =10 (16)
and
V(¢) = aCe + (% - ) =1, (17)

The solutions of Equations (16) and (17) are
n(r, u) = a(xr)u — %a’(i‘) and ((r,u)= f(x), (18)

respectively, where f'(x) = ﬁ
Let y = n(z, u) = au — %a’ and w = {(x,u) = f(z). Then = = F(w), where
F is the inverse function of f, and

dF dw dF 1

F(f(x) =1 dwdr L dw F) “©

In addition,

d;c_dFdw_ dw
dy dwdy “dy

. ’
and, from y = au — %a’: we obtain u = £ + 4-. Then

du  Ou . dudr 1 . —a' . aa” — (a')?] dw
e s = L [ g2=
dy 9Jdy Oxdy a a2’ 2a? dy
and 4
du_ 3y 1 _a  a” ()
dx % a?% agy 2a 20?2
Eqguation (8) then transforms into
1 a’ a’ (CL!)Q o y a’ 2
a? 2V oa 2az TF a 't oa)
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which simplifies to

dw 1
dy  1[2aa" — 42a® — (a')?] — 2

(19)

Note that the quantity g(z) = 2aa” — 4xa® — (a’)? vanishes at = = 0 since
a'(0) = a”(0) = 0, and it is constant because

g'(x) = 2a(a"” — 4xa’ —2a) =0

by Equation (11). Hence,

2aa" — 4ra® — (d')? =0, (20)
and (19) reduces to
dw 1
dy ¥

with the solution w = é + k, where k is an arbitrary constant. In terms of
the original variables, we obtain

1 1
/ dr = — + kK,
. a(.L) au — §a’

or, absorbing k into the arbitrary constant of integration,
_a L 1
~ 2a L g.°

2a a f m dr

U (21)
It can readily be verified that (21) satisties Equation (8) by making use of
the relation (20).

IV. CONCLUSION

A nonlinear ODE of the first order is solved by the Lie symmetry method.
The procedure is further complicated by the components of the symmetry
vector being given by the solution as an infinite series of a third-order linear
equation, upon which suitable initial conditions needed to be imposed.
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