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ABSTRACT

In this paper, we define a ii-open set in a bitopological space as follows: Let (X, T1, T2) be a bitopological
space, a subset A of X is called a (TT -ii- open set) if there exists U ,VO,X and UVET UT, such that: A=int?
(V) 1. A=int!(U) 2. AC CL (ANU) or or A< CL? (ANV) We study some characteristics and properties of this
class. We also explain the relation between ii-open sets and open sets, i-open sets and a-open sets in
bitopological space. Next, we define ii-continuous mappings on bitopological spaces with some properties.
Keywords: a- open set, i- open set, ii- open set, bitopological space. , Pairwise S**G - Separation axioms

. Introduction
Let A be a subset of the topological space (X, ), then the union of all s**g open sets contained in the
subset A of X is called the s**g interior of A and denoted by s**g int (A). The intersection of all s**g closed
sets X containing a subset A of X is called the s**g closure of A and is denoted by s**g cl(A).
In this chapter we will consider pairwise s**g - Ri spaces [ i = 0, 1], pairwise s**g - Ti spaces[i=0, 1, 2, 3, 4,
5], pairwise s** g - regular spaces, even s**g - Urysohn spaces, even s**g - normal spaces, even s**g -
completely normal spaces in bitopological spaces.

Pairwise S**G - Separation axioms

In this section, the concept of pairwise s**g-separation axioms is introduced and its basic properties in
bitopological spaces are discussed.

Definition Let (X, 1, 2) be a bitopological space and let A X then the
intersection of all 1 2 - s**g - closed sets of X containing a subset A of X is

called 1 2 - s**g closure of A and is denoted by 1 2 - s**g cl(A).

Definition Let (X, 1, 2) be a bitopological space and let A X then the

union of all 1 2 - s**g open sets contained in a subset A of X is called 1 2-
s**g interior of A and is denoted by 1 2 - s**g int(A).

Definition A bitopological space (X, 1, 2) is pairwise s**g- RO if for each
i-s**g-opensetG,x G implies j-s**g-cl({x}) G, wherei,j=1,2and
i#j.

Example Let X = {a, b, c},tl ={ ,X, {a,c}} and12 ={ , X, {b, c}}.

Clearly the space (X, 1, 2) is pairwise s**g - RO.

Theorem In a bitopological space (X,1,2) the following statements are
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equivalent ;-
(X, 1, 2)is pairwise s**g- RO.

For any i - s**g - closed set F and a point x F, there exists a U s**gO(X, j) such that x U and F U fori,j=1, 2
and i#j.

For any i-s**g - closed set F and a pointx F, j-s**g - cl({x})

F= ,fori,j=1,2andi#].

Proof.i)ii): LetFbea i-s**g - closed setFand a point x F. Then by

i), j-s**g-cl ({x}) X-F,wherei,j=1,2andi#]j. Let U=X—j-s**g -
cl({x}) thenU  s**gO(X, j)and also F Uandx U.

iii) : Let F be ai - s**g - closed set F and a point x F. Suppose the given conditions hold. Since U s**gO(X, j),
Ui-s**g-cl({x}) =. Then Fj - s**g-cl({x}) =, wherei,j=1, 2 and i #].

i) : Let G s**gO(X, i) and x G. Now X — G is i - s**g closed and x X — G. By iii), j - s**g -cl({x}) (X - G) =
and hence j - s**g - cl({x}) G fori,j =1, 2 and i #j. Therefore, the space (X, 1, 2) is pairwise s**g- RO.

Definition A space (X, 1, 2) is said to be pairwise s**g- R1 if for each x,
y X, i- s*¥*g-cl({x})# ]- s**g- cl({y}), there exist disjoint sets U
s**g0O(X, pand V s**g0O(X, i) such thati - s**g- cl({x}) Uand |-

s**g- cl({y}) V wherei,j=1,2 and i #].

Example Let X=1{a,b,c},1l ={ ,X, {b,c}}and12 = { , X, {a}}. Clearly the space (X,1,2) is pairwise
s**g - R1.

Theorem If (X,1,2) is pairwise s**g - R1, then it is pairwise s**g- RO.

Proof. Suppose that (X, 1,2) is pairwise s**g- R1. Let U be a j -s**g - open
setand xU. Ify U, theny X —Uand x j - s**g - cl({y}). Therefore,

for each pointy X -—U, i-s**g-cl({x})# j-s**g - cl({y}). Since (X, 1,
2) is pairwise s**g- R1, there exist a j - s**g - open set Uy and a i - s**g- open

set Vy such that i - s**g- cl({x}) Uy, j-s**g-cl({y}) Vy and Uy Vy =

,wherei,j=1,2andi#j. Let A= {Vy/y X-U} thenX-U A x
Aand A is j - s**g- open set. Therefore, j-s**g-cl({x}) X-A U.
Hence (X, 1, 2) is pairwise s**g- RO.

Theorem A space (X,1,2) is pairwise s**g- R1 if and only if for every

pair of points x and y of X such that i -s**g- cl({x}) j-s**g-cl({y}), there
existsa j-s**g-opensetUand i-s**g- open set V such that x V,y U
andU V= ,Wherei,j=1,2andi .
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Proof. Suppose that (X, 1, 2) is pairwise s**g- R1. Let X, y be points of X such
that s**g -cl({x}) s**g - cl({y}), wherei,j=1,2and i j. Then there exist a
i -s**g-opensetUand j-s**g- open set V such that X i -s**g - cl({x})

V,yj - s**g - cl({y}HU and it follows that U V = , where i, j =1,

On the other hand, suppose there exist a j - s**g - open set U and i - s**g-open set V such that x V, y U and U
V =, wherei, j=1,2andij. Since every pairwise s**g- R1 space is every pairwise s**g- R0, i -s**g -cl({x})
Vand j-s**g-cl({y}) U from which we infer that i -s**g - cl({x})i

-s**g-cl({y}) fori,j=1,2andi j.

Remark The converse of theorem need not be true in general. The space

(X, 1, 2) [ in Example 2.2.1.] is pairwise s**g- RO but not pairwise s**g- R1.
Theorem In a bitopological space (X,1,2) the following statements are

equivalent :

(X, 1, 2) is pairwise s**g- R1

For any two distinct points x, y X, i - s**g-cl({x}) j - s**g-cl({y}) implies that there exists a i - s**g- closed set
F1and aj - s**g- closed

setF2suchthatxFl,y F2,x F2,y FlandX=F1 F2,i,j=1,2andi
J.
Proof. (i) (i) : Suppose that (X, 1, 2) is pairwise s**g - R1. Letx,y X

such that i - s**g-cl({x}) j-s**g-cl({y}). By Theorem 2.2.1, then there exist

disjointsets V  s**gO(X, i), U s**g0O(X, j) such that X U,y \%
and

U V= ,wherei,j=1,2andi j.ThenFl=X-Visa i-s**g-closed set
andF2=X-Uisa i - s**g - closed set such that x F1,x F2,y Fly

F2and X =F1 F2 wherei,j=1,2andi j.

(i) : Let x, y X such that i - s**g - cl({x}) j - s**g - cl({y}) where i, j =1, 2 and i j. By (ii), there exists a i -
s**g- closed set F1 and a j - s**g - closed set F2 such that X F1 F2, x F1, y F2, x F2, y F1. Therefore, x X — F2
=Us**gO( X,j)andy X — F1 =V s**gO(X, i

) which implies that i - s**g- cl({x}) U and j -s**g- cl({y}) Vand UV =wherei,j=1,2and i j.

Definition A bitopological space X is called pairwise s**g- TO if for any

pair of distinct points x, y of X, there exists a set which is either i - s**g - open
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or j - s**g - open containing one of the points but not the other, where i, j = 1,

2 and i#j.

Theorem A bitopological space X is called pairwise s**g- TO if either (X, 1) or (X, 2) is s**g- TO.
Proof. The proof is obvious.

Theorem The product of an arbitrary family of pairwise s**g- TO space is pairwise s**g- TO.
Proof Let (X, 1, 2) =[Taea(Xa, T1a, T24), Where 1 and 2 are the product

topologies on X generated by t14 and T2« respectively and X = [Jaea X« Lt X

(x«) and y = (yo) be two distinct points of X. Hence x«# y« for some . But (Xa, T1, T 22) iS pairwise s**g - TO,
there exist either a T1x- S**g- open set

U containing x, but not y, or a Tz, - $**g- open set V4 containing y, but not x,. Define U =[] 1= «(Xa X Uy) and
V =[] «(Ya X V). Then U is t1- s**g - open and V is t2- s**g - open. Also, U contains x but not y.

Definition A bitopological space X is called pairwise s**g - T1 if for every distinct points x, y of X, there is a ti
- §**g - open set U and a 1j - S**g - open

set V suchthatx U,y Uandy V, x V, wherei,j=1,2 and i #].

Example Let X ={a, b, c}, 1l ={,X, {a,c}} and12 = {, X, {b, c}}.

Clearly 71 - s**gO(X) = { , X, {a}, {c},{a, c}}and 12 - s**gO(X) = { , {c}, {b,

¢}, {b}, X}. Then the bitopological space (X, 11, 12) is called pairwise s**g- T1.

Remark Since a bitopological space (X, 1, 2) is pairwise s**g- T1 if and only if the singletons are tj - S**Q -
closed, it is clear that every pairwise s**g-T1 is pairwise s**g- R0O. But the converse is not true in general as it
can be seen from the following example:

Example Let X ={a, b, c}, 11 =12 ={ , X, {a},{b, c}}. Itis clear that 1l

s**00(X) =12 - s**gO(X) = {, {a}, {b, c}, X}. Then the bitopological space (X, 1, 2) is pairwise s**g- R0 but
not pairwise s**g- T1.

Remark The following example shows that the notions pairwise s**g - TO - ness and pairwise s**g- RO - ness
are independent.

Example Let X = {a, b, ¢, d}, 7l =12 ={ , X, {a},{a, b}}. Itis clear that

Tl - s**20(X) =12 - s**gO(X) = { , {a}, {a, b, c}, {a, b}, X}. Then the

bitopological space (X, 1, 2) is pairwise s**g- TO but not (X, 1, 2) is pairwise

s**g - RO. Also the bitopological space (X, 1, 2) as in example is pairwise

s**g- RO but not pairwise s**g- TO .

Corollary A bitopological space X is pairwise s**g- T1 iff if it is pairwise s**g- TO and pairwise s**g - RO.

Lemma If every finite subset of a bitopological space (X, 1, 2)isTj -

s**g closed then it is pairwise s**g - T1.
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Proof Letx,y = Xsuchthatx y. Then by hypothesis, {x} and {y} are 1j -

s**g - closed sets in X. Hence X \ {x}and X \ {y} are ti - s**g - open subsets of

X such that x X\ {x}andy X\ {y}. Therefore, (X, 1, 2) pairwise s**g- T1.

Theorem The product of an arbitrary family of pairwise s**g - T1 space is pairwise s**g -T1.

Proof Let (X, 1, 2) = [Jaea(Xa, T1a, T 2a), Where 1 and 2 are the product topologies on X generated by 1, and

T2q respectively and X = [Juea Xo Let X = (%) and y = (yo) be two distinct points of X. Hence x«# y« for some

But (X», T1a T 22) IS pairwise s**g — T1, there exist a tia- $**g- open set U containing x, but not y, and there
exist a Tz - $**g- open set V4 containing yx but not x. Define U =[] 2= «(Xa X Us) and V =[] 2= «(Ya X Vo).
Then U is t1- s**g - open set and V is t2- s**g — open set. Also, U contains x but not y and V contains y but not
X.

Theorem A bitopological space X is called pairwise s**g - T1 if either

(X, 1) or(X,2) iss**g-T1.

Proof. Let(X, 1, 2) be pairwise s**g - T1 space. Let X, y be two distinct points

of X, then there exists a 1 - s**g - open set U such that x U,y U. Thus,

(X, 1) is s**g - T1. Similarly, (X, 2) is s**g - T1. Converse is obvious.

Definition A bitopological space X is called pairwise s**g - T2 or

pairwise s**g - Hausdorff if given distinct points x, y of X, thereisa i-s**g

- openset U and a i-s**g-opensetVsuchthatx U,y V,U V=

where i,j=1,2 and i #].

Corollary A bitopological space X is pairwise s**g - T2 iff if it is pairwise s**g - T1 and pairwise s**g - R1.
Theorem Every pairwise s**g - T2 space is pairwise s**g - T1 space. Proof. Let X is pairwise s**g - T2
space. Since X is pairwise s**g - T2 space,

there exists ai-s**g-opensetUandaj-s**g- opensetV such that x

Uy V,U V= ,wherei,j=1,2andi#].X U,buty Uandy V

butx V. X is pairwise s**g - T1 space, there is a ti - $**¢ - open set U and

a Tj - $**g - open set V such that x U, y Uandy V, X V, where i, j =

1,2 and i #j.

In general the converse of the above theorem need not be true and it can be seen from the following example.
Example Let X = {a, b, c}, 11 = {, X, {a,c}}, 12 = {, X, {b, c}}. Clearly the bitopological space (X, 1, 12) is
pairwise s**g - T1 but not pairwise s**g - T2.

Remark Every pairwise s**g - T1 space is pairwise s**g - TO.

Theorem If a space (X, 1, 2) is pairwise s**g - T2, then it is pairwise s**g - R1.
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Proof. Let (X, 1, 2) be pairwise s**g - T2. Then for any two distinct points X,
y of X, their exist a i - $**g - open set U and a 1j - s**g - open set V such that x

U,yVand UV =wherei,j=1,2andi#j. If (X, 1, 2) is pairwise s**g - T1, then {x} = ti - s**g - cl({x}) and
{y} =1 s**g - cl({y}) and thus ti

s**g - cl({x}) #1i - S**g - cl({y}), where i, j =1, 2 and i # j. Thus for any
distinct pair of points x, y of X such that i - s**g - cl({x}) # ti - $**g - cl({y}) where i, j = 1, 2 and i # j, there

exists a 7j - $**g - open set U and ti - S**Q - open
set Vsuch thatx V,yUand U V =where i,j =1, 2 and i #j. Hence (X, 1, 2) is pairwise s**g - R1.

Remark The converse of the above theorem is not true in general that is pairwise s**g - R1 space is not
pairwise s**g - T2 space.

Remark If a bitopological space X pairwise s**g - Ti, then it is pairwise s**g - Ti—1,i=1,2.

Definition Let X be a bitopological space. Then i is s**g - regular w.r.to

Tj if for each point x in X and each ti - $**g - closed set P such that x P there

is a i - $**Q - open set U and a 7j - s**g - open set V disjoint from U such that

X U and P V. X is pairwise s**g - regular if ti is s**g - regular w.r.to tj and

Tj is s**g - regular w.r.to Ti.

Remark A pairwise s**g - regular space need not be a pairwise s**g - T1 space as seen by next example.

Example Let X = {a, b, ¢}, 1l = {, X, {a}}, 12 = {, X, {b, c}}. Clearly the bitopological space (X, tl, 12) is
pairwise s**g - regular but not a pairwise s**g - T1 space. Since {b} is not 12 - s**g - closed.

Definition X is pairwise s**g - T3 if it is pairwise s**g - regular and pairwise s**g - T1.
Remark Pairwise s**g - T3 Pairwise s**g - T2.

Theorem Every pairwise s**g - TO, pairwise s**g - regular space is pairwise s**g - T1 and hence pairwise
s**g - T3.

Example Let X be a pairwise s**g - T3 space. Then X is also a pairwise

§**g - T2 space. Leta, b X. Since X is a pairwise s**g - T1 space, {a} isa Tj -

s**g - closed set. Since a and b are distinct. By pairwise s**g - regularity,

Ti- $**Q - open set U and a tj - S**g - open set V such that {a} Uand b V.

Hence X is pairwise s**g - T3.

Definition A bitopological space X is called pairwise s**g - Urysohn, if for any two points x and y of X such
that x # y, there exists a ti - S**g - open set

U and a 1j - s**g - open set V such thatx U, y V, 1j - s**g - cl(U) 1i - s**g - cl(V) = where i, j = 1, 2 and i #].

Example Let X ={a, b, c}, 11 ={ , X, {a}} and 2= { , X, {a}, {b, c}}.
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It is clear that ti - s**g - open set , X, {a, c}, {c} and 1j - S**¢ - Open sets are
, X, {b, c}, {a}. Then the bitopological space X is called pairwise s**g -
Urysohn.

Remark Obviously, pairwise s**g-T3  pairwise s**g — Urysohn
pairwise s**g - T2.

Definition X is said to be pairwise s**g - normal if for each ti- s**q -
closed set A and tj- s**g - closed set B with AB = | there exists a ti - $**g
open set V B and there exists a tj- S**Q - open set U A such that U V=, where i,j =1, 2 and i #].

Example Let X = {a, b, ¢}, 11 =12 = {, X, {a}, {b}, {a, b}}. Clearly the bitopological space (X, 1, 12) is
pairwise normal but not pairwise s**g - normal as well as pairwise s**g - regular.

Definition A pairwise s**g - normal, pairwise s**g - T1 space is called pairwise s**g - T4 space.
Example Let X be a pairwise s**g - T4 space. Then X is also a pairwise

§**g - T3 space. Suppose that F is a tj - s**g -closed subset of X and p X

does not belong to F. Since X is a pairwise s**g - T1 space, {p} is a 1j - $**Q -

closed set. Since F and {p} are disjoint. By pairwise s**g - normality, i -

s**g - open set G and a tj - s**g - open set H such that F G and p {p} H.

Hence X is pairwise s**g - T4.

Definition A bitopological space X is said to be a pairwise s**g - completely normal provided that whenever A
and B are subsets of X such that

ti-s**g-cl(A) B= and A 1 - s**g - cl(B) =there exists a j- s**q -
opensetUanda i-s**g-opensetVsuchthat A U,B V,U V= :
wherei,j=1,2 and i #].

Definition A pairwise s**g - T1 space, pairwise s**g -completely normal bitopological space is called pairwise
s**g - Ts space.

Theorem Every pairwise s**g - completely normal space is pairwise s**g -normal.
Proof. Let X be a pairwise s**g - completely normal bitopological space. Let

Abea i-s**g-closedsetand B be aj - s**g - closed set such that AB =
.Thenti-s**g-cl(A) B=A B= andA 1j-s**g-cl(B)=A B=

. By complete s**g - normality, there exists a j-s**g-opensetuanda i-

s**g - open set V such that A U, BV, U V =. Hence X is pairwise s**g - normal.
Theorem Every pairwise completely normal space is pairwise s**g - completely normal.

Proof. The proof is obvious.
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Theorem If a bitopological space (X, 1, 2) is pairwise s**g - completely

normal then every subspace is pairwise s**g - normal.

Proof. Let (X, 1, 2) be pairwise s**g - completely normal and (Y, ly, 2y) be

a subspace. Let F1 and F2 be disjoint s**g - closed in1y and 2y respectively.

Flyis 1-s**g-closed F= ly - s**gcl (F1). Then F1 2 - s**gcl (F2) = 1y

s**gcl (F1)2 - s**gcl (F2) = (Y1 - s**g - ¢l (F1))2 - s**gcl (F2) = 2y

s**gcl (F2) 1y - s**gcl (F1) = F1 F2 = . Similarly we can show that, 1 - s**gcl (F1) F2 =. Thus F1, F2 is a
pairwise s**g - separated pair of X. By pairwise s**g - complete normality, there exists disjoint sets G1 1 and
G2 2 such that, F2 G1,F1 G2.ThenF2 Y Gl1,F1 Y G2, (Y Gl) (Y G2) = and
Y G11y,Y G2 2y. Hence (Y 1y, 2y) is pairwise s**g - normal.

Definition A subset A of a space (X, 1, 2) is said to be bi - s**g - open if it is both i - s**g open and j - s**g
open, where i, j=1, 2 and i #j.

Theorem Every pairwise s**g - closed, pairwise s**g - continuous image of a pairwise s**g - normal space is
pairwise s**g - normal. on to
Proof. Let (X, 1, 2) be a pairwise s**g - normal space. Let f (X, 1, 2) -

(Y, t1*, T2 ) be a pairwise s**g - closed, pairwise s**g - continuous mapping. Let A and B be two disjoint
subsets of Y, where A is t1*- s**g - closed and B is

T*2 - $**Q - closed. Then f —1(A) is t1- s**g - closed and f ~1(B) is 12 - s**g - closed. Also AB=f-1(AnB) =f

~1() =. Since X is pairwise s**g

- normal, there exists disjoint sets GA and GB such that f-1(A) GA, f -1(B)

GB, where GA is 12 - s**g - open and GB is t1 - s**g - open. Let Ga* = {y :f ~1(y)

GA} and Gg* = {y: f-1(y) GB}. Then Ga* Gp*= ,A Ga*, B Gg* and since

Ga* =Y —f (X -GA), Gg* = Y — f (X — GB). Here Ga* is T - s**g - open and Gg*

is T1* - s**g - open. Hence (Y, t1* t*2) is pairwise s**g - normal.

Theorem Every bi - s**g - closed subspace of a pairwise s**g -normal space is pairwise s**g - normal.

Proof. Let (Y, 1y, 2y) be a bi - s**g closed subspace of a pairwise s**g - normal

space (X, 1, 2). Let A be a iy - s**g - closed set and B be a jy - s**g - closed

set disjoint from A. Since the space Y is bi - s**g- closed, A isi - s**g closed

and j -s**g - closed, where i, j =1, 2 and i # j. By pairwise s**g - normality

of (X, 1, 2), there existsa j-s**g-opensetUanda i - §**g - open set V

such that A U,B Vv, U V= .Thus, A= A Y Y UandB=B Y

V Y.(U Y) (V Y)= .Also,U Yis jy-s**g-openandV Y is iy- s**g - open. Thus, there exists aiy-

s**g - openset V'Y and a jy- s**g - open set U Y suchthat A (U Y),B (V Y), (U YY)
(v

= . Hence (Y, 1y, 2y) is pairwise s**g - normal.
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