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ABSTRACT: In this paper, we study Jensen’s inequality for the case of convex functions to obtain a special case
of Shum’s generalization of Opial’s inequality. The main objective of the work was to derive Opial’s inequality
using Jensen’s inequality involving integral functions. The methodology adopted in this paper followed a new
trend of establishing integral inequalities. The result obtained was a special case of Opial-type inequality of
Shum’s.
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. INTRODUCTION
Some decades ago a Polish Mathematician called Zdzidlaw Opial established an inequality involving
integrals of a function and its derivative, which was named after him as Opial’s inequality.
Since it’s discovery in 1960, Opial’s inequality has proved to be one of the most useful inequalities in
Analysis. Opial ([5]) first established the following interesting integral inequality.

Theorem 1.1 ([5]) Let X(t)e C'[O, b] be such X(0) = x(b) =0 and Xx(t) >0 in (0,b). Then, the
following inequality holds.

jobx(t)x'(t) < % _[Ob(x’(t))zdt. (L.1)

b
In (1.1), the constant Z is the best possible.

Literature abounds with papers which generalized Opial’s inequality. (cf. [1, 2, 3, ?, 6, 7, ?] and the references in
them).

In these generalizations or extensions, the authors have used different methods to obtain their results.

Among the different investigations is Shum’s generalizations [6, 7, 8]. Shum in ([7]) gave a general and shapened
form of Opial’s inequality.

Our objective in this paper is to use the Jensen’s inequality for convex functions to obtain an extension of a special
form of Shum’s generalization in [7].

1.  SHUM’S INEQUALITIES RELATED TO OPIAL’S
In 1974, Shum T. D added his own contribution to literature. He used differential inequality for a result that looked
more complex in the expression than other generalizations.
Shum ([7])obtained the following inequality.

Theorem 2.1 Let X(t) be absolutely continuous on [0,b] and x(0)=0.1f I >0 and

j; |(X(6)" | dit <o, then
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b | i Ibl bg(t) bl b ’ 1+1
[ 1x®] |x(t)|c|t+|+1j0 i < |+1j0 | (X () [ dt (2.)
where
b
g) = (+1)| X 1X(s) | ds—| x(®)[*>0. (2.2)
ieither 1<—1 andbotn [’ x(t) | X (t)[dt <oo, and ['|(X(0)[ dt <o or ~1<I<0 and

b
_[0 | X(t)|'| X'(t) | dt < oo, the reverse inequality holds. Further, for 1 >0 or —1<1<0, equality holds

in (1.2) ifand only if X(t) =ct, whereasfor | <—1, equality never holds.

Remark 2.1 In (1.1), equality holds if and only if X'(t) does not change sign on [0,b]. In this case, the
inequality (1.2) reduces to

[ XX @ ldt< = [ o) dt (23)

which is a special case of Shum’s generalization.

Some Adaptations Of Jensen’s Inequalities :
Let ¢ be continuous and convex and let h(s,t) be non negative, S>0,t >0 and A4 be non

decreasing. Let —oo < £(t) <7(t) < oo, and suppose ¢ has a continuous inverse @ (which is necessarily
concave).Then,

-1 I;(:))h(s’t)dm) S I!((:))((p)*lh(s,t)dz(s)

7(t) - 7(t)
L(t)dﬂ(s) o 040)

with the inequality reversed if ¢ is concave. The inequality (3.1) above is known as Jensen’s inequality for

convex function . Setting @(U) =u', &(t) =t and 7(t) =b, then as a consequence of (3.1), we have for
1>1

(3.1)

Jhes.vaaes) | f’h(s,t)fd A6)
Jors) | | [dae)

which we write as
b E ! b -1
{ | h(s,t)'d/t(s)} SUt dz(s)} Ut h(s,t)d/l(s)} (32)
and for 0<I <1, theinequality

1-1

['h(s.dA(s) < [ | bd/l(s)} { [ bh(s,t)'ld/l(s)} (33)

as the reverse of (3.3).
Furthermore, if 1<| < p, it follows from (3.3) that

{ f’h(s,t)';dz(s)} <| f’dz(s)]'l{ f’h(s,t);dﬂ(s)} (34)
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1. MAIN RESULT
In this section, we take a class of functions which does not change sign on [a,b] and we use it to obtain
a direct extension of inequality (3.4). Towards this end we need the following lemma.

Lemma4.1 Let f(t) be continuous function and non-decreasing on [a,b],and 0 <a <b <oo with
f(t)>0fort>0. Supposethat p>1>1,0>0,0<l+q<pandd>0. Then,

I+q
Ip(L40) (1, 59 ] P

[fo()s o as

b b | Ip-(1+q)+p 5(1+9)
‘qu(t)t&—ll;[tf(S)ds} dt‘g[g—l] p [%}a b [

Ip—(1+a)+p b Ip(1+0) ,
o e

f p(S)S (1+q) ds
Proof:In the inequality (3.4), let
h(S t) =f Ip (S) f Pa (t)t6(|+q)slp(l+5)}

I+q

T

di(s) =s™9ds

Then, we have

5(l1+q)

o’ Ub”s)ds]s“ﬂn 0 T et s

—(1+0)+1 ],

5(1+q)

— [tfc)‘ _bfé']lfl[évl]lflt p .I: q(t).|;bf | (S)S(Ifl)(lﬂi')ds

Since >0, wehave f%(t)< f(s) Vse[t,b]. Consequently,
£ (t)J'tbf |(5)s(- V@) ds < J‘tbf 149(g) gD g
Combining (4.4) and (4.3), yields,

5(1+q) b |
fae ° Ut f(s)ds} <[t —b () M
5(1+q)

[0 _hoTArs 171 (% b g+ (1-1)(1+5)
=[t? -b ] [s ] jtt f179(s)s ds

5(1+q) X
p J‘t .I:I+q (S)S(I—l)(1+§)ds

I+ I+
let £ = +a .Since 0< +a <1, then { satisfies the condition in (3.3). Consequently, putting
p p

5(1+q)
h(s,t) = f"9(s)t P s'®@)

dA(s) =s™ds

We have,

P p
S5(1+q) s(1+q)

ou+q) I+q
b 14g D ol(L+8)—(1+5) l+q D oI(145) —(1+5)
jtf (S)t P s ds jt flas)t ? s s ®#9ds
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I+q I+q s(1+q) b Ip(1+5) —(+) HTq
51 PC—b?] Pt Pj fP(s)s ' ds

Combining (4.5) and (4.7), we have

o(1+q) b I I Ha od+a) b Ip(1+5) _(145) HTq
MO |:J.tf(s)ds:| <[67] P[t°-b7] Pt P J{fp(s)s +q ds}

On simplifying and arranging the above inequality (4.8), it becomes

1+q
S5(1+q) | (I+q)-lp (+q)—lp  5(1+q) M(1+5) o
fe (t)t P |:J.tbf (S)ds:l [tﬂs—bﬂs] p S[é‘fl] Pt P J.j:f p(S)S I1q ds:|
Let
5>0and (FD=1Py
p

Thus

fo] 5 <fo-b°] 5 v tefab]

Putting inequality (4.10) into (4.9), we have
l+q

b | Ip-(1+q) J(1+q) Ip (1+5) —(1+6) p
a -1 I+
t fq(t)Utf(s)ds} <[6%] P t°P {fp(s)s g ds}

Multiplying both sides of (4.11) with t then,integrate over [a, b] with respect to t, we obtain

b b I b-(+q)  &(1+q) | Ip(1+8 _(1+0) I%q
qu(t)t“f“(t)uf(s)ds} dt<[s?] ° It p jfp(s)s T

Take the RHS of (4.12) and then integrate by parts to obtain

I+q

Ip-(I+q) (I+q) 5(I+q) Ip(1+6) —(1+5) p
[671] jt P jfp(s) I+a ds| dt

I1+q
Ip—(1+q) Ip (1+6) (145) )
=[5 {i} ‘“'*‘”’{I fP(s)s ds} ds
l+q
49,
Ip (I+q) §(I+q) Ip(1+6) Ip(1+6) (1+5) p
4571 ¢ [ o X{:jfp(t)s ds} dt.

Simplifying (4.13), we have

I+q

Ip—(1+a) (I+q) 6(I+q) Ip (1+5) —(1+5) p
1 p p I+q
[674] j t j fP(s)s ds| dt

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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1+q

Ip—(I+q) D P+0) 1,5 | P
=[] ° {ﬁ}a“'*q)’{j fP(s)s ' ds} ds
+

Ip—(1+q) (I+q) 53+0) 4 P(+S) (1, 5) HTq_l
471 0 [ron e Heflregs e es| o a (.14

using the fact that for

5>0,t° <s’ V]t,b]

we have
1+q
Ip—(1+a) (I+q) a(1+q) ry

Ip(1+5)_(l+§) p
[ ° [t {ffp(s)s i+ ds} dt

1+q

) Ip (1+6) =
-0l ¢ Li}a‘“”w{f o e wS} |
+q

+q

Ip—(1+q) (I+q) Ip(1+5) b Ip(1+5)( 145) p
6] _f fP@t " D fP(s)s " s"ds} dt. (4.15)

Simplifying (4.15) further, we obtain,
I+q

Ip—(1+q) (I+q) o(l+q) . Ip (1+5) —(1+5) p
-1 1+
[67] jt P {[fp(s)s g ds} dt

I+q
lp—(1+q) 5(|+Q) Ip(l+6)( ) P
SRR b (s 5‘4 *
+q

Ip— (I+q) o) , [ Ip(1+6) HTq—i
s 7 [t {ft fP(s)s "™ ds} dt. (4.16)

Evaluating the last integral on the RHS of the (4.16),we have

1+q

Ip—(1+q) (I+q) s(1+a) Ip (1+6) (1+5) P
[671] jt P jfp(s)s I+a ds| dt

1+q

Ip—(1+q) D b(+6) (1,59 | o
=™ ° {—I q}aﬂ'*q)’{j fP(s)s " ds} ds
+

1+q

Ip—(1+q) Ip(1+6) . p
-1 p p b p 1+q !
+[67] m Lf (s)s ds| dt. (4.17)

We combine (4.12) and (4.17) to obtain,

I+q

| Ip=(+a)+p §(|+q) Ip(1+0) (1 ) o
fbfq(t)t‘“[jbf(s)ds} dt<[s?] ° { p } D A et ds}
’ t I+q
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1+q

Ip—(1+q)+p Ip(1+5)_1 b
L[5 P {%M’fp(s)s =a) ds} .

Since fis non-decreasingand  f(t) >0 whenever t >0, 0n [a,b],0<a<b <oo,, we can take modulus

of both sides without changing the inequality sign, to obtain.

I+q

y

LI NN

b b ! Ip=(I+a)+p” s+l |
‘qu(t)t&-lut f(s)ds} dt‘g[g—l] p L}a p pr(s)s ETRR

|1+

Ip-(1+q)+p p o Ip(lﬁ-é‘)71
o] ° { pr(s)s () s

I+q

] p
Theorem 4.1 Let all assumptions of Lemma 4.1 hold. Then,

FIxa oo ooyt 2 at o)

I+q

This completes the proof of the Lemma.

Proof :Suppose q=21and p =1+1 ininequality (4.19) above .Then,

‘ [t (t)|: ['1 (s)ds] dt
1577 [ [f '”(s)s"“‘”‘ldsﬂ

Since  f(t)>0,vte[0,b] we canwrite (4.21) as

[ (t)[ ['1 (s)ols]I

H5T | [0 s |

<[ a‘s[

th f I+l(S)SI(1+§)(l+§)dS‘:|

dt < [6_l]| a5 |:I:‘ f 1+1 (S)‘S(I_l)(l+5)d5j|

Rearranging and factoring out 4 gives

f (t)[ ['1 (s)ds]

Furthermore, since  t>0 on [a, b], it then follows from inequality (4.23) that

0< j:ta_l|:[5_l]| ‘(f I+l(t))‘t' i [5—1]| aa‘ f |+1(t)‘tl—5 _

}dt
}dt.

dt <[s]' Jj‘(f ”l(t))‘t'dt +[57Y] azsj‘:‘ f '”(t)‘t'*‘sdt.

o<’ {[51]'\“ O +[57 @’ —‘ f (t)[ [t (s)ds]l

Rearranging (4.24) gives

[f (t)[ ['1 (s)ds}l

Use the fact that t' <b' forte[a,b] (and |> 0), the inequality (4.25) above to obtain

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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dt

j”‘ i (t)l: ['1 (s)ds]

<[5 ﬂ( Fa@)|dt+[o] a ﬂ Pt (4.26)
Note that | f (t)| = |(—f (t))| Thus, from inequality (4.25)

| :‘(—f (t))[ ['1 (s)ds}l

4677 - f @)™

dt

dt+[5] a’b' j:\(— f (1)t ct. (.27)

Now put & =(1+ I)T in the above inequality to obtain

I:‘(—f (t))[ ['1 (s)ds}l

b
If we put X(t) =J.t f(s)ds then, and noting that | X'(t) |=|—f (t)], inequality (4.28) becomes inequality
(4.20).

| | 1
oltslbq [lfay= dul%l a' [l-f@)odt (29

Remark 4.1 If we let @ —>0" then, inequality (4.28) becomes inequality (1.4).
We have succeeded in obtaining a special generalization of the inequality of Shum, using Jensen’s
inequality for convex functions.
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