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ABSTRACT: This paper investigates the concepts of distributive ideal, dually distributive ideal and standard
ideal in a join semilattice.

It concerns with the property of ideals in a distributive semilattice. We obtain a characterization theorem for
distributive (dually distributive) and standard ideal in a join semi lattice. We establish the necessary and
sufficient condition for a distributive ideal to be standard ideal.
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l. INTRODUCTION:

The concept of distributive ideal, Standard ideal and neutral ideal in lattice L have been introduced and
studied by Hashimoto,J[9]., Gratzer,G.,and Schmidt,E.T[4]. In this chapter we study the concept of distributive
and dually distributive ideal in a semilattice. We observed that every ideal need not be a distributive ideal(dually
distributive). The properties of ideals in a Distributive semilattice were also studied. We study that for
distributive (dually distributive ) ideal of join semilattice a binary relation 6 defined on set of all ideals of a
semilattice 1(S) is a congruence relation. We give notion of Standard and Dual standard ideal in a join
semilattice and established characterization theorem for standard ideal in a join semilattice. And given necessary
and sufficient condition for a distributive ideal to be standard ideal in a semilattice,also given the Fundamental
theorem of homomarphism and isomorphism theorem for Standard ideals in a semilattice.

Distributive Ideals:

1.1 Definition : A semilattice is a partially ordered set (S, <) in which any two elements in S have the least upper
bound in S.

1.2 Definition: A semilattice is a non empty set S with binary operation v defined on it and satisfy the
following: Idempotent law : a v a = a for all a in S, Commutative law : a v b = bva for all a, b in S, Associative
law :av (bvc)=(avb)vcforallab,cinsS.

1.3 Theorem : In a semilattice S, define a <b if and only ifa V b =" for all a, b in S. Then (S, <) is an ordered
set in which every pair of elements has a least upper bound, conversely, given an ordered set P with that
property, define a vV b = L.u.b.(a, b). then (P, <) is a semilattice.

Proof': Let (S, <) be a semilattice and define <asa <b if and only ifa V b = b. First, we check that < is a partial
order.

Reflexive : Clearlya<a<ava=a

Anti symmetry : Supposea<bandb<aThusavb=bandbva=zaea=bva=zavb=bea=b
Transitive : Suppose a<b,b<c,thenavb=bandbvc=c

Nowavc=av(bvc)=(avh)yvc=bvc=c

Thereforeavc=c e a<c?25

Nowav(@vbh)y=(avavb=avb

Thereforea<aVv b

Therefore a Vv b is an upper bound of a Similarly, we can prove a Vv b is an upper bound of b.

Therefore a v b = upper bound of {a, b}. Suppose c is any upper bound of {a, b}, Thena<candb<c=avc=
candbvc=c.

Now considercv (avhbh)=(cva)vb=cvb=c,thenavb<c.
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Therefore a v b is a least upper bound of {a, b} in S. Therefore (S, V) is a partial ordered set. Conversely,
suppose that (S, <) is a partial ordered set. To show that (P, <) is a semilattice.

Define a relation a <b ifand onlya vV b =b, thatisa v b = lLu.b {a, b} Let a < a, then a vV a = a which is
idempotent.

Leta<b, thena Vv b=bandb <a which implies b V a = a by the property of anti symmetrya=hb. Hencea v b=
b v a which is commutative.

Let a <b and b <, then by the property of transitive we have a <c.
Thusavb=b;bvc=candavc=cNowconsiderav(bvc)=avc=cand(@avb)vc=avc=c.
Therefore a v (b v ¢) = (a vV b) vV ¢, which is associative. Therefore (P, <) is idempotent, commutative and
Associate. Hence, (P, <) is a semi lattice.

1.4 Definition: A non empty subset D of a join semi lattice S is called an ideal if (i) for xin D, yinD = x Vv yin
D,

(i) forxinD,tinSandt<x =tinD.

1.5 Theorem: If I(S) denote set of all ideals of a join semi lattice S, then I(S) is a lattice with respective to the
following:

(i) D1 <D2 if and only if D1 € D2

(i) D1vD2={xinS/x=x1Vvx2,wherexlisinD1,x2isin D2}

(iii) DIAD2 = {xin S/ x is in D1 and x is in D2}; where D1, D2 are in I(S). Proof: Let I(S) be set of all ideals
of a semi lattice S. Claim : I(S) is a lattice. First we prove that I(S) is a partially order set .By using given three
conditions (i), (ii) & (iii) we have Reflexive : D1 < D1 < D1 € D1 Ant symmetric : Suppose D1 < D2 and D2
<DI1 = D1 c D2 and D2 € D1 = D1 = D2 Transitive : Suppose D1 < D2 and D2 <D3 = D1 € D2 and D2 <
D3 = D1 € D3 and D1 < D3 Therefore ( I(S), <) is partially ordered set.

Now, to show that I(S) has least upper bound (lub) and greatest lower bound (glb) To show that D1 v D2 is an
ideal.

We give Proof of D1 v D2 is an ideal by different cases.

(i) Letx,yeD1vD2=>xeDlvD2andyeDlvD227=>x€eDlorxeD2andyeDloryeD2=xVy
€DlasDlisanidealand x vy € D2 as D2 isan ideal. > xvy e D1 v D2

(i) Let x be any element in D1 v D2 and t € S such that t < x, we examin the following cases. Since x € D1 v
D2, x = x1 v x2 where x1 € D1 and x2 € D2 (i) Suppose x1 <t and t <x2, then t € D2 as D2 is an ideal and x2
eD2Nowtvxl=taste D2andx1 € D1,thuste D1v D2.

(ii) Let x1 <tand x2 <t, thus x1 V x2 <t Since, we have t <x1 V X2 Thereforet = x1 v x2 € D1 v D2

(iii) Let t <x1 and x2 <t, thus t € D1 as D1 is an ideal and x2 € D2. Now x2 vt=tas x2 € D2 and t € D1.
Thereforet € D1 Vv D2 (iv) Let t <x1 and t <x2, thust € D1 and t €D2 as D1 and D2 are ideals. Nowtvt=t e
D1 v D2. Therefore, by above different cases, we can conclude that D1 v D2 is an ideal. To prove that D1 € D1
vD2and D2 < D1V D2 Lett e D1 and x2 be any elementin D2 =tv x2 € D1V D2 Sincet<tVv x2andtV
x2 € D1v D2we havet € D1v D2.

Therefore D1c D1 v D2. 28 Similarly D2 < D1 v D2 Now to show that D1 v D2 is the smallest ideal
containing D1 and D2. Let D be an ideal such that D1c D and D2 ¢ D Toshowthat D1v D2 c D Lette D1V
D2=>t=tlvt2wheretleDl;t2e D2tl € D1 =tl € D (since D1 c D)and t2 € D2 = t2 € D (since D2 c
D) NowtleDandt2e D =tlVvt2 €D (since D isan ideal) =t € D Therefore D1 v D2 c D

Hence, D1 v D2 is the smallest ideal containing both D1 and D2.

Define a relation as follows If D1 <D2 & D1v D2=D2and D1 A D2=D1 NowD1vVv (D1v D2)=(D1v D2)
v D2 =D1 v D2 then D1 <D1 Vv D2 . Therefore D1 v D2 is an upper bound of D1 Similarly D2 v (D1 v D2) =
D2vDl1vD2=D1vD2vD2=D1vD2= D2<DI Vv D2 Therefore D1 v D2 is an upper bound of D2,
Therefore D1 v D2 is an upper bound of { D1, D2} If D is any upper bound of D1, D2 , then D1 <D and D2 <
D29 ThusDlvD=DandD2vD=DNow(D1vD2)vD=D1v (D2v D)=D1Vv D =D Therefore D1 v
D2 is a least upper bound of { D1, D2} To show that D1 A D2 is an ideal of S.
()LetxeD1AD2,yeD1AD2.

Then x €D1 and x € D2, y € D1 and y € D2 Which impliesx vy € D1 as D1 is an ideal and x vy € D2 as D2
is an ideal Thereforex Vye D1 AD2.

(ii)Letx e DLAD2and t € S such that t <x Then x ED1 and x € D2. As x € D1 and t <x. We havet € D1. As
X € D2 and t < x, we have t € D2 .Therefore t € D1 A D2 Hence D1 A D2 is an ideal of S.

Now D1 A (D1 A D2) = (D1 A D2) A D2 = D1 A D2 Which implies D1 A D2 < D1 . Similarly D1 A D2 < D2
Therefore D1 A D2 is a lower bound of {D1,D2} Suppose D is any lower bound of {D1,D2} Then D1 AD =D
=DAD2Now(D1AD2)AD=D1A(D2AD)=D1AD=D,

Which implies D < D1 A D2 Therefore D1 A D2 is a greatest lower bound of { D1,D2} Therefore I(S) has both
lub and glb.

Hence I(S) is a lattice.
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1. 6 Definition: The smallest ideal containing x in a join semi lattice S is denoted by (x] and is given by (x] = { s
in S/ s < x} such ideal is called principal ideal generated by x. 30 1.7 Definition: An ideal D of a join semi
lattice S is called distributive ideal if and only if DV (X A Y) = (D Vv X) A (D Vv Y) for all X, Y in I(S). 1.8
Definition: An ideal D of a join semi lattice S if called dually distributive ideal if and only if D A (X V Y) = (D
AX)V (DAY)forall X, Y inI(S).

1.7 Theorem: A join semi lattice S is distributive if and only if

(i) Sis directed below.

(ii) The lattice I(S) of all ideals of S is a distributive lattice.

Proof: Suppose a semi lattice S is distributive.

(i) To prove that S is directed below: Leta, barein S=aVv b € S. Since a<a Vv b = there exists X, y in S such
that x <a,y<banda=xVy. Sincey<xVYy=a= y<aalsoy<b. Therefore for a, b in S there exists y in S
such that y <a, y <b. Therefore S is directed below.

(ii) To prove that the lattice I(S) is distributive: To show that (a) D1 v (D2 A D3) = (D1 v D2) A (D1 v D3) (b)
D1 A (D2 vD3) = (D1 A D2) v (D1 A D3) where D1, D2, D3 are in I(S) Define D1 v D2 = { xin S/x = x1 V X2,
forx1inD1,x2inD2}D1AD2={xinS/xinDlandxinD2 }.

LetxvyeDlv (D2AD3)thenxvyeDlorxvye(D2AD3). ©xeDl,ye(D2AD3) = xeDl,ye
D2andye D3 e xeDl,yeD2andxeDl,yeD3exvyeDlvD2andxvyeDlvD3&exVye
(D1v D2) A (D1v D3) Therefore D1 v (D2 AD3)=(D1v D2) A (D1V D3). (b) Letxvye (D1AD2) v (D1
AD3),thenxvye(D1AD2)orxvye (D1AD3)©xeD1AD2,yeDIAD3e xeDlandxeD2,y
eDlandyeD3 o xeDl,yeDlandxeD2,yeD3 o xvyeDlandxvyeD2vD3 e xVvyeDlA
(D2 v D3).

Therefore D1 A (D2 v D3) = (D1 A D2) v (D1 A D3). Hence I(S) is a distributive lattice. Conversely, suppose
that S is directed below and I(S) is distributive lattice.

Claim: S is distributive semi lattice. Let w<a Vv b wherea, b, w e S. Now (w] = (W] A ((a] v (b])= ((W] A (a]) V
((w] A (b]) =a0 v al, where a0 € (a], al € (b]. Hence there exists a0, al in S such that a0 <a; al <b and (W] =
a0 v al. Therefore S is distributive semi lattice.

1.7 Definition: A binary relation 0 on a lattice L is called congruence relation if (i) 0 is reflexive : x = x () for
all xinL

(i1) 0 is symmetric : x=y (0) = y=x(0) forall x,yin L

(ii1) O is transitive : x = y(0) and y = z(0) = x = z(0) for all X, y, z in L (iv) Substitution Property : x = x1(0) and
y=yl(@) > xVvy=xlVvyl(®)andx Ay=x1 Ayl (0) forall x,y, x1, ylin L.

1.8 Theorem: Let D be an ideal of join semilattice S. Then the following conditions are equivalent.

(i) D is distributive.

(if) The map ¢ : X — D V X is a homomorphism of I(S) onto [D) = {X in I(S) / X > D}.

(iii) The binary relation 6D on I(S) is defined by X =Y (6D) if and only if D V X =D vV Y, where X, Y in I(S) is
a congruence relation. Proof: Let D be an ideal of join semi lattice S.

To prove that (i) = (ii): Suppose (i) holds. Then Dv (X AY) = (D v X) A (D Vv Y) for all X, Y in I(S) Define a
map ¢ : X > DV X by ¢ (X) =D v X. 34 To prove that ¢ is a homomorphism: Let X, Y in I(S) be arbitrary.
Consider ¢ (XvY)=Dv(XvY)=(DvD)v(XvY)=DVv[DV(XVY)]=Dv[DvXvY]=Dv({DV
X)VvY)=(DVvX)V(DVY)=¢(X)V ¢ (Y). Similarly, 6 XAY)=DV (XAY)=(DV X)A(DVY)=¢(X)
A ¢ (Y). Therefore ¢ is homomorphism.

To prove that ¢ is onto: Let X in [D)= X in I(S) such that X > D= ¢ (X) = D v X = X Therefore for any X in
[D), there exists X in I(S) such that ¢ (X) = X Therefore ¢ is homomorphism of I(S) onto [D). To prove (ii) =
(iii): Suppose the map ¢ : X — D Vv X is a homomorphism of I(S) onto [D) = { X in I(S) / X > D}.Define the
binary relation 6D in I(S) .

as X =Y (6D) ifand only if D vV X =D Vv Y where X, Y in I(S). To show that the relation is congruence: (a) Let
X in I(S) be arbitrarythen D v X =D v X = X =X (6D) for all X in I(S).
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