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ABSTRACT: In 2013, Shukla [24] generalized both the concept of b-metric and partial metric spaces
by introducing the partial b-metric spaces. In the present paper, we prove some fixed point theorems
for self-mappings satisfying various expansive type conditions in the setting of a partial b-metric
space. The presented theorems extend, generalize and improve many existing results in the literature.
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I. INTRODUCTION

Fixed point theory is one of the most popular tool in nonlinear analysis. Most of the generalizations for metric
fixed point theorems usually start from Banach contraction principle [4]. It is not easy to point out all the
generalizations of this principle. In 1989, Bakhtin [3] introduced the concept of a b-metric space as a
generalization of metric spaces. In 1993, Czerwik [7-8] extended many results related to the b-metric spaces. In
1994, Matthews [19] introduced the concept of partial metric space in which the self distance of any point of
space may not be zero. In 1996, O'Neill generalized the concept of partial metric space by admitting negative
distances. In 2013, Shukla [24] generalized both the concept of b-metric and partial metric spaces by
introducing the partial b-metric spaces. In 1984, Wang et.al [25] introduced the concept of expanding mappings
and proved some fixed point theorems in complete metric spaces. In 1992, Daffer and Kaneko [9] defined an
expanding condition for a pair of mappings and proved some common fixed point theorems for two mappings in
complete metric spaces. Aage and Salunke [1] introduced several meaningful fixed point theorems for one
expanding mapping. For more details on expanding mapping and related results we refer the reader to [10, 12-
13, 22, 26-27].

In this paper, we prove some fixed point theorems for surjective mappings satisfying various expansive type
conditions in the setting of a partial b-metric space. The presented theorems extend, generalize and improve
many existing results in the literature.

. PRELIMINARIES
Throughout this paper R and R * will represents the set of real numbers and nonnegative real numbers,
respectively.

The following definitions are required in the sequel.
Definition 2.1 (see [3]) Let X be a nonempty set, s > 1 be a given real number and d : X XX > R* be a
function. We say d is a b-metric on X if and only if for all x,y, z € X the following conditions are satisfied:
1. d(x,y) = 0 ifandonlyifx = y;
2. d(x,y) =dy,x);
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3. d(x,y) <sld(x,z) +d(z,y)]
Atriplet (X, d, s) is called a b-metric space. Obviously, for s = 1, b-metric reduces to metric.

Definition 2.2 (see [19]) Let X be a nonempty set, and p: X XX — R ™ be a function. We say p is a partial
metric on X if and only if for all x, y, z € X the following conditions are satisfied:

1. x=yifandonlyifp(x,x) =p(x,y) =pl,y);

2. p(x,x) <p(x,y);

3. plx,y) =pQy,x);

4. plx,y) <p(x,2z)+p(zy) —p(z2)
The pair (X, p) is called a partial metric space.

Remark 2.3 It is clear that the partial metric space need not be a b-metric spaces, since in a partial metric space
if p(x,y) = 0 implies p(x,x) = p(x,y) = p(y,y) = 0 then x = y. But in a partial metric space if x = y then
p(x,x) = p(x,y) = p(y,y) may not be equal zero. Therefore the partial metric space may not be a b-metric
space.

On the other hand, Shukla [24] introduced the notion of a partial b-metric space as follows:
Definition 2.4 (see [24]) Let X be a nonempty set, s = 1 be a given real numberand p, : X XX > R* bea
function. We say p is a partial b-metric on X if and only if for all x,y,z € X the following conditions are
satisfied:

1. x=yifandonlyif p,(x,x) = p,(x,y) =, v, ¥);

2. pp(x,x) <pp(x,y);

3. pp(x,y) =py(y,x);

4. py(x,y) < slpy(x,2) + 0y (2,¥) — pp(2,2)]
A triplet (X, p,,s) is called a partial b-metric space. Obviously, for s = 1, partial b-metric reduces to partial
metric.

Remark 2.5 The class of partial b-metric space (X,p,) is effectively larger than the class of partial metric
space, since a partial metric space is a special case of a partial b-metric space (X,p,) when s = 1. Also, the
class of partial b-metric space (X, p,) is effectively larger than the class of b-metric space, since a b-metric
space is a special case of a partial b-metric space (X, p,) when the self distance p(x,x) = 0.

The following examples shows that a partial b-metric on X need not be a partial metric, nor a b-metric on X see
also [21], [24].

Example 2.6 [21] Let X = R*. Define a function p, : X x X - R™* such that p, (x,y) = [max{x, y}]* +
|x — y|?,V x,y € X. Then (X,p,) is a partial b-metric space on X with the coefficient s = 2 > 1. But, p,, is
neither a b-metric nor a partial metric on X.

Proposition 2.7 [24] Let X be a nonempty set, and let p be a partial metric and d be a b-metric with the
coefficient s > 1 on X. Then the function p, : X x X — R* defined by p, (x,v) = p(x,y) + d(x,y),Vx.y €
X, is a partial b-metric on X with the coefficient s.

Proposition 2.8 [24] Let (X,p) be a partial metric space and q = 1. Then (X,p,) is a partial b-metric space
with coefficient s = 2971, where p,, is defined by p, (x,y) = [p(x,y)]9.

On the other hand, Mustafa [21] modify the Definition 2.4 in order that each partial b-metric p, generates a b-
metric d,,, as follows:

Definition 2.9 (see [21]) Let X be a nonempty set, s > 1 be a given real number and p, : X xX -> R* bea
function. We say p is a partial b-metric on X if and only if for all x,y,z € X the following conditions are
satisfied:

1. x=yifandonlyifp,(x,x) = p, (x,y) = pp (v, ¥);

2. pb(x'x) < pb(xry);

3. pr(x,y) = pp(y,0);

4. py(6y) < slpy(2) +py (2 3) = Py (2,2 + () (9 6. ) + 2, (7,7))
The pair (X, p,,) is called a partial b-metric space. The number s > 1 is called the coefficient of (X, p,).

Example 2.10 (see also [21]) Let X = R is the set of real numbers. Consider the metric space (X, d) where d is
the Euclidean distance metric d(x,y) = |x — y|,V x,y € X. Define p,(x,y) = (x —y)* + 5,V x,y € X. Then
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pp is a partial b-metric on X with s = 2, but it is not a partial metric on X. To see this, Let x =1,y = 4 and
z = 2.Then

Pp(1,4) = (1-4)?+5=14 £p,(1,2) +p,(24) = p,(22) =6 +9 -5 =10
So, p,, is not a b-metric since p, (x,x) # 0,V x € X.

Proposition 2.11 (see [21]) Every partial b-metric p,, defines a b-metric d,,, , where
dy, (x,y) =2p,(x,¥) =Py (., %) =Py 0, ¥), x,y € X.

Definition 2.12 (see [21]) A sequence {x,}7—; in a partial b-metric space (X, p,) is said to be:
1. p,-convergentto a point x € X, written as lim,,_,,, pp (x, x,,) = p, (x, x);.
2. ap,-Cauchy sequence if lim,, ;1o Pp (X, Xy ) €Xists (and is finite);

Definition 2.13 (see [21]) A partial b-metric space (X,p,) is said to be p,-complete if every p,-Cauchy
sequence in X p,-converges to a point x € X such that

Db (x,x) = limn—m Pb (xn'x) = limn—)oo Db (xn!xm)

Lemma 2.14 (see [21]) A sequence {x, }»_; is a p,-Cauchy sequence in a partial b-metric space (X, p,) if and
only if it is a b-Cauchy sequence in the b-metric space (X,d,,).
Lemma 2.15 (see [21]) A partial b-metric space (X, p,) is p,-complete if and only if the b-metric space (X, d,,,)
is b-complete. Moreover, lim,_,.. d,,, (x,, x,,) = 0 if and only if

(4 (X, X) = limn—m Py (xn' X) = limn—mo Py (xn' xm)
Definition 2.16 Let (X,p,) be a p,-complete partial b-metric space with the coefficients > 1. A mapping
T: X — X is said to be expansive mapping if p, (Tx,Ty) = Ap, (x,y) V x,y € X, where 1 > s.

I1. FIXED POINT THEOREMS
In this section, we prove some fixed point theorems satisfying expansive condition by considering surjective
self-mappings in the context of partial b-metric space.

We begin with a simple but a useful Lemma.
Lemma 3.1 Let {x, }"—; be a sequence in a partial b-metric space (X, p,) with the coefficient s > 1 such that

(3.1) Py (s Xn41) < App (X1, X))

where 1 € [0%) andn=12,...... Then {x, }*_, is a p,-Cauchy sequence in X.

Proof By the simple induction with the condition (3.1), we have

(3.2) Py (Xn, Xn1) < APy (1, %) < A2py (tn—p, Xpo1) < -+ < A"y, (0, %1)

On the other hand, since

max{ Db (xn: xn): Db (xn+1t xn+l)} < (23 (xn: xn+1)
then from (3.2), we have

(3.3) max{ pj, (X, Xn), Pp (X1, Xn41)} < APy (20, %1)
Therefore
(3.4) dpb (%> Xng1) = 2Py Oy X 41) — P Oy %) — Dy (Xn g1, X 1)

< zpb (xnr xn+1) + Pp (xnt xn) + Pb (xn+lt x‘ﬂ+1)
< 42" py (x0, %1)

This show that lim,, . d,,, (X, X,41) = 0. Now we have

(3.5)  dy, (Xn) Xpm) < S[dp, (s X)) + iy, (K1, X |
< sdp, (xp, Xp41) + Sz[dpb (Xn 41, Xny2) +dp, (Xnt2 Xnam)]
< sdy, (Xn, Xp11) + 52y, (Xn 41, Xy 42) + -
+snrml [dpb (Xn+m-2 Xn4m-1) + dpb (Xnm-1, xn+m)]
< 452"y (x0, x1) + 4522 1 p, (x, x1) + -
+4Sn+m—1/1n+m—2pb (xO:xl) + 4Sn+m—1ln+m—1pb (xO' xl)

< A4SAH{1 + (SA) + (SD)2 + -+ oo o 30y (X0, X7)
4sA™
= 1—s1 pb(XOJ xl)'
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Note that sA < 1. This show that {x, }7_; is a b-Cauchy sequence in b-metric space (X, dpb), then from Lemma
2.14, {x, }7_; is a p,-Cauchy sequence in partial b-metric space (X, pp).

Theorem 3.2 Let (X,p,) be a p,-complete partial b-metric space with the coefficients > 1. Assume that
T:X — X is surjection and satisfies
(3.6) Py (Tx, Ty) = Apy (%, y)
V x,y € X, where 1 > s. Then T has a unique fixed point in X.
Proof; Let x, € X, since T is surjection, then there exists x; € X such that x, = Tx;. By continuing this
process, we get
(3.7) X, = Tx,41, VN € NU{0}.
In case x,, = x,,41 for some n, € N U {0},then it is clear that x,, is a fixed point of T. Without loss of
generality, we assume that x, # x,,_; forall n. Consider
(38) Pb (xn—lixn) =Dy (Txn'Txn+1)
Now by (3.7) and definition of the sequence

(xn—l' xn) =Dy (Txnv Txn+1) = )'pb (xn: xn+1)
and so

1
(39) (4 (xn'xn+1) < A_pb (xn—l'xn) = hpb (xn—ltxn)
where h = Al < Sl . Then by Lemma.3.1, {x,}>_, is a p,-Cauchy sequence in X. Since (X, p,) is a p,-complete,
then from Lemma 2.15, (X, d,,) is b-complete and so the sequence {x,};-; is b-converges in the b-metric
space (X, d,, ), that is there exists x* € X such that lim,,_, ., d,, (x,,x") = 0.
Again from Lemma 2.15, we have
(310) (4 (X*' X*) = limn—mo Py (xn' X*) = limn—mo Py (xn' xm)
Moreover, since {x,};-; is a b-Cauchy sequence in the b-metric space (X, d,,, ), lim, . d,, (x,, x,,) = 0,
On the other hand, since
max{ Db (xnv xn)v Py (xn+1: xn+1)} < Db (xnx xn+1)
then by the simple induction with (3.9), we have
(311) max{ 14 (xn' xn)' Py (xn+1' xn+1)} < hnpb (xo' xl)
Hence, we have lim,,_,., pp (x,, x,) = 0. Thus from the definition of d
Therefore, from (3.10), we have
Pb (X*rx*) = limn—»oo Pb (xntx*) = limn—»oo Pb (xn' xm) =0.
Since T is surjection on X, there exists p € X such that x* = Tp. From (3.6), we have
(3.12) Py O, x*) = Py (T 11, TP) = APy (X 41, D)
Taking limit as n —» 4o in the above inequality, we get 0 = p,(x*,x*) = Ap, (x*,p). This implies that
pp (x*,p) = 0. Also from (3.6), we have
0 =p,(x*,x") = p, (Tp, Tp) = Ap, (v, p)

and so p,(p,p) = 0. Thus p, (x*,x*) = p, (x*,p) = pp(p,p) implies that x* = p = Tp. Hence x™ is a fixed
point of T. Finally, assume x* # y* is also another fixed point of T. From (3.6), we get
(3.13) pp(x*y") = pp(Tx", Ty") = Apy(x*,¥")
This is true only when p, (x*,y*) = 0. Also p, (x*,x*) = 0 = p, (y*,y*). So x* = y*. Hence T has a unique
fixed point in X.

b, We have lim, ., p, (X, %,,) = 0.

Corollary 3.3 Let (X, p,) be a p,-complete partial b-metric space with the coefficients > 1.and T: X - X be a
surjection. Suppose that there exist a positive integer n and a constant A > s such that

(3.14) pp(T"x, T"y) = App (x,y) V X,y € X.

Then T has a unique fixed point in X.

Proof From Theorem 3.2, T™ has a unique fixed point x*. But T"(Tx*) = T(T"x*) = Tx*. So Tx* is also a
fixed point of T™. Hence Tx* = x*, x* is a fixed point of T. Since the fixed point of T is also fixed point of T",
the fixed point of T is unique.

Theorem 3.4 Let (X,p,) be a p,-complete partial b-metric space with the coefficients > 1 and T: X — X is
surjection. Suppose that a, b, c = 0 with a + sb + ¢ > s such that

(3.15) py(Tx, Ty) = apy,(x,y) + bp, (x,Tx) + cpp (v, Ty) VY x,¥ € X.

Then T has a fixed point.

Proof: Let x, € X. Similar to the proof of Theorem 3.2, we can obtain a sequence {x,, };»—; such that

(3.16) X, = Tx,41, VN € NU{0}.

In case x,, = x,,41 for some n, € N U {0},then it is clear that x,, is a fixed point of T. Without loss of
generality, we assume that x,, # x,,_; for all n. Consider,
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(317) Pp (xn—lixn) =D (Txn'Txn+1)
Now by (3.15) and definition of the sequence
Pb (xn—ll xn) =Db (Txnl Txn+1)

Z apy (xn' xn+1) + bpb (xnl Txn) +cpp (xn+ll Txn+1)

= apyp (xnv xn+1) + bpb (xn! xn—l) + cpyp (xn+1: xn)
and so

(1= b)py (xp—1, %) = (@ + )Py (X0, X 11)

If a4+ c =0, then b > 1. The above inequality implies that a negative number is greater than or equal to zero.
That is impossible. So, a + ¢ # 0 and 1 — b > 0. Therefore,
(3 18) pb (Xn, xn+1) =< hpb (xn 1 xn)
where h = — < —. Then by Lemma 3.1, {x,}>_, is a Cauchy sequence in X. Since (X, p,) is a p,-complete,

then from Lemma 2.14, (X,d,,) is b-complete and so the sequence {x,}r—; is b-converges in the b-metric

space (X,d,,), that is there exists x* € X such that lim,_,,. d,, (x,,x*) = 0. Again from Lemma 2.15, we
have
(319) Py (X*v X*) = limn—»oo Pp (anX*) = limn—»oo Py (xn:xm)

Moreover, since {x, };—; is a b-Cauchy sequence in the b-metric space (X, d,,), lim,_,d,, (x,,x,,) =0
On the other hand, since
max{ Pr (xn'xn)' Pp (xn+1'xn+1)} < Pp (xn'xn-H)
then by the simple induction with (3.18), we have
(3.20) max{ py, (%, X,), Pp (Kn 41, Xn41)} < K"y (0, 1)
Hence, we have lim,,_,., p, (x,, x,) = 0. Thus from the definition of d,,,, we have lim,,_,, p, (x,, x,,) = 0.
Therefore, from (3.19), we have
Pb (X*IX*) = limn—mo Pr (anX*) = limn—mo Py (xn'xm) =0.

Since T is surjection on X, there exists p € X such that x* = Tp. From (3.15), we have
(3.21) Py (Xn, x*) = Py (Txp 41, TD)

= apy (p41,0) + bpy (11, T 1) + 0y (0, TP)

= apy (xn+1' p) + bpb (xn+1'xn) + CPp (P; X*)
Taking limit as n — +oo in the above inequality, we get 0 = p, (x*,x*) = (a + ¢)p, (x*, p).This implies that
pp (x*,p) = 0. Also from (3.15), we have

0 =py(x*,x*) = p,(Tp, Tp) = ap, (p,p) + bp, (p, TP) + cp, (p, Tp)

= ap, (p, p) + bp, (0, x*) + cp, (p, x*) = ap, (P, )
and so p,(p,p) = 0. Thus p, (x*,x*) = p, (x*,p) = pp(p,p) implies that x* = p = Tp. Hence x™ is a fixed
point of T. Finally, assume x* # y* is also another fixed point of T. Then p, (x*,x*) = 0 = p, (¥, y*). From
(3.15), we get
(3.22) pp(x*y*) = pp (Tx*, Ty")

= apy (x*,y%) + bpy (x*, Tx™) + cpp (¥, Ty™)

=ap, (x*,y") + bp, (x*,x*) + cpp (¥y*,¥") = app (x*,¥7)
This is true only when p, (x*,y*) = 0. Alsop, (x*,x*) =0 =p, (y*,y*). So x* = y*. Hence T has a unique
fixed point in X.

Pp’

Remark 3.5 Setting b = ¢ = 0 and a = A in Theorem 3.4, we can obtain the Theorem 3.2.

Theorem 3.6 Let (X, p;,) be a p,-complete partial b-metric space with the coefficients > 1and T: X - X is a
continuous surjection. Suppose that there exists a constant A > s such that
(3.23) vy (Tx, Ty) = Au, for some u € {p, (x,y),pp (x, Tx),p, v, TY)}V x,y € X.
Then T has a fixed point.
Proof: Similar to the proof of Theorem 3.1, we can obtain a sequence {x,, }5—; such that
(3.24) Xp = Tx,41, VN € NU{0}.
In case x,,, = x,,41 for some n, € N U {0}, then it is clear that x, is a fixed point of T. Without loss of
generality, we assume that x,, # x,,_; for all n. Now by (3.24) and definition of the sequence
(325) 43 (xn—lﬂ xn) =D» (Txn' Txn+1) 2 Aun
where u, € {pb (xn—ll xn): Db (xn' xn+1)}-
Now we have to consider the following two cases.
If u, = py(x,_1,x,), then
Py (n—1, Xn) = App (-1, %)
which implies that p, (x,,_1, x,,) = 0, thatis, x,_; = x,,. This is a contradiction.
If Un = Db (xn' xn+1)! then
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Pp (xn—ll xn) = Apb (xn' xn+1)
and so

1
Pb (xn'xn+1) < Ipb (xn—lixn)
where % < sl . Then by Lemma 3.1, {x,}r_; is a p,-Cauchy sequence in X. Since (X, p,) is a p,-complete, the

sequence {x,}w_; is p,-converges to a point x* € X. Since T is p,-continuous, it is clear that x* is a fixed point
of T. This completes the proof.

Example 3.7 Let X = [0, +) and let p, (x,y) = [max{x,y}]%, Vx,y € X. It is obvious that p, is a partial b-
metric on X with s = 2 > 1 and (X, p,) is complete. Also, p, is not a partial metric on X. Define T: X — X be

6x if x€[0,1),
Tx={5x+1 if x € [1,2),
4x + 3 if x € [2,0).

Also, clearly T is surjection on X. Now we consider following cases.
¢ Let x,y €[0,1), then
Py (Tx, Ty) = [max{6x, 6y}]* = 36([max{x, y}]*)
> 15[max{x, y}]* = 15p, (x,y)
¢ Let x,y €[1,2),then
P, (Tx, Ty) = [max{(5x + 1), (5y + 1)}]*> > [max{5x.5y}]?
= 25[max{x, y}]?> = 15[max{x, y}]*> = 15p, (x,y)
¢ Let x,y €[2,0), then
oy, (Tx, Ty) = [max{(4x + 3), (4y + 3)}]? > [max{4x. 4y}]?
= 16[max{x, y}]? = 15[max{x, y}]*> = 15p, (x,y)
¢ Letx €[0,1)andy € [1,2), then
v, (Tx, Ty) = [max{6x, (5y + 1)}]? > [max{6x. 5y}]?
> 25[max{x, y}]? = 15[max{x, y}]*> = 15p, (x,y)
¢ Letxe[0,1)andy € [2,),then
py (Tx,Ty) = [max{6x, (4y + 3)}]*> > [max{6x. 4y}]?
> 16[max{x, y}]*> > 15[max{x, y}]> = 15p, (x,y)
¢ Let x €[1,2) and y € [2,), then
Py (Tx, Ty) = [max{(5x + 1), (4y + 3)}]*> > [max{5x.4y}]?
> 16[max{x, y}]? = 15[max{x, y}]? = 15p, (x,y)

That is p, (Tx, Ty) = Ap, (X,¥),Vx,y € X where A = 15 > 2 = s. The conditions of Theorem 3.2 are satisfied
and T has a unique fixed point x* = 0 € X.

I1l. COMMON FIXED POINT THEOREMS
In this section, we give a common fixed point theorem of two weakly compatible mappings in partial b-metric
spaces. In [14] Jungck introduced the concept of commuting maps. In [15] Jungck introduced the concept of
compatible mappings which generalize the concept of commuting maps. Jungck in [16] further generalized the
concept of weakly compatible maps as follows.

Let Sand T be two self-mappings on a nonempty set X. Then S and T are said to be weakly compatible if they
commute at all of their coincidence points; that is, Sx = Tx for some x € X and then STx = TSx.

Theorem 4.1 Let (X, p,) be a p,-complete partial b-metric space with the coefficients > 1. Let S and T be two
self-mappings of X and T (X) < S(X). Suppose that there exists a constant A > s such that

(4.1) Py (Sx,Sy) = Ap,y (Tx, Ty)

V x,y € X. If one of the subspaces T(X) or S(X) is complete, then S and T have a unique point of coincidence
in X. Moreover, if S and T are weakly compatible, then S and T have a unique common fixed point in X.Then S
and T have a unique common fixed point in X.

Proof: Let x, € X. Since T(X) < S(X), choose x; € X such that y; = Sx; = Tx,. In general, choose x,,,; € X
such that y,, .1 = Sx, 41 = Tx,. Now by (4.1), we have

; Db Vs Ynt1) = Db (5%, SXp 1) 2 A0y (T, Txy 1) = APy (Vnt1s Y 42)
and so

1
(4.2) Py Vn+1 Ynr2) S 726 Ons Y1) = Aoy (Vs Y1)
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where h = % <sl . Then by Lemma 3.1, {x,};—; is a p,-Cauchy sequence. Since T(X) € S(X) and T(X) or
S(X) is a complete subspace of X. Then from Lemma 2.15, (§(X),d,,) is b-complete and so the sequence
) =1{Tx,—1} € S(X) isb-converges in the b-metric space (S(X),d,,) , that is, there exists z* € X such that
lim, . d,, (O, 2") = 0.

Consequently, we can find u € X such that Su = z*. Again from Lemma 2.15, we have

(43) (4 (S‘LL, Z*) =D» (Z*: Z*) = limn—)w Pp (yn' Z*) = limn—mo 1Y) (yn' ym)

Moreover, since {y, };-; is a b-Cauchy sequence in the b-metric space (S(X),d,,), lim,_.. d,, On, Ym) = 0,
On the other hand, since

max{ p, Vo, Yn ), P On+1, Yn+1)} < P Oy Y1)
then by the simple induction with (3.2), we have
(4.4) max{ py W, Yn ), P On+1, Yn+1)} < Ry (v0, ¥1)
Hence, we have lim, ... p, (V», ¥,) = 0. Thus from the definition of d,,,, we have lim,,_,.. p, O, yin) = 0.
Therefore, from (4.3), we have
Db (Sur Z*) = Db (Z*v Z*) = limn—)oo Db (yn! Z*) = limn—»ao Db (yn: ym) =0.
Now to show that Tu = z*. From (4.1), we have
(45) Pp (Tu' Txn) < %pb (Su! an)
Taking limit as n — +oo in the above inequality, we get
pp(Tu,z*) < %pb (Su,z*) =0,
This implies that p,(Tu,z*) =0 and so Tu = z*. Therefore, Su=Tu = z*. Since S and T be weakly
compatible, STu = TSu, that is, Sz* = Tz".
Now we show that z* is a common fixed point of S and T. From condition (4.1)
Db (SZ*' an) 2 Apb (TZ*v Txn)
Proceeding to the limit as n — 400, we have
py(Sz*,z") = Apy(Tz", 27) = Ap, (2™, 27),
which implies that p, (Sz*,z*) = 0. Also p, (5z*,5z*) = 0 = p,(z*,z*). Hence Sz* = z* and so0 Sz* =Tz* =
z".
Finally, assume z* =+ w* is also another common fixed point of S and T. From (4.1), we get
(4.6) pp (2", w") = p, (52", Sw”) = Ap,(Tz", Tw*) = Ap, (2", W)
This is true only when p, (z*,w*) = 0. Also p, (z*,2*) = 0 = p,(w*,w*). So z* = w*. Hence S and T have
a unique fixed point in X. This completes the proof.

Theorem 4.2 Let (X, p,) be a p,-complete partial b-metric space with the coefficients > 1. Let S and T be two
self-mappings of X and T(X) < S(X). Suppose that a, b, c = 0 with a + sb + ¢ > s such that
(4.7) Py (Sx,Sy) = ap, (Tx,Ty) + bp, (Sx, Tx) + cp, (Sy, Ty)
V x,y € X. If one of the subspaces T (X) or S(X) is p,-complete, then S and T have a point of coincidence in X.
Moreover, if a > 1, then point of coincidence is unique. If S and T be weakly compatible and a > 1, then S and
T have a unique common fixed point in X.
Proof: Let x, € X. Since T(X) < S(X), choose x; € X such that y; = Sx; = Txy. In general, choose x,,,; € X
such that y, .1 = Sx,41 = Tx,. Now by (4.7), we have

Pb Oy Yn+1) = Pp (X, S5 41)

= apy (Txnt Txn+1) + bpb (an: Txn) + oy (an+1' Txp41

= apy Vn+1, Yn+2) + b0y O, Yns1) + €0 U1, Yns2)
and so

(1 = b)py Vo Ynt1) = (@ + Py Wn41, Ynt2)
If a +c =0, then b < 1. The above inequality implies that a negative number is greater than or equal to zero.
That is impossible. So, a + ¢ # 0 and 1 — b > 0. Therefore,
(4.8) Py Vn+1: Yn+2) < APy (Vo Yn+1)
where h = % < Sl Then by Lemma 3.1, {x,};—; is a Cauchy sequence. Since T(X) € S(X) and T(X) or
S(X) is a p,-complete subspace of X. Then from Lemma 2.15, (S(X), d,,) is b-complete and so the sequence
{m} ={Tx,—1} € S(X) isb-converges in the b-metric space (S(X),d,,) , that is, there exists z* € X such that
lim, 400 dp, (y, 2*) = 0.
Consequently, we can find u € X such that Su = z*. Again from Lemma 2.15, we have
(4.9) Py (Su, 2%) = py (2", 2") = limy .o Py W, 27) = im0 Dy (Vs Vi)
Moreover, since {y, };;-; is a b-Cauchy sequence in the b-metric space (S(X),d,, ), limy, e, d,y, W, Ym) = 0,
On the other hand, since
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o max{py W, s Do Ot ts Yur 13 < Do s Y1)
then by the simple induction with (4.8), we have

(4.10) max{ pp V> Yn)» Pb Vn+1, Yn+1)} < W0y Vo, Y1)
Hence, we have

lim, o, Db (Yn' yn) =0.

Thus from the definition of d,,, we have

limn—mo 2 (yn' ym) = 0.
Therefore, from (4.9), we have

2 (Su: Z*) = DP» (Z*: Z*) = limn—mo 2 (yan*) = limn—mo Py (yn' ym) = 0.
Now to show that Tu = z*. From (4.7), we have
(4.11) pp (Su, Sx,) = ap, (Tu, Tx,) + bp, (Su, Tw) + cp, (Sx,, Txy,)
Taking limit as n — +oo in the above inequality, we get

0 = p,(Su,z*) = ap, (Tu,z*) + bp, (z*, Tu)

= (a+ b)py(Tu,z")

This implies that p,(Tu,z*) =0 and so Tu = z*. Therefore, Su = Tu = z*. Therefore, z* is a point of
coincidence of S and T.
Now we suppose that a > 1. Let w* be another point of coincidence of S and T. So Sv = Tv = w* for some
v € X. Then from (4.7), we have

Py (2", w") = p,(Su, Sv)

> apy, (Tu, Tv) + bpy, (Su, Tu) + cp, (Sv, Tv)
= apy (Z*: W*)

This is true only when p, (z*,w*) = 0. Alsop, (z*,z*) = 0 = p, (W*,w*). S0 z* = w™.
Since S and T be weakly compatible, STu = TSu, that is, Sz* = Tz*. Now we show that z* is a common fixed
point of S and T. If a > 1, then from condition (4.7), we have

P (Sz*,Sx,) = ap, (Tz*,Tx,) + bp, (Sz*,Tz*) + cp, (Sx,,, Tx,,)
Proceeding to the limit as n — 400, we have

py(Sz*,z") = apy(Tz",z*) = ap, (Sz*, z7),
which implies that p, (Sz*,z*) = 0.
Also p, (§z*,5z*) = 0 = p,(z*,2z*). Hence Sz* = z* and so Sz* =Tz* = z*. Hence S and T have a unique
fixed point in X. This completes the proof.

Remark 4.3

1. Ifwetake s =1 in Theorem 3.2, then we get Corollary 2.1 of Huang et al. [26].
If we take s = 1 in Corollary 3.3, then we get Corollary 2.2 of Huang et al. [26].
If we take s = 1 in Theorem 3.4, then we get Theorem 2.1 of Huang et al. [26].
If we take s = 1 in Theorem 3.6, then we get Theorem 2.2 of Huang et al. [26].
If wetake s = 1,b = ¢ = 0 and a = A in Theorem 3.4, then we get Corollary 2.1 of Huang et al. [26].
Ifwetakes =1, b =c =0and a = 1in Theorem 4.2, then we get Theorem 2.3 of Huang et al. [26].
If wetake b = ¢ = 0and a = A in Theorem 4.2, then we get Theorem 4.1.
Ifwetakes =1,S =T,T =1 in Theorem 4.2, then we get Theorem 2.1 of Huang et al. [26].
Ifwetake S =T,T = I in Theorem 4.2, then we get Theorem 3.4.

CoNooak~wWN

Now, we prove the following common fixed point theorem, which is generalization of Theorem 2.2 of
Shatanawi et al. [22] in the setting of partial b-metric space.

Theorem 4.4 Let T, S: X — X be two surjective mappings of a p,-complete partial b-metric space (X, p,) with
the coefficient s > 1. Suppose that T and S satisfying inequalities

(4.12) pp (T (Sx), Sx) + kp, (T (Sx),x) = ap, (Sx, x)

(4.13) py (S(Tx),Tx) + kp, (S(Tx),x) = bp, (Tx, x)

for x € X and some nonnegative real numbers a, b and k with a > s(1 + k) + sk and b > s(1 + k) + s%k.. If
T or S is p,-continuous, then T and S have a common fixed point in X.

Proof Let x, be an arbitrary point in X. Since T is surjective, there exists x; € X such that x, = Tx;. Also, since
S is surjective, there exists x, € X such that x, = Sx;. Continuing this process, we construct a sequence {x,,} in
X such that

(4.14) Xon = TXzn41 AN X511 = SXon 42

forall n € N U {0}, Now for n € N U {0}, by (4.12) we have
Py (T (SX2n42), SXan42) + kpp (T (SX2042), X2n12) = apy (SX2p42) X2n42)
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Thus, we have

e Cran Xanan) F kpp (20, Xon42) 2 APy (Xon11, X2n42)
which implies that

Py (Xon, Xon+1) + Skpp (20, X2n41) + Db (Kon 415 X2n+2) — Db Kon+1, X2n41)] = app (X241, X2n42)

That is,
Db (Ko, X2 41) + Sk[Pp (2ns Xon 1) + Db (Kon+1, Xon42)] = app (X2041, X2 42)
Hence
1+sk
(4.15) Py (X2n 41, X2n+2) < ﬁ Py (Xon, X2p41)

On other hand, we have (from (4.13))

Py (S(Tx2041), T2 41) + kpp (S(Tx2n11), X2n41) = by (TX2n41, X2n41)
Thus we have

(a1 X)) + kpp (K2n—1 Xan41) 2 DDy (X2, X2n41)
which implies that

Py (X2n—1, X2n) + Sklpp (X201, X20) + Db (X2n, Xan41) — Pp (X2n, X20)] = bPp (X2, X2n41)

That is,
Py (X2pn—1, X2n) + Sk[py (X201, X2n) + Db (X2n, X2n41)] = DDy (X200, X200 41)
Hence
1+sk

(4.16) Py (Xzn—1,X20) < 7t D (Xzn—1, X20)

_ 1+sk 1+sk l
Let h = max {a—sk ’ b—sk} s
Then by combining (4.15) and (4.16), we have
(417) 123 (Xn, xn+1) < hpb(xn—lyxn)

where h € [0%) vn e NU{0}. Then by Lemma 3.1, {x,}>_; is p,-Cauchy sequence in the p,-complete

partial b-metric space. Then there exists x* € X such that x, — x* as n — 4oo. Therefore x,,,; = x* and
Xon42 = UV @S n — +oo. Without loss of generality, we may assume that T is p,-continuous, then Tx,, 4 —
Tx*as n = +oo. But Txy,,1 = x5, & x* as n - +0.Thus, we have Tx* = x*. since S is surjective, there
exists p € X such that Sp = x™.
Now

py (T (Sp), Sp) + kp, (T(Sp),p) = ap, (Sp, p)
implies that kp, (x*,p) = ap, (x*,p)

Then p, (x*,p) < Spb(x*, p). Since a > k, we conclude that p, (x*,p) = 0. S0 x* = p. Hence Tx* = Sx* =

x*. Therefore x* is a common fixed point of T and S.
By taking b = a in theorem 4.4, we have the following result.

Corollary 45 Let T, S: X — X be two surjective mappings of a p,-complete partial b-metric space (X, p,) with
the coefficient s > 1. Suppose that T and S satisfying inequalities

(4.18) Py (T(Sx),Sx) + kp, (T(Sx),x) = ap, (Sx, x)

(4.19) pp (S(Tx), Tx) + kp, (S(Tx),x) = ap, (Tx, x)

for x € X and some nonnegative real numbers a and k with a > s(1 + k) + s?k . If T or S is continuous, then
T and S have a common fixed point in X.

By taking S = T in Corollary 4.5, we have the following Corollary.

Corollary 4.6 Let T: X — X be a surjective mappings of a p,-complete partial b-metric space (X, p,) with the
coefficient s = 1. Suppose that T satisfying inequality

(4.20) P (T(Tx),Tx) + kp, (T(Tx),x) = ap,(Tx, x)

for x € X and some nonnegative real numbers a and k with a > s(1 + k) + s?k . If T is continuous, then T has
a fixed point in X.

Now, we present an example to illustrate the usability of Corollary 4.6.

Example 4.7 Let X = [0, +) and define p,: X X X - R* by

d(x,y) = py(x,y) = [max{x, y}]* + |x — y|>,V x,y € X.
Then (X, py) is a complete partial b-metric space with s = 2. Define T: X — X by T(x) = 2x. Then T has a fixed
point.

Proof Note that
Py (T(Tx), Tx) + pp(T(Tx),x) = py(4x,2x) + py (4x, x)
= [max{4x,2x})? + |4x — 2x|? + [max{4x, x}]* + |4x — x|?
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= 16x2 + 4x? + 16x% + 9x% = 45x2

> 40x? = 8(4x?% + x?)

= 8{[max{2x, x}]*> + |2x — x|?}

= 8p, (Tx, x)
forall x€X. Here k=1 and a=8. Clearly 8=a >s(1+k)+sk?=2(1+1)+2(1)?>=6. Also T is
surjection on X. Thus T satisfies all the hypotheses of Corollary 4.5 and hence T has a fixed point. Here 0 € X is
the fixed point of T.

CONFLICT OF INTEREST

No conflict of interest was declared by the authors.

AUTHOR’S CONTRIBUTIONS

All authors contributed equally and significantly to writing this paper. All authors read and approved the final
manuscript.

REFERENCES
[1]. Aage, CT, Salunke, JN: Some fixed point theorems for expansion onto mappings on cone metric spaces. Acta Math. Sin. Engl.
Ser. 27(6), 1101-1106 (2011).
[2]. Aydi, H., Some fixed point results in ordered partial metric spaces, Journal of Nonlinear Sciences and Applications, 3 (2011),

210-217.

[3]. Bakhtin, 1A: The contraction mapping principle in almost metric spaces. Funct. Anal., Gos. Ped. Inst. Unianowsk 30, 26-37
(1989).

[4]. Banach, S: Sur les operations dans les ensembles abstrait et leur application aux equations, integrals. Fundam. Math. 3, 133-181
(1922).

[5]. Boriceanu, M, Bota, M, Petrusel, A: Mutivalued fractals in b-metric spaces. Cent. Eur. J. Math. 8(2), 367-377 (2010).
[6]. Bota, M, Molnar, A, Csaba, V: On Ekeland’s variational principle in b-metric spaces. Fixed Point Theory 12, 21-28 (2011).

[7]. Czerwik, S., “Contraction mappings in b-metric spaces,” Acta Mathematica et Informatica Universitatis ~ Ostraviensis,
vol. 1, pp. 5-11, 1993.
[8]. Czerwik, S., “Nonlinear set-valued contraction mappings in b-metric spaces,” Atti del Seminario matematico e fisico

dell’Universit'a di Modena, vol. 46, no. 2, pp. 263—-276, 1998.

[9]. Daffer, P. Z., Kaneko, H., On expansive mappings, Math. Japonica. 37 (1992), 733-735.

[10]. Daheriya, R. D., Jain, R., Ughade, M., “Some Fixed Point Theorem for Expansive Type Mapping in Dislocated Metric Space”,
ISRN Mathematical Analysis, Volume 2012, Article ID 376832, 5 pages, doi:10.5402/2012/376832.

[11].  Deimling, K: Nonlinear Functional Analysis. Springer, Berlin (1985).

[12].  Jain, R., Daheriya, R. D., Ughade, M., Fixed Point, Coincidence Point and Common Fixed Point Theorems under Various
Expansive Conditions in b-Metric Spaces, International Journal of Scientific and Innovative Mathematical Research, vol.3, no.9,
pp. 26-34, 2015.

[13].  Jain, R., Daheriya, R. D., Ughade, M., Fixed Point, Coincidence Point and Common Fixed Point Theorems under Various
Expansive Conditions in Parametric Metric Spaces and Parametric b-Metric Spaces, Gazi University Journal of Science,
Accepted, 2015.

[14].  Jungek, G., “Commuting mappings and fixed points,” The American Mathematical Monthly, vol. 83, no.4, pp. 261-263, 1976.

[15].  Jungck, G., “Compatible mappings and common fixed points,” International Journal of Mathematics and Mathematical Sciences,
vol. 9, no.4, pp. 771-779, 1986.

[16].  Jungck, G., “Fixed points for non-continuous non-self mappings on non-metric space,” Far East Journal of Mathematical
Sciences, vol. 4, pp. 199-212, 1996.

[17]. Kaewcharoen, A., Yuying, T., Unique common fixed point theorems on partial metric spaces, Journal of Nonlinear Sciences and
Applications, 7 (2014), 90-101.

[18]. Marta Demma and Pasquale Vetro, Picard Sequence and Fixed Point Results on b-Metric Spaces, Journal of Function Spaces,
Volume 2015, Article ID 189861, 6 pages http://dx.doi.org /10.1155/2015/189861.

[19]. Matthews, S. G., Partal metric topology Proc. 8th Summer Conference on General Topology and Applications, Ann. N.Y. Acad.
Sci., 728 (1994), 183-197.

[20]. Mehmet, K., Kiziltunc, H., On Some Well Known Fixed Point Theorems in b-Metric Spaces, Turkish Journal of Analysis and
Number Theory, 1 (2013), 13-16.

[21]. Mustafa, Z., Roshan, J. R., Parvaneh, V., Kadelburg, Z., Some common fixed point result in ordered partial b-metric spaces,
Journal of Inequalities and Applications, (2013), 2013:562.

[22].  Shatanawi, W., Awawdeh, F., Some fixed and coincidence point theorems for expansive maps in cone metric spaces, Fixed Point
Theory and Applications 2012, 2012:19, d0i:10.1186/1687-1812-2012-19.

[23].  Shatanawii, W., Nashineb,, H. A generalization of Banach's contraction principle for nonlinear contraction in a partial metric
space, Journal of Nonlinear Sciences and Applications, 5 (2012), 37-43.

[24].  Shukla, S., Partial b-metric spaces and fixed point theorems, Mediterranean Journal of Mathematics, doi:10.1007/s00009-013-
0327-4, (2013).

[25]. Wang, S. Z,, Li, B. Y., Gao, Z. M., Iseki, K., Some fixed point theorems for expansion mappings, Math. Japonica. 29 (1984),
631-636.

[26].  Xianjiu Huang, Chuanxi Zhu, Xi Wen, Fixed point theorems for expanding mappings in partial metric spaces, An. St. Univ.
Ovidius Constanta Vol. 20(1), 2012, 213-224.

[27].  Yan Han and Shaoyuan Xu, Some new theorems of expanding mappings without continuity in cone metric spaces, Fixed Point
Theory and Applications, 2013, 2013:3.

*Corresponding Author: SURAJ SHRIVASTAVA 10 | Page



