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ABSTRACT: The aim of this paper is to introduce the concept of dense sets in soft biminimal spaces and some
of their simple properties.
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I. INTRODUCTION

Molodtsov (1999) initiated the theorey of soft sets as a new mathematical tool for dealing uncertainty,
which is completely a new approach for modeling vagueness and uncertainties. Soft set theorey has a rich
potential for application in solving practical problems in Economics, Social sciences, Medical sciences etc.
Molodtsov successfully applied soft theory into several directions, such as Smoothness of func-tions , Game
theory, Operation research, Riemann integration, Perron integration, Theory of probability, Theory of
measurement and so on. The concept of mini-mal structure space (brie y m-structure) was introduced by V.
Popa and T.Noiri (2000). They also introduced the concepts of my -open set and my -closed set and characterize
those sets using my -closure and my -interior operators, respectively. C. Boonpok (2010) introduced the concept
of biminimal structure space and studied m'y m?x -open sets and m'x m% -closed sets in biminimal structure
spaces. R. Gowri and S. Vembu (2015) introduced the concept of Soft minimal and soft biminimal spaces. Also
they introduced (2016) boundary set on soft bimimal spaces and Exte-rior sets in soft biminimal spaces. In this
paper, we introduce the concept of dense sets in soft biminimal spaces and study some of their simple
properties.

Il. PRELIMINARIES
Definition 2.1 [11] Let U be an initial universe and FE be a set of parameters. Let
P(U) denote the power set of U and A be a nonempty subset of E. A pair (F,A) is
called a soft set over U, where F is a mapping given by F : A — P(U).
In other words, a soft set over U is a parametrized family of subsets of the universe
U. For e € A. F(e) may be considered as the set of e-approrimate elements of the

soft set (F. A).

Definition 2.2 [6] Let X be an initial universe set, E be the set of parameters and
A C E. Let Fy be a nonempty soft set over X and P(F4) is the soft power set of

F4. A subfamily m of P(F,) is called a soft minimal set over X if Fy € m and
Fp em.

(Fa.m) or (X,m.FE) is called a soft minimal space over X. Fach member of m
is said to be m -soft open set and the complement of an m-soft open set is said to
be m-soft closed set over X.

Example 2.3 [6] Let U = {u1,ua2}, E = {x1,22.23}, A= {x1.22} C E and
Fa = {(z1, {w1,u2}), (zo, {ur,us})}. Then
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FAI = {(z1,{wm})}
= {(z1,{u2})}.
F,;s = {(z1. {ur,ua})},
Fay = {(z2, {ur})}.
Fay = {(z2, {ua})},
Fag = {(z2. {u1, uz} }
Fa, = {(z1,{u1}), (22, {1 })},
Fag = {(z1,{u1}) , (za, {ua})}

Faq = {(=1,{u1}) .-(Izs{ﬂl.-ﬂz})},
Fay = {(z1,{ua}) . (za, {u1 })},
Fayy = {(z1, {ua}) , (22, {ua})},
Fayy = {(z1,{ua}) , (za, {wr, ua})},
Fays = {(z1. {ur. ua}) , (2o, {us })}.
Fay = {(z1,{u1,ua}), (29, {ua})},
Fa,, =Fa,

Fa,, = Fy are all soft subsets of Fu

SOft manimal (’h) = {F‘AfFO.'FA] ) E‘i:}? F‘Asz’im}

Definition 2.4 [6] Let (Fa,m) be a soft minimal space over X. For a soft subset
Fp of Fy. the m-soft closure of Fg and m-soft interior of Fg are defined as follows:

(1) MCUFp) =N{F,:FpCF, Fy—F, €1},
(2) mInt(Fg)=VU{Fs: F3CFp,Fzem}.

Lemma 2.5 [6] Let (Fa,m) be a soft minimal space over X. For a soft subset Fp
and Fo of Fa.the following properties hold:

(1) mel(Fa — Fg) = Fo — mInt(Fg) and mInt(Fa — Fg) = Fa — mel(Fg),

(2) If (Fa — Fg) € m, then mcl(Fp) = Fp and if Fg € m,
then mInt(Fg) =

(3) mel(Fp) = Fp, mcl(Fa) = Fa, mInt(Fp) = Fp and mInt(Fa) = Fa,
(4) If FgCFg, then mel(Fg)Cmel(Fe) and mInt(Fg)Cilnt(Fe),

(5) FpCrel(Fg) and mInt(Fg)CFg,

(6) mel(mel(Fg)) = mel(Fg) and mInt(mInt(Fg)) = mInt(Fg).

Lemma 2.6 [6] Let Fy be a nonempty set and m on X satisfying property B. For
a soft subset Fg of Fy, the following properties hold:

(1) Fg € m if and only if mInt(Fg) = Fg,
(2) If Fg is m-closed if and only if mCl(Fg) = Fp,

(3) mInt(Fg) € m and mCIl(Fg) € m-closed.
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Definition 2.7 [6] Let (Fq,m) be a soft minimal space with nonempty set Fy is
said to have property B if the union of any family belonging to m belongs to m.

Definition 2.8 [6] Let X be an initial universe set and E be the set of parame-
ters. Let (X,mq, E) and (X,nms, E) be the two different soft minimals over X. Then
(X.my.mo, E) or (Fq.,my.my) is called a soft biminimal spaces.

Definition 2.9 [6] A soft subset Fg of a soft biminimal space (F4,1my.19) is called
myme-soft closed if mely(mely(Fg)) = Fg. The complement of mymg-soft closed
set is called mymo-soft open.

Proposition 2.10 [6] Let (F4,1mq,19) be a soft biminimal space over X. Then Fg
is @ mymg-soft open soft subsets of (F4,my.me) if and only if Fg = miInty(mInts(Fg)).

Proposition 2.11 [6] Let (F,m1,m2) be a soft biminimal space.If Fg and Fe are
myma-soft closed soft subsets of (Fa.my,1m0) then Fg 0 Fe is myma-soft closed.

Proposition 2.12 [6] Let (Fa, 11, ma) be a soft biminimal space over X. If Fg and
Fe are myms-soft open soft subsets of (Fy,mi,ma),then Fp U Fp is myma -soft
open.

Definition 2.13 [8] Let (Fa.mm1,m2) be a soft biminimal space (SBMS), Fg be a
soft subset of Fa and x € Fa. Then z is called mim;-exterior point of Fp if

x € mulnt(m;Int(Fy\ Fg)). We denote the set of all mim;-exterior point of Fp by
mEztij(Fg) where i,j = 1,2, and i # j.

From definition we have mEx2t;;(Fg) = Fa \ m:Cl(m;Cl(Fg)).

Definition 2.14 [7] Let (Fa,mi.m2) be a soft biminimal space, Fp be a soft sub-
set of Fy and x € Fy. We called x is (i,j) — m boundary point of Fp if © €
miCl(m;Cl(Fg)) N miCl(im;Cl(Fa \ Fg)). We denote the set of all (i,j) — -
boundary point of Fg by mBdr;(Fg) wherei,j = 1,2, and i # j.

From definition we have mBdry;(Fg) = m;Cl(m; Cl(Fg)) N m;Cl(m;CI(Fa \ Fg)).

Theorem 2.15 [7] Let (Fa.1mq,ma) be a soft biminimal space and Fg be a soft
subsets of Fy. Then for any i,j = 1,2, and i # j, we have;

1. Fpg is mym;- soft closed if and only if mBdr;;(Fg) G Fp.

2. Fp is tym;- soft open if and only if mBdry;(Fg) C Fa \ Fp.

I11. DENSE SETS IN SOFT BIMINIMAL SPACES

In this section. we introduce the concept of dense sets in soft biminimal spaces
and study some of their properties.

Definition 3.1 Let (Fq,my.ms) be a soft biminimal space. A soft subset Fg of F
is called m;m;-dense set in Fp if Fq = mCl(m;Cl(Fg)), wherei,j=1,2 andi# j

Example 3.2 Let (Fj,m1,ma) be a soft biminimal space where X = {ug,us},

E = {z1,22,23}, A= {z1,72} C E and Fj = {(z1, {u1,u2}). (2, {u1,u2})}.

Then Tﬁ'] = {F@, FAl x-FAQ- F.-hs FAu ) F:‘hse FA}:and Tﬁ'? = {Fﬂs -F:h ’ F:,q?, FAs’ FAlow F:‘lm» FA}
Then mClmaCl({(x2, {u1})}))=Fa and maCl(m;Cl({(z9, {u1})}))=Fa.

1y Cl{riaClL{(z1, {us})}) = { (1, {us}) b and maCllaiiy CU{ (21, {u}) 1)) ~{(z1. fua})}.
Hence {(x9,{uy})} is miymo-dense set and momy-dense set in Fy.

But {(x1, {us})} is not riym;-dense set, where i,j = 1,2 and i # j

Theorem 3.3 Let (Fa.miy,m2) be a soft biminimal space and Fg be a soft subset
of Fa. Fp is mymj-dense set in Fa if and only if mExt;;(Fg)=Fy, where i,j = 1,2
and i # j
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Proof: Let (F4.m1,m5) be a soft biminimal space and let Fg be a soft subset of
Fy.

Necessity: Suppose that F is m;m;-dense set in F4. Since Fq=m;Cl(m;CI(Fg)).
That implies F4 \ m;Cl(m;Cl(Fp))= Fy = mExt;;(Fp)=F,, [8] where i,j = 1,2
and 7 # j.

Sufficiency: Assume that mExt;;j(Fg)=Fp. Thus Fa \ miCl(m;Cl(Fg))= Fp,
it follows that m;CIl(m;CIl(Fg))=Fa. Hence Fp is m;m;-dense set in F4, where
i,j=1,2andi#j O

Theorem 3.4 Let (F4.my,ms) be a soft biminimal space and Fg be a soft subset
of Fa. If Fg is mym;-dense set in 5 then for any non-empty soft m;m;-closed
subset Gg of F, where i,j = 1.2 and i # j such that Fg € Gpg. we have Gp=F},.

Proof: Assume that Fp is mimj-dense set in F4 and Gpg is soft m;mj -closed
subset of F4 such that Fg Q Gp. Since Fpg is m;mj-dense set in F, that im-
plies Fy=1;Cl(m;CI(Fg)). By assumption, Gg is soft m;m;-closed set and Fg C
G, it follows that Fy=m;Cl(ni;Cl(Fg)) C m:Cl(1i;Cl(GR))= Gp. Consequently,
Gp=Fj,. O

Note 3.5 By Theorem 3.4 if Fp is mymj-dense set in Fa. Then only Fa is soft
mimj-closed set in Fa such that containing Fp.

Remark 3.6 The Theorem 3.4 is not true if Gg is not soft mym;-closed set. The
following example supports our claim.

Example 3.7 Let X = {ui,us}, E = {z1.22,23}, A = {z1,22} C E and Fa =
{(z1,{w1,u}), (z2, {ur,u2})}. Then mi = {Fp, Fa,,Fay, Fa; . Fayy,Fay, Fa},and
1752 = {FOsFAuFAQeFAs~E4|ovFA|QsE4}- Then TﬁICl(TﬁQCI({(IL‘Q,{'U.],'u'_)_})})=E4
and maCl(miCl({(za, {u1,u2})})=Fa. Hence {(zo, {u1.ua})} is mim;-dense set in
Fy. But {(xa2,{u1,us})} is not soft mim;-closed set in Fy.

Theorem 3.8 Let (F4.miy.ms) be a soft biminimal space and let Fg be a soft subset
of Fa. If mnt(m;Int(Fa \ Fg))=Fp then for any non-empty soft m;m;-closed
subset G of F4, where i,j = 1,2 and i # j such that Fg C Gy, we have G = F,

Proof: Suppose that m;Int(m;Int(Fa\ Fg))=F and Fg be a soft subset of Fa,
where i, j = 1,2 and i # j such that Fp é G p. By assumption, we have

FA\miCl(m;Cl(Fg)) = Fp and so FA=m;Cl(m;Cl(Fg)) C m;Cl(m;Cl(Gg))= Gg.
Therefore Gp=Fj. O

Theorem 3.9 Let (F4,miy,m9) be a soft biminimal space and let Fg € Fy. If F
be a soft subset of Fy. If Fp is mym;-dense set in Fy. Then Ugp N Fp # Fy for
any non-empty soft mym;-open subset Ug of Fa, where i,j = 1,2 and i # j.

Proof: Let Fp be a m;m;-dense set in F4. Assume that Up N Fp = F, for any
non-empty soft m;m;-open subset Up of F)y. Thus we have Fpg C UgC. It follows
that Fq=m;Cl(m;CI(Fg)) C n"z,-Cl('rﬁjCl(Ug)) = Fj \ myInt(m;Int(Ug)). Since
Usp is softm;m ;-open, G gC is soft m;mj-closed. By assumption, we have U pC=Fy.
That is F4 \ Fg= F4. Therefore Ug= Fy. This is contradiction. Hence Ug N Fg #
Fy for any non-empty soft m;m -open subset Up Fy, where i,j = 1.2 and i # j. O

Theorem 3.10 Let (Fy,my.15) be a soft biminimal space and let Fg C Fy. If for
any non-empty soft m;m;-closed subset G of Fp such that Fg C Gpg. then Gp=F,
if and only if Ug N Fg # Fy for any non-empty soft m;m;-open subset Up of F4,
wherei,j =1,2 and i # j.

*Corresponding Author: R. Gowri 11| Page



Dense sets in Soft biminimal Spaces

Proof: Let (Fa,m1,m2) be a soft biminimal space and let Fi C Fa.

Necessity: Suppose that if for any non-empty soft m;m;-closed subset Gg of Fis
such that Fp Q G g, then Gp=F4. Assume that Ug N Fg = Fy for any non-empty
soft m;m;-open subset Ug of F1. Thus we have Fp é U BC. Since Up is soft m;m;-
open that implies U gC is soft mim;-closed. By assumption, we have U gC=F4 it
follows that Up=Fp, this is contradiction. Therefore Ug N Fp # Fy for any non-
empty soft m;m;-open subset Up of Fq, where i,j = 1,2 and i # j.

Sufficiency: Assume that Up N Fg # Fj for any non-empty soft m;m;-open subset
Up of Fy and Gp is a non-empty soft m;m;-closed subset of F4, such that Fp c
G . Suppose that Gg # F4. Thus G BC is a non-empty soft m;m;-open subset of
F4. By assumption, we have G BC N Fg # Fp. This is a contradiction with Fi C
Gp. Hence Gpg=F}. |

Theorem 3.11 Let (Fa,mi,ma) be a soft biminimal space and let Fp be a soft
subset of Fa. If milnt(m;Int(Fa\ Fg))=Fy then Ugp N Fg # Fy for any non-
empty soft mimj-open subset Up of Fa, wherei,j=1,2 and i # j.

Proof: Assume that mInt(m;Int(F4 \ Fp))=F,. Suppose that Up N Fp=F, for
any non-empty soft m;m;-open subset Ug of F such that F C Ug%, it follows
that Fa=m;Cl(m;CI(Fg)) C ~rﬁiCl(1ﬁjCl(UB)C)=UBC. Hence Up=F,. This is
contradiction with the property of Upg. Therefore Up N Fg # Fy for any non-empty
soft m;m;-open subset Up of Fy, where 4, j = 1,2 and i # j. 0

Theorem 3.12 Let (Fy, iy, mis) be a soft biminimal space and let Fg € Fa. If Fg
is mym j-dense set in Fy, then mBdr;;(Fg)=m;Cl(m;Cl(Fo\Fg)), wherei,j =1,2
and i # j.

Proof: Let (Fa.mi1,m2) be a soft biminimal space and let Fig C Fa.
Assume that Fp is mim;-dense set in F4. Thus we have mBdr;j=m;CIl(m;Cl(Fg))
N miCl(m;Cl(Fa \ FB))=miCl(m;CIl(Fa \ FB)), where i,j = 1,2 and i # j. O

Theorem 3.13 Let (Fq,mq,mso) be a soft biminimal space and let Fg be a soft
subset of Fy. Then Fpg is soft mym;-open and mym;-dense set in Fy if and only if
mBdr;j(Fp)=Fa \ Fp, where i,j = 1,2 and i # j.

Proof: Let (F4,miy,ms) be a soft biminimal space and let Fjg € Fy.

Necessity: Assume that Fp is soft m;m;-open and m;m -dense set in F4. By
Theorem 2.15 and Theorem 3.12, we have m;Cl(m;CI(F4 \ Fg))=Fa \ Fp. Hence
mBdr;(Fg)=m;Cl(m;CI(Fa\ Fg))=Fa\ Fp, where i,j = 1,2 and i # j.
Sufficiency: Let mBdr;j(Fp)=F4 \ Fp. Assume that Fp is m;m; -open set in Fj.
Then we have mBdr;(Fp)= Fa \ Fp= Fa \ miInt(m;Int(Fg))=m;Cl(m;CIl(F4 \
Fg)). By Theorem 3.12, we have Fpg is m;m;-dense set in F4, where i,j = 1,2 and
i£ 5 O

Example 3.14 Let X = {u1, w2}, E = {z1,22.23}, A = {z1.22} C E and Fy =
{(;rl ) {ulaUQ})v (79, {U], u‘l})}' Then my = {FﬂsFA] : F‘AQ?E“T? F‘AlSS FA}; and my =
{Fo.Fay,Fay. Far, Fay, Fags, Fa}. Then miCl(msCl({(z1, {u1}) . (22, {u1})})=Fa
and myInt(meInt({(z1, {u1}) . (o, {w )P ={(z1. {wa}) . (w2, {ur})}.

Hence {(xz1,{u1}).(z2, {u1})} is m;m;-open and m;m;-dense set in Fy.

Then we have mBdr;;({(z1. {u1}) . (22, {u1})})={(21. {ua}) . (22, {ua})}.
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