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I. INTRODUCTION 
The Banach fixed point theorem is the fundamental method for studying fixed point theory, it states 

that every contraction mapping on a complete metric space has a unique fixed point. Let  (𝒳,𝒹)  be a complete 

metric space. If 𝒯: 𝒳 →  𝒳  satisfies 𝒹(𝒯(𝓍),𝒯(𝓎))  ≤ 𝓀 (𝒹(𝓍,𝓎)) for all 𝓍,𝓎 ∈  𝒳, 0 ≤ 𝓀 < 1, then it has a 

unique fixed  point. In 1969, Boyd and Wong [2] replaced the constant 𝓀 in Banach contraction principle by a 

implicit function 𝜓  and proved some fixed point theorems. 

In 1997, Alber and Gueree-Delabriere [1] introduced the concept of weak contraction in metric space: 

A map ℱ:𝒳 →  𝒳 is said to be weak contraction if for each 𝓍,𝓎 ∈  𝒳, there exists a function ∅ : [0, ∞) → [0, 

∞), ∅ (𝓉) > 0 for all 𝓉 > 0 and ∅ (0) = 0 such that   𝒹(𝒯(𝓍),𝒯(𝓎)) ≤ 𝒹(𝓍,𝓎) − ∅ (𝒹(𝓍,𝓎)). 
 

II. PRELIMINARIES   

In 2006, Zead Mustafa and Brailey Sims[6] introduced the notion of ℌ -metric space as generalization of the 

concept of ordinary metric space. 

Definition 2.1[6] "A ℌ -metric space is a pair (𝒳,ℌ), where 𝒳 is a non-empty set and ℌ is a non-negative real-

valued function defined on 𝒳 × 𝒳 × 𝒳 such that for all 𝓍,𝓎, 𝓏,𝒶 ∈ 𝒳, we have 

(i) ℌ(𝓍,𝓎, 𝓏) = 0 if 𝓍 = 𝓎 = 𝓏, 

(ii) 0 < ℌ 𝓍,𝓍,𝓎 , for all 𝓍,𝓎 ∈ 𝒳, with 𝓍 ≠ 𝓎, 
(iii) ℌ(𝓍,𝓍,𝓎) ≤ ℌ(𝓍,𝓎, 𝓏),for all 𝓍,𝓎, 𝓏 ∈ 𝒳, with 𝓏 ≠ 𝓎, 
(iv) ℌ 𝓍,𝓎, 𝓏 = ℌ 𝓍, 𝓏,𝓎 = ℌ 𝓎, 𝓏,𝓍 = ⋯, (symmetry in all three variables), 

(v) ℌ 𝓍,𝓎, 𝓏 ≤ ℌ 𝓍,𝒶,𝒶 + ℌ 𝒶,𝓎, 𝓏 , for all 𝓍,𝓎, 𝓏,𝒶 ∈ 𝒳 (rectangle inequality), 

The function ℌ is called ℌ -metric on 𝒳. " 

Definition 2.2[7] "A sequence 𝓍𝑛  in a ℌ -metric space 𝒳 is said to be convergent if there exist 𝓍 ∈ 𝒳 such that 

lim𝑛 ,𝑚→∞ ℌ 𝓍,𝓍𝑛 ,𝓍𝑚  = 0 and one says that the sequence (𝓍𝑛) is ℌ -convergent to 𝓍. We call 𝓍 the limit of 

the sequence (𝓍𝑛) and write 𝓍𝑛 → 𝓍 or lim𝑛→∞ 𝓍𝑛 = 𝓍. " 

http://www.questjournals.org/
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Definition 2.3[7] "In a ℌ -metric space 𝒳, a sequence  (𝓍𝑛) is said to be ℌ -Cauchy if given ∈ > 0, there exists 

a  𝑛0 ∈ ℕ such that ℌ 𝓍𝑛 ,𝓍𝑚 ,𝓍𝑙 < ∈ ,for all 𝑛,𝑚, 𝑙 ≥ 𝑛0 

 i.e., ℌ 𝓍𝑛 ,𝓍𝑚 ,𝓍𝑙 → 0 as 𝑛,𝑚, 𝑙 → ∞. " 

Proposition 2.1[7]" Let 𝒳 be ℌ -metric space. Then the following statements are equivalent: 

(i) (𝓍𝑛) is ℌ -convergent to 𝓍, 
(ii) ℌ 𝓍𝑛 ,𝓍𝑛 ,𝓍 → 0 as 𝑛 → ∞, 
(iii) ℌ 𝓍𝑛 ,𝓍,𝓍 → 0 as 𝑛 → ∞, 
(iv) ℌ 𝓍𝑚 ,𝓍𝑛 ,𝓍 → 0 as 𝑛 → ∞." 

Proposition 2.2[7]" Let 𝒳 be ℌ -metric space. Then the following statements are equivalent: 

(i) The sequence (𝓍𝑛) is ℌ -Cauchy; 

(ii) For every ∈ > 0, there exists a 𝑛0 ∈ ℕ such that ℌ 𝓍𝑛 ,𝓍𝑚 ,𝓍𝑚  < ∈, ∀ 𝑛,𝑚 ≥ 𝑛0 
 

Definition 2.4 "Two self mappings 𝒮  and 𝒯  of a metric space (𝒳,𝒹) are said to be commuting if 𝒮𝒯𝓉 =
 𝒯𝒮𝓉,∀ 𝓉 in 𝒳."   

In 1982, Sessa [13] generalized the notion of commutative mappings  to weak commuting maps as follows: 

Definition 2.5[13]" Two self mappings 𝒮 and 𝒯 of a metric space (𝒳,𝒹) are said to be weakly commuting if 

𝒹(𝒮𝒯𝓉 ,𝒯𝒮𝓉) ≤ 𝒹(𝒯𝓉 ,𝒮𝓉) ,∀ 𝓉 in 𝒳."   

Remark 2.1[13] Commutative mappings are weak commutative mappings, but converse may not be true. 

In a similar mode we can define  weak commuting in setting of ℌ − metric space (𝒳,ℌ) 

 

2. Fixed Points for Weakly Commuting Mappings  

In 2013, Murthy and Prasad [5] introduced a new type of inequality for a map that involves cubic terms of 

metric function 𝑑(𝑥, 𝑦) that extended and generalized the results of many cited in the literature of fixed point 

theory. In this section, we extend the result of Murthy and Prasad [5] for four self weakly commuting mappings 

satisfying a generalized weak contractive condition involving various combinations of ℌ -metric functions. 

Theorem 2.1 Let 𝒜,ℬ,𝒮 and 𝒯are four self mappings of a complete ℌ − metric space (𝒳,ℌ) satisfying the 

following conditions: 

(2.1) 𝒮 𝒳 ⊂ ℬ 𝒳 , 𝒯 𝒳 ⊂ 𝒜 𝒳 ; 
      (2.2)  One of the 𝒜,ℬ,𝒮 and 𝒯 is continuous; 

      (2.3)  1 + 𝒽ℌ 𝒜𝓇,ℬ𝓈,ℬ𝓈  ℌ2 𝒮𝓇,𝒯𝓈,𝒯𝓈 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓇,𝒮𝓇,𝒮𝓇 ℌ ℬ𝓈,𝒯𝓈,𝒯𝓈 

+ℌ 𝒜𝓇,𝒮𝓇,𝒮𝓇 ℌ2 ℬ𝓈,𝒯𝓈,𝒯𝓈 
 ,

ℌ 𝒜𝓇,𝒮𝓇,𝒮𝓇 ℌ 𝒜𝓇,𝒯𝓈,𝒯𝓈 ℌ ℬ𝓈,𝒮𝓇,𝒮𝓇 ,

ℌ 𝒜𝓇,𝒯𝓈,𝒯𝓈 ℌ ℬ𝓈,𝒮𝓇,𝒮𝓇 ℌ ℬ𝓈,𝒯𝓈,𝒯𝓈  
 

 

+ ℴ 𝒜𝓇,ℬ𝓈 − ∅(ℴ 𝒜𝓇,ℬ𝓈 ,                                                                                                        

where     ℴ 𝒜𝓇,ℬ𝓈 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓇,ℬ𝓈,ℬ𝓈 ,

ℌ 𝒜𝓇,𝒮𝓇,𝒮𝓇 ℌ ℬ𝓈,𝒯𝓈,𝒯𝓈 ,

ℌ 𝒜𝓇,𝒯𝓈,𝒯𝓈 ℌ ℬ𝓈,𝒮𝓇,𝒮𝓇 ,

1

2
 
ℌ 𝒜𝓇,𝒮𝓇,𝒮𝓇 ℌ 𝒜𝓇,𝒯𝓈,𝒯𝓈 +

ℌ(ℬ𝓈,𝒮𝓇,𝒮𝓇)ℌ ℬ𝓈,𝒯𝓈,𝒯𝓈 
 
 
 
 

 
 

                   

𝒽 ≥ 0 is a real number and ∅: [0, ∞) → [0, ∞) is a continuous function with ∅ (𝓉) = 0 iff 𝓉 = 0 and ∅ 𝓉 > 0 

for each 𝓉 > 0. Then 𝒜,ℬ,𝒮 and 𝒯 have a unique common fixed point in 𝒳, provided that the pairs (𝒜,𝒮)  and  

(ℬ,𝒯) are weakly commuting. 

Proof. Let 𝓇0 ∈ 𝒳. Using (2.1), we can find a point 𝓇1 ∈ 𝒳 s.t   𝒮 𝓇0 = ℬ 𝓇1 = 𝓈0. For this point 𝓇1, we can 

find another point 𝓇2 ∈ 𝒳 such that 𝓈1 = 𝒜 𝓇2 = 𝒯 𝓇1 . In general, one can construct a sequence  𝓈𝑛   in  𝒳 

s.t.                                    

                                                       𝓈2𝑛 =  𝒮 𝓇2𝑛 = ℬ 𝓇2𝑛+1 ;     
                                               𝓈2𝑛+1 =  𝒯 𝓇2𝑛+1 = 𝒜 𝓇2𝑛+2  for each 𝑛 ≥ 0.                     (2.4)  

For brevity, we write  𝓂𝑛 = ℌ(𝓈𝑛−1, 𝓈𝑛 , 𝓈𝑛). 

Firstly, we will prove that 𝓂𝑛  is non-increasing sequence and converges to 0. 

Case I. If n is even, taking 𝓇 = 𝓇2𝑛  and 𝓈 = 𝓇2𝑛+1  in (2.3), we get       .                                                                                                          

 1 + 𝒽ℌ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,ℬ𝓇2𝑛+1  ℌ
2 𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 

+ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ
2 ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 

 ,

ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ,

ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1  
 

 

+

ℴ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 − ∅(ℴ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,                                                                                                        
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where     ℴ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1,ℬ𝓇2𝑛+1 ,

ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,

ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ,

1

2
 
ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 +

ℌ(ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛)ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 
 
 
 
 

 
 

 

Using (2.4), we get 

 1 + 𝒽ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛  ℌ
2 𝓈2𝑛 ,𝓈2𝑛+1 , 𝓈2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1 , 𝓈2𝑛+1 

+ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ
2 𝓈2𝑛 , 𝓈2𝑛+1 , 𝓈2𝑛+1 

 ,

ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ,

ℌ 𝓈2𝑛−1 , 𝓈2𝑛+1, 𝓈2𝑛+1 ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1, 𝓈2𝑛+1  
 

 

 

                                             +ℴ 𝓈2𝑛−1, 𝓈2𝑛 − ∅(ℴ 𝓈2𝑛−1, 𝓈2𝑛 ,                                                                                                        

where       ℴ 𝓈2𝑛−1, 𝓈2𝑛 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ,

ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1, 𝓈2𝑛+1 ,

ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ,

1

2
 
ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 +

ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1, 𝓈2𝑛+1 
 
 
 
 

 
 

 

On putting  𝓂2𝑛 = ℌ(𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛) we have 

 1 + 𝒽𝓂2𝑛 𝓂2𝑛+1
2  ≤  𝒽𝑚𝑎𝑥  

1

2
 𝓂2𝑛

2 𝓂2𝑛+1 + 𝓂2𝑛𝓂2𝑛+1
2  , 0,0  

                                                                        + ℴ 𝓈2𝑛−1, 𝓈2𝑛 − ∅(ℴ 𝓈2𝑛−1, 𝓈2𝑛 ),                                                                                    

where       ℴ 𝓈2𝑛−1, 𝓈2𝑛 = 𝑚𝑎𝑥  𝓂2𝑛
2 ,𝓂2𝑛𝓂2𝑛+1 , 0,

1

2
 𝓂2𝑛ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 + 0  .      .                                                                                                                                                                                         

By using rectangular inequality and property of ∅, we get  

ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 ≤  ℌ 𝓈2𝑛−1 , 𝓈2𝑛 ,𝓈2𝑛 + ℌ 𝓈2𝑛 ,𝓈2𝑛+1 , 𝓈2𝑛+1  
                             = 𝓂2𝑛 + 𝓂2𝑛+1   and                                                                                

ℴ 𝓈2𝑛−1, 𝓈2𝑛 ≤ 𝓂1
, 𝑥, 𝑦 = 𝑚𝑎𝑥  𝓂2𝑛

2 ,𝓂2𝑛𝓂2𝑛+1, 0,
1

2
 𝓂2𝑛  𝓂2𝑛 + 𝓂2𝑛+1 , 0  .          

If 𝓂2𝑛 < 𝓂2𝑛+1 , then we get 

𝒽𝓂2𝑛+1
2 ≤ 𝒽𝓂2𝑛+1

2 − ∅(𝓂2𝑛+1
2 ), a contradiction. 

Therefore, 𝓂2𝑛+1
2 ≤ 𝓂2𝑛

2  i.e., 𝓂2𝑛+1 ≤ 𝓂2𝑛 . 

Similarly, if n is odd, then we can obtain  𝓂2𝑛+2 < 𝓂2𝑛+1. 

It follows that the sequence {𝓂𝑛} is decreasing. 

Let lim𝑛→∞ 𝓂𝑛 = 𝓍, for some 𝓍 ≥ 0. 
Suppose 𝓍 > 0; then putting 𝓇 = 𝓇2𝑛  and 𝓈 = 𝓇2𝑛+1 in (2.3), we have  

 1 + 𝒽ℌ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,ℬ𝓇2𝑛+1  ℌ
2 𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 

+ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ
2 ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 

 ,

ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ,

ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1  
 

 

+

ℴ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 − ∅(ℴ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,                                                                                                        

where     ℴ 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1,ℬ𝓇2𝑛+1 ,

ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,

ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ,

1

2
 
ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ 𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 +

ℌ(ℬ𝓇2𝑛+1,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛)ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 
 
 
 
 

 
 

 

Using (2.4), we get 

 1 + 𝒽ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛  ℌ
2 𝓈2𝑛 ,𝓈2𝑛+1 , 𝓈2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1 , 𝓈2𝑛+1 

+ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ
2 𝓈2𝑛 , 𝓈2𝑛+1 , 𝓈2𝑛+1 

 ,

ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ,

ℌ 𝓈2𝑛−1 , 𝓈2𝑛+1, 𝓈2𝑛+1 ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1, 𝓈2𝑛+1  
 

 

 

                                             +ℴ 𝓈2𝑛−1, 𝓈2𝑛 − ∅(ℴ 𝓈2𝑛−1, 𝓈2𝑛 ,                                                                                                        
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where     ℴ 𝓈2𝑛−1 , 𝓈2𝑛 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ,

ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1, 𝓈2𝑛+1 ,

ℌ 𝓈2𝑛−1, 𝓈2𝑛+1 , 𝓈2𝑛+1 ℌ 𝓈2𝑛 ,𝓈2𝑛 , 𝓈2𝑛 ,

1

2
 
ℌ 𝓈2𝑛−1, 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛−1, 𝓈2𝑛+1, 𝓈2𝑛+1 +

ℌ 𝓈2𝑛 , 𝓈2𝑛 , 𝓈2𝑛 ℌ 𝓈2𝑛 , 𝓈2𝑛+1, 𝓈2𝑛+1 
 
 
 
 

 
 

 

Now by using triangular inequality and property of  ∅ and proceeds limit 𝑛 → ∞, we get 
 1 + 𝒽𝓍 𝓍2 ≤ 𝒽𝓍3 + 𝓍2 − ∅(𝓍2).         

This implies that ∅(𝓍2) ≤ 0. Since 𝓍 is positive, then by using the property of ∅, we get 𝓍 = 0. Therefore, we 

conclude that 

lim𝑛→∞ 𝓂𝑛 = lim𝑛→∞ ℌ(𝓈𝑛−1 , 𝓈𝑛 , 𝓈𝑛)  = 𝓍 = 0.                                                                    (2.5)                                            

Next, we show that {𝓈𝑛 }  is a Cauchy sequence. Suppose we assume that {𝓈𝑛}  is not a Cauchy sequence. For a 

given  ∈ > 0,  we can find two sequences of positive integers {𝑚 𝓀 } and  𝑛 𝓀   such that 

    ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀  ≥ ∈, ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 −1, 𝓈𝑛 𝓀 −1 <  ∈                                             (2.6)                                                                                      

and                                                 𝑛 𝓀 > 𝑚 𝓀 > 𝑘.       

Now   ∈  ≤ ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀   

                 ≤ ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 −1, 𝓈𝑛 𝓀 −1 + ℌ 𝓈𝑛 𝓀 −1 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀   

Letting 𝑘 → ∞,  and using (2.5) and (2.6), we get lim
𝓀→∞

 ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀  = ∈                 (2.7)                                                        

Now from the rectangular inequality, we have,  

 ℌ 𝓈𝑛 𝓀 , 𝓈𝑚 𝓀 +1, 𝓈𝑚 𝓀 +1 − ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀   ≤ ℌ 𝓈𝑚 𝓀 , 𝓈𝑚 𝓀 +1, 𝓈𝑚 𝓀 +1  

Letting 𝑘 → ∞,  and using (2.5) and (2.7), we get lim
𝓀→∞

 ℌ 𝓈𝑛 𝓀 , 𝓈𝑚 𝓀 +1, 𝓈𝑚 𝓀 +1 = ∈        (2.8)        

Again from the rectangular inequality, we have,  

 ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 +1, 𝓈𝑛 𝓀 +1 − ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀   ≤ ℌ 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀 +1 , 𝓈𝑛 𝓀 +1  

Letting 𝑘 → ∞,  and using (2.5) and (2.7), we get lim
𝓀→∞

 ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 +1, 𝓈𝑛 𝓀 +1 = ∈        (2.9)        

Now again from the rectangular inequality, we have,  

 ℌ 𝓈𝑚 𝓀 +1, 𝓈𝑛 𝓀 +1, 𝓈𝑛 𝓀 +1 − ℌ 𝓈𝑚 𝓀 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀   

≤ ℌ 𝓈𝑚 𝓀 , 𝓈𝑚 𝓀 +1 , 𝓈𝑚 𝓀 +1 + ℌ 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀 +1, 𝓈𝑛 𝓀 +1  

Letting 𝑘 → ∞,  and using (2.5) and (2.7), we get lim
𝓀→∞

 ℌ 𝓈𝑛 𝓀 +1, 𝓈𝑚 𝓀 +1, 𝓈𝑚 𝓀 +1 = ∈  (2.10)    

On putting 𝓇 = 𝓇𝑚 (𝓀) and 𝓈 = 𝓇𝑛(𝓀)  in (2.3), we get    

 1 + 𝒽ℌ 𝒜𝓇𝑚 (𝓀),ℬ𝓇𝑛(𝓀),ℬ𝓇𝑛(𝓀)  ℌ
2 𝒮𝓇𝑚 (𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 
ℌ2 𝒜𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) 

+ℌ 𝒜𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ
2 ℬ𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) 

 ,

ℌ 𝒜𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ 𝒜𝓇𝑚 (𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ,

ℌ 𝒜𝓇𝑚 (𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀)  
 
 

 
 

+

ℴ 𝒜𝓇𝑚 (𝓀),ℬ𝓇𝑛(𝓀) − ∅(ℴ 𝒜𝓇𝑚 (𝓀),ℬ𝓇𝑛(𝓀) ,      

                                                                                                   

where    ℴ 𝒜𝓇𝑚 (𝓀),ℬ𝓇𝑛(𝓀) = 𝑚𝑎𝑥

 
  
 

  
 

ℌ2 𝒜𝓇𝑚 (𝓀),ℬ𝓇𝑛(𝓀),ℬ𝓇𝑛(𝓀) ,

ℌ 𝒜𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) ,

ℌ 𝒜𝓇𝑚 (𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ,

1

2
 
ℌ 𝒜𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ 𝒜𝓇𝑚 (𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) +

ℌ ℬ𝓇𝑛(𝓀),𝒮𝓇𝑚 (𝓀),𝒮𝓇𝑚 (𝓀) ℌ ℬ𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀),𝒯𝓇𝑛(𝓀) 
 
 
  
 

  
 

 

 Using (2.4), we get 

 1 + 𝒽ℌ 𝓈𝑚(𝓀)−1, 𝓈𝑛 𝓀 −1, 𝓈𝑛 𝓀 −1  ℌ
2 𝓈𝑚 (𝓀), 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 

1

2
 
ℌ2 𝓈𝑚(𝓀)−1, 𝓈𝑚(𝓀), 𝓈𝑚(𝓀) ℌ 𝓈𝑛 𝓀 −1, 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) 

+ℌ 𝓈𝑚(𝓀)−1, 𝓈𝑚(𝓀), 𝓈𝑚(𝓀) ℌ
2 𝓈𝑛 𝓀 −1, 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) 

 ,

ℌ 𝓈𝑚 (𝓀)−1 ,𝓈𝑚 (𝓀), 𝓈𝑚 (𝓀) ℌ 𝓈𝑚(𝓀)−1, 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) ℌ 𝓈𝑛(𝓀)−1, 𝓈𝑚(𝓀), 𝓈𝑚(𝓀) ,

ℌ 𝓈𝑚(𝓀)−1, 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) ℌ 𝓈𝑛(𝓀)−1 , 𝓈𝑚(𝓀), 𝓈𝑚(𝓀) ℌ 𝓈𝑛 𝓀 −1 , 𝓈𝑛(𝓀), 𝓈𝑛(𝓀)  
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                                             +ℴ 𝓈𝑚(𝓀)−1, 𝓈𝑛(𝓀)−1 − ∅(ℴ 𝓈𝑚 (𝓀)−1 , 𝓈𝑛(𝓀)−1 ,                                                                                                    

where     ℴ 𝓈𝑚 (𝓀)−1, 𝓈𝑛(𝓀)−1 = 𝑚𝑎𝑥

 
  
 

  
 

ℌ2 𝓈𝑚(𝓀)−1, 𝓈𝑛(𝓀)−1 , 𝓈𝑛(𝓀)−1 ,

ℌ 𝓈𝑚 (𝓀)−1, 𝓈𝓈𝑚 (𝓀)
, 𝓈𝑚(𝓀) ℌ 𝓈𝑛 𝓀 −1 , 𝓈𝑛 𝓀 , 𝓈𝑛 𝓀  ,

ℌ 𝓈𝑚 𝓀 −1, 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) ℌ 𝓈𝑛 𝓀 −1, 𝓈𝑚(𝓀), 𝓈𝑚(𝓀) ,

1

2
 
ℌ 𝓈𝑚 𝓀 −1, 𝓈𝑚(𝓀), 𝓈𝑚(𝓀) ℌ 𝓈𝑚 𝓀 −1, 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) +

ℌ 𝓈𝑛 𝓀 −1, 𝓈𝑚 (𝓀), 𝓈𝑚 (𝓀) ℌ 𝓈𝑛 𝓀 −1 , 𝓈𝑛(𝓀), 𝓈𝑛(𝓀) 
 
 
  
 

  
 

  

Letting  𝑘 → ∞, we get 

  1 + 𝒽 ∈ ∈2≤ 𝒽𝑚𝑎𝑥  
1

2
 0 + 0 , 0,0 +∈2− ∅(∈2) 

                    = ∈2− ∅(∈2), a contradiction.  

Thus{𝓈𝑛} is a Cauchy sequence in 𝒳 Since (𝒳,ℌ) is a complete ℌ-metric space, therefore, {𝓈𝑛}  converges to a 

point say 𝓋  as 𝑛 → ∞ , Consequently, the subsequences {𝒮𝓇2𝑛 } , {𝒜𝓇2𝑛 } , {𝒯𝓇2𝑛+1} ,  and {ℬ𝓇2𝑛+1}  also 

converges to same point  𝓋.                                                                                                                                                                                                                                                       
Case -1. Suppose that  𝒜 is continuous. Then {𝒜𝒮𝓇2𝑛 },{𝒜𝒜𝓇2𝑛 } converges to 𝒜𝓋 as 𝑛 → ∞, 

Since the mappings 𝒜 and 𝒮 are weakly commuting on 𝒳, therefore, 

ℌ(𝒮𝒜𝓇2𝑛 ,𝒜𝒮𝓇2𝑛 ,𝒜𝒮𝓇2𝑛) ≤ ℌ(𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛). 

Proceeding the limit as 𝑛 → ∞, we get  

lim𝑛→∞ ℌ(𝒮𝒜𝓇2𝑛 ,𝒜𝓋,𝒜𝓋) ≤ ℌ(𝓋,𝓋,𝓋) = 0 i.e., lim𝑛→∞ 𝒮𝒜𝓇2𝑛 =𝒜𝓋. 
Now we show that 𝓋 = 𝒜𝓋. On putting 𝓇 = 𝒜𝓇2𝑛  and 𝓈 = 𝓇2𝑛+1 in (2.3), we have  

 1 + 𝒽ℌ 𝒜𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,ℬ𝓇2𝑛+1  ℌ
2 𝒮𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 

+ℌ 𝒜𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ℌ
2 ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 

 ,

ℌ 𝒜𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ℌ 𝒜𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,

ℌ 𝒜𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1  
 

 

 

+ℴ 𝒜𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 − ∅(ℴ 𝒜𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,                                                                                                        

where      ℴ 𝒜𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝒜𝓇2𝑛 ,ℬ𝓇2𝑛+1,ℬ𝓇2𝑛+1 ,

ℌ 𝒜𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ,

ℌ 𝒜𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,

1

2
 
ℌ 𝒜𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ℌ 𝒜𝒜𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 +

ℌ(ℬ𝓇2𝑛+1,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛)ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 
 
 
 
 

 
 

 

Proceeding limit as 𝑛 → ∞, we get 

 1 + 𝒽ℌ 𝒜𝓋,𝓋,𝓋  ℌ2 𝒜𝓋,𝓋,𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓋,𝒜𝓋,𝒜𝓋 ℌ 𝓋,𝓋,𝓋 

+ℌ 𝒜𝓋,𝒜𝓋,𝒜𝓋 ℌ2 𝓋,𝓋,𝓋 
 ,

ℌ 𝒜𝓋,𝒜𝓋,𝒜𝓋 ℌ 𝒜𝓋,𝓋,𝓋 ℌ 𝓋,𝒜𝓋,𝒜𝓋 ,

ℌ 𝒜𝓋,𝓋,𝓋 ℌ 𝓋,𝒜𝓋,𝒜𝓋 ℌ 𝓋,𝓋,𝓋  
 

 

 

+ℴ 𝒜𝓋,𝓋 − ∅(ℴ 𝒜𝓋,𝓋 ,                                                                                                        

where      ℴ 𝒜𝓋,𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓋,𝓋,𝓋 ,

ℌ 𝒜𝓋,𝒜𝓋,𝒜𝓋 ℌ 𝓋,𝓋,𝓋 ,

ℌ 𝒜𝓋,𝓋,𝓋 ℌ 𝓋,𝒜𝓋,𝒜𝓋 ,

1

2
 
ℌ 𝒜𝓋,𝒜𝓋,𝒜𝓋 ℌ 𝒜𝓋,𝓋,𝓋 +

ℌ(𝓋,𝒜𝓋,𝒜𝓋)ℌ 𝓋,𝓋,𝓋 
 
 
 
 

 
 

 

 1 + 𝒽ℌ 𝒜𝓋,𝓋,𝓋  ℌ2 𝒜𝓋,𝓋,𝓋 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + ℴ 𝒜𝓋,𝓋 − ∅(ℴ 𝒜𝓋,𝓋 ),       

 1 + 𝒽ℌ 𝒜𝓋,𝓋,𝓋  ℌ2 𝒜𝓋,𝓋,𝓋  ≤  ℌ2 𝒜𝓋,𝓋,𝓋 − ∅(ℌ2 𝒜𝓋,𝓋,𝓋 ),                                                                                              
On simplification, we get ℌ2 𝒜𝓋,𝓋,𝓋 = 0. This implies that 𝒜𝓋 = 𝓋.                

Next, we will show that 𝒮𝓋 = 𝓋. On putting 𝓇 = 𝓋 and 𝓈 = 𝓇2𝑛+1 in (2.3), we have 

 1 + 𝒽ℌ 𝒜𝓋,ℬ𝓇2𝑛+1 ,ℬ𝓇2𝑛+1  ℌ
2 𝒮𝓋,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 

+ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ2 ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 
 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1 ,𝒮𝓋,𝒮𝓋 ,

ℌ 𝒜𝓋,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1  
 

 

+ ℴ 𝒜𝓋,ℬ𝓇2𝑛+1 −

∅(ℴ 𝒜𝓋,ℬ𝓇2𝑛+1 ,                                                                                                        
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where     ℴ 𝒜𝓋,ℬ𝓇2𝑛+1 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓋,ℬ𝓇2𝑛+1,ℬ𝓇2𝑛+1 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ,

ℌ 𝒜𝓋,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝓋,𝒮𝓋 ,

1

2
 
ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 +

ℌℬ𝓇2𝑛+1,𝒮𝓋,𝒮𝓋)ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 
 
 
 
 

 
 

 

Proceeding limit as 𝑛 → ∞, we get 

 1 + 𝒽ℌ 𝒜𝓋,𝓋,𝓋  ℌ2 𝒮𝓋,𝓋,𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝓋,𝓋,𝓋 

+ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ2 𝓋,𝓋,𝓋 
 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ,

ℌ 𝒜𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝓋,𝓋,𝓋  
 

 

 

+ℴ 𝒜𝓋,𝓋 − ∅(ℴ 𝒜𝓋,𝓋 ,                                                                                                        

where      ℴ 𝒜𝓋,𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓋,𝓋,𝓋 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝓋,𝓋,𝓋 ,

ℌ 𝒜𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ,

1

2
 
ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝓋,𝓋 +

ℌ(𝓋,𝒮𝓋,𝒮𝓋)ℌ 𝓋,𝓋,𝓋 
 
 
 
 

 
 

= 0. 

 1 + 𝒽ℌ 𝒜𝓋,𝓋,𝓋  ℌ2 𝒮𝓋,𝓋,𝓋 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + 0 − ∅ 0 .                         

Thus we get ℌ2 𝒮𝓋,𝓋,𝓋 = 0. This implies that 𝒮𝓋 = 𝓋. Since 𝒮 𝒳 ⊂ ℬ 𝒳 , therefore, there exists a point 

𝓊 ∈ 𝒳 such that 𝒮𝓋 = 𝓋 = ℬ𝓊.        
Now we show that 𝓋 = 𝒯𝓊. On putting 𝓇 = 𝓋 and 𝓈 = 𝓊 in (2.3), we have 

 1 + 𝒽ℌ 𝒜𝓋,ℬ𝓊,ℬ𝓊  ℌ2 𝒮𝓋,𝒯𝓊,𝒯𝓊 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓊,𝒯𝓊,𝒯𝓊 

+ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ2 ℬ𝓊,𝒯𝓊,𝒯𝓊 
 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓊,𝒯𝓊 ℌ ℬ𝓊,𝒮𝓋,𝒮𝓋 ,

ℌ 𝒜𝓋,𝒯𝓊,𝒯𝓊 ℌ ℬ𝓊,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓊,𝒯𝓊,𝒯𝓊  
 

 

+ ℴ 𝒜𝓋,ℬ𝓊 − ∅(ℴ 𝒜𝓋,ℬ𝓊 ,                                                                                                        

where     ℴ 𝒜𝓋,ℬ𝓈 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓋,ℬ𝓊,ℬ𝓊 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓊,𝒯𝓊,𝒯𝓊 ,

ℌ 𝒜𝓋,𝒯𝓊,𝒯𝓊 ℌ ℬ𝓊,𝒮𝓋,𝒮𝓋 ,

1

2
 
ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓊,𝒯𝓊 +

ℌ(ℬ𝓊,𝒮𝓋,𝒮𝓋)ℌ ℬ𝓊,𝒯𝓊,𝒯𝓊 
 
 
 
 

 
 

 

 

 1 + 𝒽ℌ 𝓋,𝓋,𝓋  ℌ2 𝓋,𝒯𝓊,𝒯𝓊 ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 
ℌ2 𝓋,𝓋,𝓋 ℌ 𝓋,𝒯𝓊,𝒯𝓊 

+ℌ 𝓋,𝓋,𝓋 ℌ2 𝓋,𝒯𝓊,𝒯𝓊 
 ,

ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒯𝓊,𝒯𝓊 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ,

ℌ 𝓋,𝒯𝓊,𝒯𝓊 ℌ  𝓋,𝓋,𝓋  ℌ 𝓋,𝒯𝓊,𝒯𝓊  
 
 

 
 

+ ℴ 𝓋,𝓋 − ∅(ℴ 𝓋,𝓋 ,                                                                                                        

where     ℴ 𝓋,𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝓋,𝓋,𝓋 ,

ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒯𝓊,𝒯𝓊 ,

ℌ 𝓋,𝒯𝓊,𝒯𝓊 ℌ 𝓋,𝓋,𝓋 ,

1

2
 
ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒯𝓊,𝒯𝓊 +

ℌ(𝓋,𝓋,𝓋)ℌ 𝓋,𝒯𝓊,𝒯𝓊 
 
 
 
 

 
 

= 0. 

 1 + 𝒽ℌ 𝓋,𝓋,𝓋  ℌ2 𝓋,𝒯𝓊,𝒯𝓊 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + 0 − ∅ 0 .                         

Thus we get ℌ2 𝓋,𝒯𝓊,𝒯𝓊 = 0 . This implies that  𝒯𝓊 = 𝓋 . Since the pair (ℬ,𝒯)  is weak commutative, 

therefore, we have 

ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 = ℌ ℬ𝒯𝓊,𝒯ℬ𝓊,𝒯ℬ𝓊 ≤  ℌ ℬ𝓊,𝒯𝓊,𝒯𝓊 = ℌ 𝓋,𝓋,𝓋 = 0. 
Thus  ℬ𝓋 = 𝒯𝓋. 
Now we show that 𝓋 = 𝒯𝓋. On putting 𝓇 = 𝓋 and 𝓈 = 𝓋 in (2.3), we have 

 1 + 𝒽ℌ 𝒜𝓋,ℬ𝓋,ℬ𝓋  ℌ2 𝒮𝓋,𝒯𝓋,𝒯𝓋 ≤ 
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𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 

ℌ2 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 

+ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ2  ℬ𝓋,𝒯𝓋,𝒯𝓋  
 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓋,𝒮𝓋 ,

ℌ 𝒜𝓋,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓋,𝒮𝓋 ℌ  ℬ𝓋,𝒯𝓋,𝒯𝓋   
 
 

 
 

+ ℴ 𝒜𝓋,ℬ𝓋 − ∅(ℴ 𝒜𝓋,ℬ𝓋 ,                                                                                                        

where     ℴ 𝒜𝓋,ℬ𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓋,ℬ𝓋,ℬ𝓋 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ  ℬ𝓋,𝒯𝓋,𝒯𝓋  ,

ℌ 𝒜𝓋,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓋,𝒮𝓋 ,

1

2
 
ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓋,𝒯𝓋 +

ℌ(ℬ𝓋,𝒮𝓋,𝒮𝓋)ℌ  ℬ𝓋,𝒯𝓋,𝒯𝓋  
 
 
 
 

 
 

= ℌ2 𝓋,𝒯𝓋,𝒯𝓋 . 

Therefore, we get 

 1 + 𝒽ℌ 𝓋,𝒯𝓋,𝒯𝓋  ℌ2 𝓋,𝒯𝓋,𝒯𝓋 ≤  𝒽𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + ℌ2 𝓋,𝒯𝓋,𝒯𝓋 − ∅(ℌ2 𝓋,𝒯𝓋,𝒯𝓋 ) . This 

implies that 𝓋 = 𝒯𝓋.  

Case 2. Suppose that ℬ is continuous; we can obtain the same result by way of Case 1. 

Case 3. Suppose that  𝒮 is continuous. Then {𝒮𝒮𝓇2𝑛 },{𝒮𝒜𝓇2𝑛} converges to 𝒮𝓋 as 𝑛 → ∞. Since the mappings 

𝒜 and 𝒮 are weakly commuting on 𝒳, therefore, 

ℌ(𝒜𝒮𝓇2𝑛 ,𝒮𝒜𝓇2𝑛 ,𝒮𝒜𝓇2𝑛) ≤ ℌ(𝒮𝓇2𝑛 ,𝒜𝓇2𝑛 ,𝒜𝓇2𝑛). 

Proceeding the limit as 𝑛 → ∞, we get  

lim𝑛→∞ ℌ(𝒜𝒮𝓇2𝑛 ,𝒜𝓋,𝒜𝓋) ≤ ℌ(𝓋,𝓋,𝓋) = 0 i.e., lim𝑛→∞ 𝒜𝒮𝓇2𝑛 =𝒮𝓋. 
Now we show that 𝓋 = 𝒮𝓋. On putting 𝓇 = 𝒮𝓇2𝑛  and 𝓈 = 𝓇2𝑛+1 in (2.3), we have 

 1 + 𝒽ℌ 𝒜𝒮𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,ℬ𝓇2𝑛+1  ℌ
2 𝒮𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 

+ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ
2 ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 

 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1 ,𝒯𝓇2𝑛+1  
 

 

 

+ℴ 𝒜𝒮𝓇2𝑛 ,ℬ𝓇2𝑛+1 − ∅(ℴ 𝒜𝒮𝓇2𝑛 ,ℬ𝓇2𝑛+1 ,                                                                                                        

where      ℴ 𝒜𝒮𝓇2𝑛 ,ℬ𝓇2𝑛+1 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝒮𝓇2𝑛 ,ℬ𝓇2𝑛+1,ℬ𝓇2𝑛+1 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ ℬ𝓇2𝑛+1 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 ℌ ℬ𝓇2𝑛+1,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,

1

2
 
ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 +

ℌ(ℬ𝓇2𝑛+1,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛)ℌ ℬ𝓇2𝑛+1,𝒯𝓇2𝑛+1,𝒯𝓇2𝑛+1 
 
 
 
 

 
 

 

Proceeding limit as 𝑛 → ∞, we get 

 1 + 𝒽ℌ 𝒮𝓋,𝓋,𝓋  ℌ2 𝒮𝓋,𝓋,𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 

ℌ2 𝒮𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝓋,𝓋,𝓋 

+ℌ  𝒮𝓋,𝒮𝓋,𝒮𝓋  ℌ2 𝓋,𝓋,𝓋 
 ,

ℌ  𝒮𝓋,𝒮𝓋,𝒮𝓋  ℌ 𝒮𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ,

ℌ 𝒮𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝓋,𝓋,𝓋  
 
 

 
 

 

+ℴ 𝒮𝓋,𝓋 − ∅(ℴ 𝒮𝓋,𝓋 ,                                                                                                        

where      ℴ 𝒮𝓋,𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒮𝓋,𝓋,𝓋 ,

ℌ  𝒮𝓋,𝒮𝓋,𝒮𝓋  ℌ 𝓋,𝓋,𝓋 ,

ℌ 𝒮𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓋,𝒮𝓋 ,

1

2
 
ℌ  𝒮𝓋,𝒮𝓋,𝒮𝓋  ℌ 𝒮𝓋,𝓋,𝓋 +

ℌ(𝓋,𝒮𝓋,𝒮𝓋)ℌ 𝓋,𝓋,𝓋 
 
 
 
 

 
 

 

 1 + 𝒽ℌ 𝒮𝓋,𝓋,𝓋  ℌ2 𝒮𝓋,𝓋,𝓋 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + ℴ 𝒮𝓋,𝓋 − ∅(ℴ 𝒮𝓋,𝓋 ),       

 1 + 𝒽ℌ 𝒮𝓋,𝓋,𝓋  ℌ2 𝒮𝓋,𝓋,𝓋  ≤  ℌ2 𝒮𝓋,𝓋,𝓋 − ∅(ℌ2 𝒮𝓋,𝓋,𝓋 ),                                                                                              
On simplification, we get ℌ2 𝒮𝓋,𝓋,𝓋 = 0. This implies that 𝒮𝓋 = 𝓋. Since  𝒮 𝒳 ⊂ ℬ 𝒳 , therefore, there 

exists a point 𝓏 ∈ 𝒳 such that 𝒮𝓋 = 𝓋 = ℬ𝓏.        
Now we show that 𝓋 = 𝒯𝓏. On putting 𝓇 = 𝒮𝓇2𝑛  and 𝓈 = 𝓏 in (2.3), we have 

                         
 1 + 𝒽ℌ 𝒜𝒮𝓇2𝑛 ,ℬ𝓏,ℬ𝓏  ℌ2 𝒮𝒮𝓇2𝑛 ,𝒯𝓏,𝒯𝓏 ≤ 
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𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ ℬ𝓏,𝒯𝓏,𝒯𝓏 

+ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ
2 ℬ𝓏,𝒯𝓏,𝒯𝓏 

 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓏,𝒯𝓏 ℌ ℬ𝓏,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓏,𝒯𝓏 ℌ ℬ𝓏,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ ℬ𝓏,𝒯𝓏,𝒯𝓏  
 

 

 

+ℴ 𝒜𝒮𝓇2𝑛 ,ℬ𝓏 − ∅(ℴ 𝒜𝒮𝓇2𝑛 ,ℬ𝓏 ,                                                                                                        

where      ℴ 𝒜𝒮𝓇2𝑛 ,ℬ𝓏 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝒮𝓇2𝑛 ,ℬ𝓏,ℬ𝓏 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ ℬ𝓏,𝒯𝓏,𝒯𝓏 ,

ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓏,𝒯𝓏 ℌ ℬ𝓏,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,

1

2
 
ℌ 𝒜𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛 ℌ 𝒜𝒮𝓇2𝑛 ,𝒯𝓏,𝒯𝓏 +

ℌ(ℬ𝓏,𝒮𝒮𝓇2𝑛 ,𝒮𝒮𝓇2𝑛)ℌ ℬ𝓏,𝒯𝓏,𝒯𝓏 
 
 
 
 

 
 

 

Proceeding limit as 𝑛 → ∞, we get 

 1 + 𝒽ℌ 𝓋,𝓋,𝓋  ℌ2 𝓋,𝒯𝓏,𝒯𝓏 ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 

ℌ2 𝓋,𝓋,𝓋 ℌ 𝓋,𝒯𝓏,𝒯𝓏 

+ℌ  𝓋,𝓋,𝓋  ℌ2 𝓋,𝒯𝓏,𝒯𝓏 
 ,

ℌ  𝓋,𝓋,𝓋  ℌ 𝓋,𝒯𝓏,𝒯𝓏 ℌ 𝓋,𝓋,𝓋 ,

ℌ 𝓋,𝒯𝓏,𝒯𝓏 ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒯𝓏,𝒯𝓏  
 
 

 
 

+ ℴ 𝓋,𝓋 − ∅(ℴ 𝓋,𝓋  

where      ℴ 𝓋,𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝓋,𝓋,𝓋 ,

ℌ  𝓋,𝓋,𝒮𝓋  ℌ 𝓋,𝓋,𝓋 ,

ℌ 𝓋,𝒯𝓏,𝒯𝓏 ℌ 𝓋,𝓋,𝓋 ,

1

2
 
ℌ  𝓋,𝓋,𝓋  ℌ 𝓋,𝒯𝓏,𝒯𝓏 +

ℌ(𝓋,𝓋,𝓋)ℌ 𝓋,𝒯𝓏,𝒯𝓏 
 
 
 
 

 
 

= 0. 

 1 + 𝒽ℌ 𝓋,𝓋,𝓋  ℌ2 𝓋,𝒯𝓏,𝒯𝓏 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + 0 − ∅(0),                                                                                                 

On simplification, we get ℌ2 𝓋,𝒯𝓏,𝒯𝓏 = 0. This implies that 𝒯𝓏 = 𝓋. 
Since the pair (ℬ,𝒯) is weak commutative, therefore, we have 

ℌ 𝒯ℬ𝓏,ℬ𝒯𝓏,ℬ𝒯𝓏 ≤  ℌ 𝒯𝓏,ℬ𝓏,ℬ𝓏 = ℌ 𝓏, 𝓏, 𝓏 = 0. 
Thus  ℬ𝓋 = 𝒯𝓋. 
Now we show that 𝓋 = 𝒯𝓋. On putting 𝓇 = 𝓇2𝑛  and 𝓈 = 𝓋 in (2.3), we have 

  
 1 + 𝒽ℌ 𝒜𝓇2𝑛 ,ℬ𝓋,ℬ𝓋  ℌ2 𝒮𝓇2𝑛 ,𝒯𝓋,𝒯𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 

+ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ
2 ℬ𝓋,𝒯𝓋,𝒯𝓋 

 ,

ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ 𝒜𝓇2𝑛 ,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ,

ℌ 𝒜𝓇2𝑛 ,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋  
 

 

 

+ℴ 𝒜𝓇2𝑛 ,ℬ𝓋 − ∅(ℴ 𝒜𝓇2𝑛 ,ℬ𝓋 ,                                                                                                        

where      ℴ 𝒜𝓇2𝑛 ,ℬ𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓇2𝑛 ,ℬ𝓋,ℬ𝓋 ,

ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 ,

ℌ 𝒜𝓇2𝑛 ,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ,

1

2
 
ℌ 𝒜𝓇2𝑛 ,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛 ℌ 𝒜𝓇2𝑛 ,𝒯𝓋,𝒯𝓋 +

ℌ(ℬ𝓋,𝒮𝓇2𝑛 ,𝒮𝓇2𝑛)ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 
 
 
 
 

 
 

 

Proceeding limit as 𝑛 → ∞, we get 

 1 + 𝒽ℌ 𝓋,𝒯𝓋,𝒯𝓋  ℌ2 𝓋,𝒯𝓋,𝒯𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 

ℌ2 𝓋,𝓋,𝓋 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 

+ℌ  𝓋,𝓋,𝓋  ℌ2 ℬ𝓋,𝒯𝓋,𝒯𝓋 
 ,

ℌ  𝓋,𝓋,𝓋  ℌ 𝓋,𝒯𝓋,𝒯𝓋 ℌ 𝒯𝓋,𝓋,𝓋 ,

ℌ 𝓋,𝒯𝓋,𝒯𝓋 ℌ 𝓋,𝓋,𝓋 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋  
 
 

 
 

+ ℴ 𝓋,𝒯𝓋 − ∅(ℴ 𝓋,𝒯𝓋  

where      ℴ 𝓋,𝒯𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝓋,𝒯𝓋,𝒯𝓋 ,

ℌ  𝓋,𝓋,𝓋  ℌ 𝒯𝓋,𝒯𝓋,𝒯𝓋 ,

ℌ 𝓋,𝒯𝓋,𝒯𝓋 ℌ 𝒯𝓋,𝓋,𝓋 ,

1

2
 
ℌ  𝓋,𝓋,𝓋  ℌ 𝓋,𝒯𝓋,𝒯𝓋 +

ℌ(𝒯𝓋,𝓋,𝓋)ℌ 𝒯𝓋,𝒯𝓋,𝒯𝓋 
 
 
 
 

 
 

. 
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 1 + 𝒽ℌ 𝓋,𝒯𝓋,𝒯𝓋  ℌ2 𝓋,𝒯𝓋,𝒯𝓋 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

  

+ℌ2 𝓋,𝒯𝓋,𝒯𝓋 − ∅(ℌ2 𝓋,𝒯𝓋,𝒯𝓋 ),                                                                                                 
On simplification, we get ℌ2 𝓋,𝒯𝓋,𝒯𝓋 = 0. This implies that 𝒯𝓋 = 𝓋.                                                                                         
Since 𝒯 𝒳 ⊂ 𝒜 𝒳 , therefore, there exists a point 𝓌 ∈ 𝒳 such that 𝒯𝓋 = 𝓋 = 𝒜𝓌.        
We claim that 𝓋 = 𝒮𝓌.  
For this, we put 𝓇 = 𝓌 and 𝓈 = 𝓋 in (2.3) we have 

 1 + 𝒽ℌ 𝒜𝓌,ℬ𝓋,ℬ𝓋  ℌ2 𝒮𝓌,𝒯𝓋,𝒯𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 

ℌ2 𝒜𝓌,𝒮𝓌,𝒮𝓌 ℌ ℬ𝓋,𝒯𝓋,𝒯𝓋 

+ℌ 𝒜𝓌,𝒮𝓌,𝒮𝓌 ℌ2  ℬ𝓋,𝒯𝓋,𝒯𝓋  
 ,

ℌ 𝒜𝓌,𝒮𝓌,𝒮𝓌 ℌ 𝒜𝓌,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓌,𝒮𝓌 ,

ℌ 𝒜𝓌,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓌,𝒮𝓌 ℌ  ℬ𝓋,𝒯𝓋,𝒯𝓋   
 
 

 
 

+ ℴ 𝒜𝓌,ℬ𝓋 − ∅(ℴ 𝒜𝓌,ℬ𝓋 ,                                                                                                        

where     ℴ 𝒜𝓌,ℬ𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓌,ℬ𝓋,ℬ𝓋 ,

ℌ 𝒜𝓌,𝒮𝓌,𝒮𝓌 ℌ  ℬ𝓋,𝒯𝓋,𝒯𝓋  ,

ℌ 𝒜𝓌,𝒯𝓋,𝒯𝓋 ℌ ℬ𝓋,𝒮𝓌,𝒮𝓌 ,

1

2
 
ℌ 𝒜𝓌,𝒮𝓌,𝒮𝓌 ℌ 𝒜𝓌,𝒯𝓋,𝒯𝓋 +

ℌ(ℬ𝓋,𝒮𝓌,𝒮𝓌)ℌ  ℬ𝓋,𝒯𝓋,𝒯𝓋  
 
 
 
 

 
 

. 

Now we have  

 1 + 𝒽ℌ 𝓋,𝓋,𝓋  ℌ2 𝒮𝓌,𝓋,𝓋 ≤ 

𝒽 𝑚𝑎𝑥

 
 
 

 
 1

2
 

ℌ2 𝓋,𝒮𝓌,𝒮𝓌 ℌ 𝓋,𝓋,𝓋 

+ℌ  𝓋,𝒮𝓌,𝒮𝓌  ℌ2 𝓋,𝓋,𝓋 
 ,

ℌ  𝓋,𝒮𝓌,𝒮𝓌  ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓌,𝒮𝓌 ,

ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓌,𝒮𝓌 ℌ 𝓋,𝓋,𝓋  
 
 

 
 

+ ℴ 𝓋,𝓋 − ∅(ℴ 𝓋,𝓋  

where      ℴ 𝓋,𝓋 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝓋,𝓋,𝓋 ,

ℌ  𝓋,𝒮𝓌,𝒮𝓌  ℌ 𝓋,𝓋,𝓋 ,

ℌ 𝓋,𝓋,𝓋 ℌ 𝓋,𝒮𝓌,𝒮𝓌 ,

1

2
 
ℌ  𝓋,𝒮𝓌,𝒮𝓌  ℌ 𝓋,𝓋,𝓋 +

ℌ(𝓋,𝒮𝓌,𝒮𝓌)ℌ 𝓋,𝓋,𝓋 
 
 
 
 

 
 

= 0. 

Therefore, we get 

 1 + 𝒽ℌ 𝓋,𝓋,𝓋  ℌ2 𝒮𝓌,𝓋,𝓋 ≤ 𝒽 𝑚𝑎𝑥  

1

2
 0 + 0 ,

0,
0

 + 0 − ∅(0),         

(ℌ2 𝒮𝓌,𝓋,𝓋 ). This implies that 𝓋 = 𝒮𝓌.  

Since the pair  𝒮,𝒜  is weakly commuting on 𝒳, therefore, 

   ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 = ℌ 𝒜𝒮𝓌,𝒮𝒜𝓌,𝒮𝒜𝓌 ≤ ℌ 𝒮𝓌,𝒜𝓌,𝒜𝓌 = ℌ 𝓋,𝓋,𝓋 = 0,, therefore, 𝒜𝓋 = 𝒮𝓋. 
Hence 𝓋 = 𝒜𝓋 = 𝒮𝓋 = ℬ𝓋 = 𝒯𝓋.  
Case 4. Suppose that 𝒯 is continuous, we can obtain a similar result by way of case 3. Uniqueness:  Suppose 

𝓋 ≠ 𝓌 be two common fixed points of 𝒜,ℬ,𝒮 and 𝒯. 
On putting 𝓇 = 𝓋 and 𝓈 = 𝓌 in (2.3), we have 

 1 + 𝒽ℌ 𝒜𝓋,ℬ𝓌,ℬ𝓌  ℌ2 𝒮𝓋,𝒯𝓌,𝒯𝓌 ≤ 

𝒽 𝑚𝑎𝑥

 
 

 
1

2
 
ℌ2 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓌,𝒯𝓌,𝒯𝓌 

+ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ2ℬ𝓌,𝒯𝓌,𝒯𝓌
 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓌,𝒯𝓌 ℌ ℬ𝓌,𝒮𝓋,𝒮𝓋 ,

ℌ 𝒜𝓋,𝒯𝓈,𝒯𝓈 ℌ ℬ𝓈,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓈,𝒯𝓈,𝒯𝓈  
 

 

+ ℴ 𝒜𝓋,ℬ𝓌 − ∅(ℴ 𝒜𝓋,ℬ𝓌 ,                                                                                                        

where     ℴ 𝒜𝓋,ℬ𝓌 = 𝑚𝑎𝑥

 
 
 

 
 

ℌ2 𝒜𝓋,ℬ𝓌,ℬ𝓌 ,

ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ ℬ𝓌,𝒯𝓌,𝒯𝓌 ,

ℌ 𝒜𝓋,𝒯𝓌,𝒯𝓌 ℌ ℬ𝓌,𝒮𝓋,𝒮𝓋 ,

1

2
 
ℌ 𝒜𝓋,𝒮𝓋,𝒮𝓋 ℌ 𝒜𝓋,𝒯𝓌,𝒯𝓌 +

ℌ(ℬ𝓌,𝒮𝓋,𝒮𝓋)ℌ ℬ𝓌,𝒯𝓌,𝒯𝓌 
 
 
 
 

 
 

 

 1 + 𝒽ℌ 𝒜𝓋,ℬ𝓌,ℬ𝓌  ℌ2 𝑆𝓋,𝒯𝓌,𝒯𝓌 ≤  𝒽 𝑚𝑎𝑥 0,0,0 + ℴ 𝒜𝓋,ℬ𝓌 − ∅(ℴ 𝒜𝓋,ℬ𝓌 ). 

On solving we have ℌ2 𝓋,𝓌,𝓌 = 0. This implies 𝓋 = 𝑤.   
This completes the proof. 
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Example 2.1 Let 𝒳 = [2,20] and let (𝒳,ℌ) be a ℌ −metric space defined by ℌ 𝓇, 𝓈, 𝓉 =  𝓇 − 𝓈 +  𝓈 − 𝓉 +
 𝓉 − 𝓇  for all 𝓇, 𝓈, 𝓉 ∈ 𝒳. Let 𝒜,ℬ,𝒮,𝒯 are self mappings defined by 

𝒜𝓇 =  

12    𝑖𝑓 2 < 𝓇 ≤ 5
𝓇 − 3     𝑖𝑓 𝓇 > 5

2  𝑖𝑓  𝓇 = 2.

                                 𝒮𝓇 =  

  6   𝑖𝑓 2 < 𝓇 ≤ 5
2     𝑖𝑓 𝓇 > 5

𝓇  𝑖𝑓  𝓇 = 2.

 ; 

  

ℬ𝓇 =  
2  𝑖𝑓 𝓇 = 2
6  𝑖𝑓 𝓇 > 2

                                             𝒯𝓇 =  
𝓇  𝑖𝑓 𝓇 = 2
3  𝑖𝑓 𝓇 > 2

  

Let us consider a sequence  𝑥𝑛   with  𝑥𝑛 = 2 , and define  ∅: [0,∞) → [0,∞)  by ∅ 𝑡 =
𝑡

3
.  For any values 

of  𝒽 > 0 , then it is easy to verify the inequality (2.3) holds. Hence the Theorem 2.1 holds well. 
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