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l. INTRODUCTION

The Banach fixed point theorem is the fundamental method for studying fixed point theory, it states
that every contraction mapping on a complete metric space has a unique fixed point. Let (X, d) be a complete
metric space. If T7: X —» X satisfies (T (x),T(y)) < £ (d(x,y)) forall x,4 € X,0< £ < 1,thenithasa
unique fixed point. In 1969, Boyd and Wong [2] replaced the constant £ in Banach contraction principle by a
implicit function i and proved some fixed point theorems.

In 1997, Alber and Gueree-Delabriere [1] introduced the concept of weak contraction in metric space:
A map F: XX — X is said to be weak contraction if for each x, ¢ € X, there exists a function @ : [0, ©) — [0,
), @ (£)>0forall# > 0and @ (0) =0suchthat d(T(x),T(y)) < d(x,4)— 0 (d(x,4)).

1. PRELIMINARIES
In 2006, Zead Mustafa and Brailey Sims[6] introduced the notion of § -metric space as generalization of the
concept of ordinary metric space.
Definition 2.1[6] ""A $ -metric space is a pair (X, $), where X is a non-empty set and § is a non-negative real-
valued function defined on XX x X x X such that for all x, ¢, z,a € X, we have
(i) S, y,z)=0ifx=y =z,
(i) 0< 9(x,x,4) forall x,y € X, withx = g,
(iii) S, x,4) < H(x,y,2)foral x, 4,z € X, with z # g4,
(iv) S(x,y,2) =9 3,14) = H(y,z,x) = -, (symmetry in all three variables),
(v) S, 4,2) < H(x,a,a)+ H(a,y,2), forall x,4,z,a € X (rectangle inequality),
The function $ is called $ -metric on X."
Definition 2.2[7] " A sequence x,, in a $ -metric space X is said to be convergent if there exist x € X such that
lim,, ;0 H(x, x,,%,,) = 0 and one says that the sequence (x,,) is $ -convergent to x. We call x the limit of
the sequence (x,) and write x, — x or lim,,__,, x,, = x."
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Definition 2.3[7] "'In a  -metric space X, a sequence (x,,) is said to be $ -Cauchy if given € > 0, there exists
a ny € Nsuch that H$(x,,, x,,, x;) < € [foralln,m,l = n,

i.e., H(x,, 2y, 2) > 0asn,m,l - . "

Proposition 2.1[7]" Let X be $ -metric space. Then the following statements are equivalent:

Q) (x,,) is H -convergent to x,
(i) H(x,,2,,x) > 0asn - oo,
(iii) H(x,,2,2) > 0asn - oo,
(iv) Sy, x,,x2) > 0asn - 0.

Proposition 2.2[7]" Let X be $ -metric space. Then the following statements are equivalent:
(i) The sequence (x,,) is $ -Cauchy;
(i) For every € > 0, there exists a ny, € N such that $(x,,, x,,, x,,) <E,Vn,m = n,

Definition 2.4 ""Two self mappings § and T of a metric space (X,d) are said to be commuting if ST =
TSt,V£inX."

In 1982, Sessa [13] generalized the notion of commutative mappings to weak commuting maps as follows:
Definition 2.5[13]" Two self mappings § and T of a metric space (X, &) are said to be weakly commuting if
alsTt,78t) <d(T¢,8t),v£inX."

Remark 2.1[13] Commutative mappings are weak commutative mappings, but converse may not be true.

In a similar mode we can define weak commuting in setting of $ — metric space (X, $)

2. Fixed Points for Weakly Commuting Mappings
In 2013, Murthy and Prasad [5] introduced a new type of inequality for a map that involves cubic terms of
metric function d(x, y) that extended and generalized the results of many cited in the literature of fixed point
theory. In this section, we extend the result of Murthy and Prasad [5] for four self weakly commuting mappings
satisfying a generalized weak contractive condition involving various combinations of § -metric functions.
Theorem 2.1 Let A,B,S and Tare four self mappings of a complete $ — metric space (X, $) satisfying the
following conditions:
(21) §(X) c B(X),T(X) c A(X);
(2.2) One of the A,B, s and T is continuous;
(2.3) [1 + AD(Ar,Bs,B3)]|9*(Sr,T8,T8) <
1[ 9% (Ar,Sr,57)H(Bs, T8, T8)
2|+ S(Ar, Sr,51)9H* (B8, T8,T8)l’
S(Ar, Sr, S7)H(Ar,T8,T8)H(Bs,Sr,87),
S(Ar,T8,T8)H(Bs,Sr,5r)H(Bs,T38,T38)
( $%(Ar,Bs, Bs), \
S(Ar, 87, 57)H(Bs,T5,T8),
where  o(Ar,Bs) = max S(Ar,T8,T8)H(Bs,Sr,S57),
1[9(Ar, 87, 8r)H(Ar,Ts,T8) +
b [ S(B3, 57, 81r)H(Bs,T8,T38) ]J
£ = 0is a real number and @: [0, ©©) — [0, o) is a continuous function with @ (¢) =0 ifft =0and @(¢) > 0
for each ¢ > 0. Then A,B, S and T have a unique common fixed point in X, provided that the pairs (A,S) and
(B, T) are weakly commuting.
Proof. Let 7, € X. Using (2.1), we can find a point 7, € X s.t S(ry) = B(#y) = 8. For this point 74, we can
find another point -, € X such that s; = A(#4) = T(#+4). In general, one can construct a sequence {s,} in X
s.t.

A max + 0 (Ar,Bs) — O(co(Ar,Bs),

S = 5(4’27[) = B(¢2n+1);

Sons1 = T (rons1) = A(ry,y,) foreachn > 0. (2.4)
For brevity, we write m,, = $(8,_1, 81, 8n)-
Firstly, we will prove that 72, is non-increasing sequence and converges to 0.
Case I. If nis even, taking 7 = 7%, and 8 = 75, .1 in (2.3), we get

[1 + AH(A720, Brons1, Bron )19 ($720, T2 41, T 20 41) <
1 92 (A1, S720, S72)D (BT 2041, T 72041, T 720 41)
hmax{ 2149 (A0, $720, S722)9° (B1 2041, T 2041, T 20 41)] l_l_
S( AT, 8120, ST ) DAY, T o011, T2 11) D (B1 2141, 720, ST20),
55(cﬂ4’“2n,71””2n+1»T/V“2n+1)5(73”"2n+1;54’”271'5”"2n)55(73”"2n+1,T’V”2n+1'74’2n+1)}

O’(Uq¢2n'TBan+1) - m(a(ﬂ¢2n'3¢2n+l):
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52(ﬂ¢2n:3¢2n+1,3¢2n+1).
(A1, 8721, S120)D (B2 41, T 2011, T 720 11),
where  o(Aron, Brons1) = maxy  D(Ar9, T12041, T2 41) D (BT o 11, S725, S12,),

[1 [5((44”21“5””211‘54’211)55(41””211‘T”"Zn+1'74’"2n+1) + ] |
2 S B12n+1: 5720, S720) D (BT 2041, T 12041, T 720 41) )

[1 4+ AH(S20-1, 820, 82019 (21, S2n 415 San+1)
1[ 9 (8201, 820, 820) D (820) B2 41, S2m41)
2 +$5('52n—1v'52n’52n)552 ('52n:'52n+1:'52n+1) ’

H(82n-1, 82, 820 ) D (82n—1, 82n+1) 82n+1) D (B21) 820, B2n),

H(82n-1,82n+1, B2n+1)D (820, B2, 820) D (820, B2n+1, Ban+1)

+0(52n—1"52n) - Q(U(ézn—pﬁm),
% (82n-1, 821, 82n);
H(82n-1, 820 820) D (B2, Bon+1, 82n41),
where o (82n-1,82n) = max{ H(82n-1, 82n+1, B2n+1)D (B2, B2, S20), }
1 [‘5("5211—1"52n"‘52n)$3('52n—1t'52n+1t'52n+1) +]

. kZ ‘5("5211"‘5211:'52n)‘5('52nt'52n+1t'52n+1)
On putting 7, = $(82,_1, 320, 825 ) We have

Using (2.4), we get

A max

1
[1 + hmZn]m%n+l < #Amax {E [m%nm2n+1 + man%n+1]' 0'0}

+ 0 (82n-1,82n) — D(0(82n-1,822)),

1
where (82,1, 82,) = Mmax {m%nIMan2n+lt 0:5 (12, 9(82n-1, B2n+1, Ban+1) + 0]}

By using rectangular inequality and property of @, we get
H(82n-1,82n+1, B2n+1) < H(82n—1, 820, 82n) + H(82n, B2n+1) S2n41)
=My +Myny1 and
o (8n-1,82n) < my'(x,y) = max {m%n:mmmzmp Oé [, (Mo + Mypq), 0]}
If m,, < m,,.q1,then we get
Amb, 1 < Amb, . — B(mb, 1), acontradiction.
Therefore, m3, ., < m3, i.e., Moy < Moy,
Similarly, if n is odd, then we can obtain #,, ., < 75,,1.
It follows that the sequence {#n,,} is decreasing.
Let lim,_,., m, = x, for some x > 0.
Suppose x > 0; then putting 7 = 7+, and 8 = 75,4 in (2.3), we have
[1 + AH(A720, Brons1, Bron )19 ($720, T2 41, T 20 41) <
1[ 9% (A7, S720, S720) 9 (B7 2041, T 12041, T 20 41)
214+ § (A2, S720, S120) 9 (BT 2041, T 72041, T 20411
55(044’211' 54’211: 54’"2,[)35(044’2", Tr2n+l' T¢2n+1)5(34ﬂ2n+11 54’211' S/’ﬂZn):
(AT, T2 41, T o1 1) DB Ton 11, S720, S120) DB 1o 11, T 72041, T2 41)
o (A1, Broni1) — O(0(Ar2n, Bron 1),
( 552 (A", Bron 41, Brons1), \
(A1, 8120, $120) D (B7 2011, T o011, T o1,
where  o(Aryy, Bronyr) = maxy S A7, T12041, T2 11) DB 111, S720, S720),
1 [5(¢ﬂ4’”2n:5”"2n,S’V”Zn)g(cﬂ”’én,T’V“2n+1;74’2n+1) +
219 (B1ont1, 8720, S120) DB 72041, T 72041, T12041)

£ max

Using (2.4), we get
[1+ AH(S2n-1, 620 82019 (821, S2n 415 Sam41) <
1[ 9% (82n-1, 820> 820) D (820 S2n+1) S2n41)
hmax{ 214+95(82n-1, 820, $20) 9 (820, 20415 S2n11)]’ l
H(82n-1, 821, 820) D (820 -1, 82n 41, B2n+1) D (B2n, S2n, 821),
kg(ézn—ll52n+1:52n+1)5(52n'52n'52n)‘6(52n’52n+1!52n+1)}
+0(52n—1:52n) - ®(0(52n—1'52n)ﬂ
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( % (82n-1, 820, 82n);
H(82n-1, 820 820) D (B2, Ban+1, 82n41),
where  o(8;,_1,82,) = max H(82n-1, 82n+1, 82n+1)D (B2, B2n, S2n),
1[9(82n-1, B2n, 820) D (82n -1, 82011, S2n+1) +]
2 H(82n, 820, 82n) D (820, Ban+1, B2n+1)

Now by using triangular inequality and property of @ and proceeds limit n — oo, we get

[1+ Ax]x? < Ax3 + 2% — 0(x?).

This implies that @(x?) < 0. Since « is positive, then by using the property of @, we get x = 0. Therefore, we
conclude that

lim, e m, =lim, e H(8,-1,81,8,) =x=0. (2.5)

Next, we show that {s,} is a Cauchy sequence. Suppose we assume that {s,,} is not a Cauchy sequence. For a
given € > 0, we can find two sequences of positive integers {m(#£)} and {n(#£)} such that

S(Smer) Sk Sn)) = € H(8my Sn(h)—1, Sn(ty-1) < € (2.6)
and n(#) > m(k) > k.

Now € < $(8me) Sniay 3nia))
< 55("5m(/a)"‘5n(k)—1"‘5n(/&)—1) + 5("571(/3)—1’ 'sn(/&)"sn(/&))
Letting k — co, and using (2.5) and (2.6), we get lim S(Sm k) Bn(h) Sniry) = € (2.7)

Now from the rectangular inequality, we have,

|g)(‘5n(/&)"Sm(/&)+1'5m(/&)+l) - 5("5m(k)t5n(k)"§n(l&))| = ‘5(5m(/¢)'5m(&)+1"5m(k)+1)
Letting k — oo, and using (2.5) and (2.7), we get llzim 55(5,1(,&),5,”(,&)“,5,,1(,&)“) =€ (2.8)

Again from the rectangular inequality, we have,

|9(8m ) 8n(e) 41 Sneey+1) — D(Sm ey Snay Sneey)| < D(8n(k)r Sn)+1r Sny+1)
Letting k — oo, and using (2.5) and (2.7), we get Jim S(Smer)y Sni)r1, Sniy1) =€ (2.9)

Now again from the rectangular inequality, we have,
|55('5m(lc)+l:'5n(lz)+li'5n(lz)+1) - 5(5m(la)'5n(k)r‘5n(k))|

< H(Sme) Smy+1 Smey+1) + D(Sn(r) Sniay+1, Sniay+1)
Letting k — oo, and using (2.5) and (2.7), we get lim S(Sniry+1 Smp)+1, Smpy11) = € (2.10)

On putting 7 = 77, ) and 8 = 77,4 in (2.3), we get
[1+ AS (AT ay B iy Brace) 192 (S7m ey Trniay Tracy) <
1[ 92 (AT STmey STmm) DBy, Ty Trnewy)
2149 (AT mpy STy STm(a)) D (BTt T¥niay Trim)l
| (A7) STm ) STm)) D ATt Tt T70)) D (BTt ST STmey): |
U S(AT 08 T 75089 T0)) 9 (BT ohy STy 7 (1)) S BTty Trniny Trcsy) )
o (AT may Brucry) = B0 (Armey Brae)s

£ max +

( O (A7may Brary Braca)) )

DA m ey STmary STmm)D(Brucy Trueay Trnes))
where  o(A 7y, py, Bra)) = max ! (A7) Ty T ) 9By STm(ty STmey), L
|1 [55(0‘“%(&)' ST k) ST () D (ATm ey T ey TTah)) +]}|

2| 5(Brucay Stmear Sma)D(Brucay Trueay Trawy)
Using (2.4), we get

[1+ A (Sme)-1 Sn )10 Sn(4)-1) 197 (Bm (s Sncty Snry) <

( 1] 9% (omery-1 Smeay Sm ) (Sncar-1, Sncay Sneey)
2149 (8m(r)-1: 3m ) Sm(#)) D (8n()-1) Snhy Snh))
H(8m(#)-1-8m 41 3m () D (Sm()-1: Sy Sn(#))D (B ()1, Sm (o) Sm(s)):

—

)

£ max

D (8 (h)-10 Sn () 5n () D (Sn -1 Bm (k) Sm () D (Bn(h)-1) Sn () Sn i)
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+0("3m(k)—1v"3n(k)—1) - Q(U(ﬁm(k)—p 5n(k)—1)’
( 9% (8m(h)—1> Sn(h)—1> Sn(h)-1)> ]
9 (‘Sm(fc)—lﬂ B iy ‘Sm(/&)) H(Sn0e)-1, 8n(r)r Sn ()

where  o(8m()-1, Sn(r)-1) = max D (Smh)-1 Sn(ky Sn(8)) D (Sn(h)=1» Sm(r) Smh) )

|1 D(Smer)—1 Sm () Sm(£))D (Sm(r)—1, Sn(r) Sn(t)) +] |

1 980811 Sy 8 8)) D (Sncar-1 Sncay Suty) 1)
Letting k — oo, we get
[1+ 4 €] €2< Aimax {% [0 + 0], o,o} +e2— B(e?)

= €2— @(€?), a contradiction.
Thus{s,} is a Cauchy sequence in X Since (X, $) is a complete $H-metric space, therefore, {s,} converges to a
point say v as n — oo, Consequently, the subsequences {S7%,},{Ar2,}, {T7on+1}, and {Bry, .1} also
converges to same point .
Case -1. Suppose that A is continuous. Then {AS7, },{AAr,} converges to Av asn — oo,
Since the mappings A and S are weakly commuting on X, therefore,
g)(‘s"q/’ﬁZn' CH‘S‘/an' c"l‘s/rVZn) < ‘6("44ﬂ2n' CS‘/’/.’271' ‘San)'
Proceeding the limit as n — oo, we get
lim,, o, H(SAry,, Av, Av) < H(v,v,v) = 0i.e., lim,_, SAry, =Av.
Now we show that v = Aw. On putting 7 = A, and 8 = 75,4 in (2.3), we have
[1 4+ AH(AAT2,, Bron i1, Bron )19 (SAT 0, T 79041, T2 41) <

11 9% (AAT,, SATy, SAT2)D (B o041, T 2041, T2 41) ]

2 I+ S (AAT2, SAT 2, SAY2) D (B 211, T 12011, T2 111 }
H(AAT2, SAT s, SAT, )H(AAT G, T2 41, T2 41) DB 12511, SAY Sy, SAT,),
55(‘Adq¢2nrTr2n+1:Tr2n+1)g)(B4ﬂ2n+1:S"q/ernxSUqun)g(‘B¢2n+1'T/’ﬂ2n+1::r4’2n+1))
+0(‘Ac’q4ﬂ2n134ﬁ2n+1) - Q(a(ﬂﬂ¢2n'Ban+l):

hmax{

$% (AA”y,, B72n+1, BT2n41),
H(AATo, AT, SAT2,)H(B12011, T 12041, T 2041,
where O'(CAUQ¢2n'B¢2n+1) = max S:)(CH‘A/’ﬂZn'T’VZn-H'T4/~2n+1)$3(3¢2n+1!SCA/VZn'S"q/VZn)'
1 [55(cﬂv‘l4”2n,50‘“’211»5c/l””2n)5(d‘lcﬂ”’“2n;T4’2n+1'T’V“2n+1) +
2l H(Brons1, SA12, SA12,)D(Bron 11, Tron 41, T ¥ on41)
Proceeding limit as n — oo, we get
[1+ AH(Av, v, )9 (Av,v,v) <
11 9*(Av, Av, Av)H (v, v, 1)
4 ma { 2 14+ (Av, Av, Av)H? (v, v, )]’ l
H(Av, Av, Av)H(Av, v, 1) H (v, Av, Av),
H(Av, v, )H(v, Av, Av)H (v, v, 1)
+o(Av,v) — (o (Av, v),
S (Av, v, 1),
H(Av, Av, Av)H (v, v, 1),
where ¢ (Av,v) = max H(Av, v, v)H (v, Av, Av),
ll H(Av, Av, A)H(Av, v, 1) + J
5[ S, Av, Av)H (v, v, v)
~[0+0],
[1+ A9(Av, v, v)]H? (Av, v, v) < Amax 0, + o (Av,v) — 0(0(Av,v)),

0
[1 + AH(Av, v, 1)]H? (Av,v,v) < $*(Av,v,v) — O(H? (Av, v, 1)),
On simplification, we get $?(Awv, v, v) = 0. This implies that Av = v.
Next, we will show that Sv = 4. On putting » = v and s = 75,41 in (2.3), we have
[1+ ﬁ@(cﬂ”,B”VZnH:B”an)]@Z (v, T 7m0, Tron41) <
1[ $°(Av, Sv,50)9(B 72041, T 7241, T 720 41)
214+ $(Av, Sv,80)H* (Brop 41, T2 41, T2 411
@(‘AU' 54)’, Sv)g)(dqv' T¢2n+ll T4"2n+1),5(34"’2n+1, S/b", 5’”):

H(AV, T190 41, T 120 11) D (B1 241, S0, SU)D (B 72141, T2 41, T o 41)
B (o (Av, Bropi1),

A max + o (Av, Bryyi1) —
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H(Av, S, 80)D(B7 2041, T 72041, T 20 41),

where o (Av, Bry,,1) = max DAV, T 199 11, T 90 41) D (B7op 41, SV, Sv),
[1] H(Av,Sv,S0)H(AV, T 1241, T 7o 11) + ] |
2|$B 7011, 50, 509 (Bron s, Trom 1, Trom i)

9% (Av, B +1) Bron41), 1

Proceeding limit as n — oo, we get
1+ AH(Av, v, v)]H*(Sv, v, 1) <
11 9% (Av, Sv, S)H(v, v, v)
5 maxi 2 [+$5(c/l’l}’, Sv, S1)H (v, v, v)])’ }
H(Av, Sv, Sv)H(Av, v, ) H (v, Sv, Sv),
H(Av, v, v)H (v, Sv, 50)H(v, v, 1)

+o(Av,v) — 0(o(Av,v),

( S (Av, v, 1), \

| H(Av,Sv,S1)H (v, v, 1), |
where  o(Av,v) = max{ H(Av, v, v)H(v, Sv, Sv), } =0.

1[H(Av, Sv, Sv)H(Av, v, v) +

b[ S, Sv, Sv)H (v, v, v) ]

~[0+0],
[1+ AH(Av, v, v)]9? (Sv, v, v) < Amax]’ 0, } + 0 — 0(0).
0
Thus we get $%(Sv, v, ) = 0. This implies that S~ = 1. Since S(X) c B(X), therefore, there exists a point
w € X such that Sv = v = Bu.
Now we show that v+ = T«. On putting » = «+ and 8 = « in (2.3), we have
[1+ A9(Av, Bu, Bu)]H*(Sv, Tu, Tu) <
1[ 92 (Av, Sv, S1)H(Bu, Tu, Tu)
4 max{ 2|+ §(Av, Sv, Sv)$* (Bu, Tu, Tw)l’
H(Av, Sv, Sv)H(Av, Tu, Tu)H(Bu, Sv, Sv),
H(Av, Tu, Tu)H(Bu, Sv, S1)H(Bu, Tu, Tu)

( $%(Av, Bu, Bw), \

H(Av,Sv, 8)H(Bu, Tu,Tu), $

l + o (Av,Bu) — O(o(Av,Bu),

where  o(Awv,Bs) = max H(Av, Tu, Tu)H(Bu, Sv, Sv),
1 [Sj(a‘lftr, Sv,Sv)H(Av, Tu, Tu) +

kz S(Bu, Sv,Sv)H(Bu, Tu, Tu)

[1+ 49, v, )9 (v, Tu, Tu) <
([ 1] 9% (v, v, v)H(r, Tu, Tu) )
2[4+ (v, v, )92 (v, T, Tw)
S, v, )H(vr, Tu, Tu)H(v, Sv, Sv),
(H(v, Tu, TuW)$((v,v,v))H(v, Tu, Tu))

9 (v, v, ),
S, v, )d, Tu,Tu),
where o(v,v) = max S, Tu, Tu)H (v, v, v), =0.
Ll [SZ)(/U, v, )9, Tu, Tu) + J
2l H(v, v, O, Tu,Tu)

A max +o(v,v) — 0(o(v,v),

10 +0]
1+ A9, v, v)]9* (v, Tu, Tu) < A max 2 0, '}+0—®(0).
0

Thus we get $?(v,Tu,Tw) = 0. This implies that T4 = v. Since the pair (B,T) is weak commutative,
therefore, we have
HBv,Tv,Tv) = H(BTu, TBu, TBu) < H(Bu,Tu,Tu) = H(v,v,v) = 0.
Thus Bv = Twv.
Now we show that v+ = T+. On putting » = v and s = v in (2.3), we have
[1 + AH(Av, Br, Bv)]H*(Sv, Tv,Tv) <

*Corresponding Author: Pawan Kumar 24 | Page



Weakly Commuting Mappings Involving Cubic Terms of $(x,y, z) in $ -Metric space

J 1 [ 9% (Av, Sv, S0)H(Bv, Tv, Tv) ] 1
2|+ (Av, Sv, Sv)H*((Bv, Tv, Tv)) |’
Amaxy o v Sv.Sv)$(Av, Tv(, Tv)$(Bv, 542, sv), { oA BY) = 0((Av, Br),
H(Av,Tv,Tv)H(Bv, Sv, Sv)Sﬁ((Bv, T, T/lr))J
( 9% (Av, Bv, Br), \
| $(Av,Sv,50)9((Bv, Tv,Tv)), |
where  ¢(Av,Br) = max { S(Av, Tv, Tv)H(Bv, Sv,Sv), } = $% (v, Tv, Tv).
1 [9(Av, Sv, 50)H(Av, Tv, Tv) +
lE [ $(Bv, Sv, $v)9((Bv, Tv, Tv)) ]J
Therefore, we get

1
=[0+0],
1+ A9, Tv, To)]9 (v, Tv, Tv) < Amax’ 0, + 9% (v, Tv, Tv) — 0(H* (v, Tv,Tv)) . This
0
implies that v = Tv.
Case 2. Suppose that B is continuous; we can obtain the same result by way of Case 1.
Case 3. Suppose that S is continuous. Then {57+, },{SAr,,} converges to S~ as n — co. Since the mappings
A and § are weakly commuting on X, therefore,
55("‘1‘5"’ﬂ2n' CS“/‘l”’VZn' SCA”’VZn) < g)(g/VZn: Uqunr ‘A/VZn)-
Proceeding the limit as n - oo, we get
lim, o, H(AS1y,, Av, Av) < H(v,v,v) = 0i.e., lim,_, ASry, =Sv.
Now we show that v = Sv. On putting 7 = S7+,, and 8 = 75,41 in (2.3), we have
[1+ AH(AS 720, Bron+1, B2 )19 (S8720, T #2041, TH2p 1) <
11 92 (AST2, S579n, S8723) D (B2 41, T2 41, T2 41) ]
hmax{ 21+ 9(AS1n, 88790, $872,) 9> (B 2041, T 2m 41, T 2m 411 l
g)(CHS/I/VZn' Sern' S“S"”VZn)ﬁ(Cﬂs’an' T¢2n+1' Tr2n+1)$(3¢2n+1' SS”/VZn! 554’“2”),
S(AST2, T120 41, T2 11) D (B 12041, S8725, SS90 ) D (B1 2041, T 2041, T2 41)
+0(AS10, Brons1) — O(0(AS72,, Bron 1),
( $°(AS72, B0 41, B2n 1), A
(A7, 88793, 88120) D (B 2041, T 72011, T 20 41),

where o (ASTyy, Brony1) = max{  H(AS19, T12041, T2 11) DB 1o 11, 5770, §87725),

1 [55(045””211»554’”2n»554’"271)55(%154’”211;T’V“2n+1'T4”2n+1) +

21 9(B12n+1, 55720, S5120)D (B 2041, T 12041, T 20 41)
Proceeding limit as n — oo, we get

[1+ A9y, v, v)]H*(Sv, v, v) <
1] 92°(Sv,Sv,Sv)H(v, v, v)
! 2 [+§5((S4r, Sv,81))9* (v, v, )|’
A max

35((547, S, Sv))ﬁ(&r, v, 1)H(, Sv,Sv),
H(Sv, v, v)H(v, Sv, Sv)H (v, v, v) J

+o(Sv,v) — 0(o(Sv,v),

( 92 (Sv, v, v),

35((50, Sv, 50))35(0, v, 1),

where ¢ (Sv,v) = max H(Sv, v, )H(, Sv, Sv),

ll $((Sv,Sv,8v))$(Sv, v, v) + J

2 S, Sv, Sv)H (v, v, v) ]
llo+o0]

1+ A9(Sv, v, 1)]H*(Sv, v, v) < A max 2 0, +o(Sv,v) — (o (Sv, 1)),
[1+ 49(Sv, v, )]H*(Sv, v, 1) < $*(Sv, v, vg) - 0(H*(Sv,v,1)),
On simplification, we get $%(Sv, v, ) = 0. This implies that S« = v. Since S(X) c B(X), therefore, there
exists a point z € X such that Sv = v = Bz.
Now we show that v+ = T'z. On putting » = S5, and 8 = z in (2.3), we have

[1+ AH(ASr,,, Bz, Bz)]H*(SS19,, T2, T3) <
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11 $*(AS12, SS90, $572,)9(Bz,T7,T3) ]
2+ 9(AS 1y, 8§15, 88515,)9% (B3, T2, T2)1’
S(AS79,, 88190, 8815, )D(AS 15, T2, T2)H(Bz, SS9, S87%9,),
SN(AS1,, T3, T2)D(Bz, 88579,, 8815,)9(Bz,T2,T3)

+0(AS12,, Bz) — O(0(AS 12, Bz),

£ max

S(AST, 8819, 88579,)9(B3,T2,T3),
where ¢ (ASry,, Bz) = max j S(AS1r,,T3,T2)H(Bz, SS9, S575,),
| 1[D(AST,, SS79p, 8575, )D(AS12,, T2, T2) +]1|
2 $(BZ, SS79,, 851,)9(Bz, T3, T7) ]
Proceeding limit as n — oo, we get

$%(ASr4,, Bz, Bz), l

[1+ A9, v, )]H* (v, T3,T2) <
1 [ 9% (v, v, D, T3,T3)
5 2
A ma I 2[+8((v, v, )5 (v, T2,72) l + o(v,v) — (o (v, v)
| 9((v,v,0))9 (v, T3, T2)H (v, v, v), |
Uf)(v, T3,Tz)H(v, v, )9, T3, Tz))
9 (v, v, v),
S((v, v, 81))H (v, v, ),
where  o(v,v) = max S, T2,T2)9(v, v, v), =0.
1 [35((4f, v,1))$(v,T3,T3) +
2l o, v, )9, T2,T3)

’

1[0+ 0],
[1+ A9, v,0)]9* (v, T3,T3) < A max {2 0, } + 0 —0(0),
0
On simplification, we get $2 (v, Tz, Tz) = 0. This implies that Tz = v
Since the pair (B, T) is weak commutative, therefore, we have
$(TBz,BTz,BTz) < $(T3,Bz,Bz) = 9(3,3,3) =0.
Thus Bv = Tv.
Now we show that + = T¢. On putting » = 75, and s = v in (2.3), we have

[1 + AD(Ary,, Br, Bv)]D*(S1y,, Tv,Tv) <
1[ 92(Aryy,, S19n, S19,)9(Brr, Tv, Tvr)
A max { 2 +9Ar,,, Srop, S149,) 9 (Bv, T, T/zr)] ’ l
g)(ﬂ/’ﬂZnt 54’“2,1, 5¢2n)‘5(ﬂ4ﬂ2n1 TV, T”)Q(th S¢2n! S’VZn)'
D(Ary, T, Tv)H(Bv, 79, S79,)D(Bv, Tv, Tv)
+o(Ary,, Br) — 0(o(Ary,, Br),
( 52 ("q/’ﬂ2n! BU, BU),
H( A1, S0, 812,)H(Bv, Tv, Tv),
where ¢ (Ary,, Bvr) = max D(Ary,, Tv, Tv)H(Bv, S79,, S79,),
1[D( A7, ST, ST90) D(Ary,, Tvr, Tv) +
2 H(Bv, 879,, S19,)D(Bv, Tv, Tv) ]
Proceeding limit as n — oo, we get
[1+ A9, T, T)]9* (v, T, Tv) <
(1] $*°(v,v,)H(Bv,Tv,Tv) \
2 [+5((v, v,1))$*(Bv, Tv,Tv) |’
55((0, v, v))ﬁ(«r, Tv,Tv)H(Tv,v,v),
ksﬁ(v, Tv, Tv)H (v, v, v)H(Bv,Tv, Tv))
( 9% (v, Tv,Tv),
SZ)((/V, v, v))Sb(T/zf, Tv,Tv),
where  o(v,Tv) = max S, Tv, Tv)H(Tv,v,v), .
ll 55((0, v, v))g(v,Tv,Tv) + J
2| 9(Tv,v,v)Tv,Tv,Tv)

£ max

% +o(,Tv) — 0(oc(v,Tv)

*Corresponding Author: Pawan Kumar 26 | Page



Weakly Commuting Mappings Involving Cubic Terms of $(x,y, z) in $ -Metric space

1[0+0]
2 )

0;
0

[1+ A9, Tv, T)]9* (v, Tv, Tv) < A max

+9% (v, Tv, Tv) — 0(9? (v, Tv, Tv)),
On simplification, we get $2 (v, Tv, T1r) = 0. This implies that Tv = v.
Since T(X) < A(X), therefore, there exists a point w € X such that Tv = v = Aw.
We claim that v = Swr.
For this, we put » = w and 8 = v in (2.3) we have
[1+ AH(Aw, Br, Bv)]H*(Sw,Tv,Tv) <
I 9*(Aw, Sw, Su)H(Bv, Tv, Tv)
5 J 2 [+5§(cﬂw, Sw, Suw)$*((Bv, Tv,Tv))|’
max H(Aw, Sw,Sw)H(Aw,Tv,Tv)H(Bvr, Sw, Sw),
LS;')(C/ZW, Tv,Tv)H(Bv, Sw, é‘w).‘f)((Bv, Tv, .‘Tv))

l + o (Aw,Bv) — O(o(Aw, Br),

( 9% (Aw, Bv, Br), \
| $(Aw, Sw,Su)$((Bv, Tv, Tv)), |
where o (Aw,Bv) = max S(Aw, Tv, Tv)H(Bvr, Sw, Sw), }
| 1 [9(Aw, Sw, Sw)H(Aw,Tv,Tv) +] |
2| $(Bv,Sw,Sw)$((Bv,Tv,Tv)) ] )
Now we have
[1+ 49, v,1)]9*(Sw, v, v
[ 8 (v, Sw, Sw)$H (v, v, v)
2
ﬁmaxf 2[+5((v, 5w, 5w))§* (v, v, 0) | l + o(v,v) — O(e(v,v)
|35((4f Swr, Sw))sf)(v v, )9 (v, Sw, Sw), |
S, v, v)H(v, Sw, Sw)H(v, v, 1) J
9 (v, v, ),
5((@, Swr, Sw)).@(ftr, v, 1),
where  o(v,v) = max S, v, )H(, Sw, Sw), =0.
ll S((v, Sw, 5uw))$ (v, v, v) + J
2l S, Sw,Sw)H(v, v, v)
Therefore, we get
{% [0+ 0],}
[1+ AH(vr, v, )]H*(Sw, v, v) < Amax 0, + 0 —@(0),
0
(9% (Sw, v, 1)). This implies that v = Sw.
Since the pair (S, A) is weakly commuting on X, therefore,
H(Av, Sv,51v) = H(ASw, SAw, SAw) < H(Sw, Aw, Aw) = H(v,v,v) = 0,, therefore, Av = Sv.
Hence v = Av = Sv = Bv = JTwv.
Case 4. Suppose that T is continuous, we can obtain a similar result by way of case 3. Uniqueness: Suppose
v # w be two common fixed points of A,B,S and T.
On putting ~ = v and 8 = w in (2.3), we have
[1+ A9(Av, Bw, Buw)]|9*(Sv, Tw,Tw) <
1[$%(Av, Sv, Sv)H(Bw, Tw, Twr)
hmax{ 2|+ $(Av, Sv, S1)H*Bw, Tw, Tw]’
H(Av,Sv, S)H(Av, Tw,Tw)H(Bw, Sv, Svr),
S(Av,T8,T8)H(Bs,Sv,Sv)H(Bs,T58,T8)

l + o (Av, Bw) — 0(o(Av, Bw),

9% (Av, Bw, Bw),

H(Av, Sv, 5v)H(Bw, Tw, Tw),

where o(Av,Bw) = max H(Av, Tw,Tw)H(Bw, Sv, Sv),
l1 H(Av, Sv, S)H(Av, Tw, Tw) + J
_[ H(Bw,Sv,Sv)H(Bw,Tw,Tw) ]

[1 + AH(Av, Bw,Buw)]9*(Sv, Tw, Tw) < A max{0,0,0} + o(Av, Bw) — @(o (Av, Bw)).
On solving we have $? (v, w, w) = 0. This implies v = w.
This completes the proof.
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Example 2.1 Let X = [2,20] and let (X, $) be a $ —metric space defined by $(#,5,%) = |+ — 8| + |8 — £| +
|t — | forall »,8,¢ € X. Let A,B,S,T are self mappings defined by

Ar =

Br =

12 if2<r <5 6 if2<r <5
r—=3 ifr>5 Sr = 2 ifr>5 ;
2 if r=2. r if =2
2ifr=2 _(rifr=2
{6if4~>2 Tﬁr_{3if¢>2

Let us consider a sequence {x,} with x,, = 2, and define @:[0,) — [0,0) by @(t) = % For any values
of A4 > 0, then it is easy to verify the inequality (2.3) holds. Hence the Theorem 2.1 holds well.
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