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ABSTRACT: In this paper we introduce some double entire difference sequence spaces defined by double
Musielak-Orlicz function M = (M,;). We also make an effort to study some topological properties and a few
inclusion relations between these spaces.
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I. INTRODUCTION

The initial works on double sequence is found in Bromwich [1]. Later on, it was studied by Hardy [ 2],
Moricz [ 3 ], Moricz and Rhoades[4], Tripathy ([6] [5]), Basarir and Sonalcan[7] and many others. Hardy [ 2 ]
introduced the notion of regular convergence for double sequences. Quite recently, Zeltser[ 8 ] in her Ph.D
thesis has essentially studied both the theory of topological double sequence spaces and the theory of
summability of double sequences. Mursaleen and Edely [ 9 ] have recently studied the statistical convergence
and Cauchy convergence for double sequences and given the relation between statistical convergent and
strongly cesaro summable double sequences, Mursaleen [10] and Mursaleen and Edely [11] have defined the
almost strong regularity of matrices for double sequences and applied these matrices to establish a core theorem
and introduce M-Core for double sequences and determined those four dimensional matrices transforming every
bounded sequence x = (x,,,) into one whose core is a subset of the M-Core of x. More recently, Altay and
Basar [12] have defined the spaces BS, BS(t), CS,,, CSy,, CS, and BV of double sequence consisting of all double
series whose sequence of partial sums are in the space M,, M, (t),C,, Cy,, C, and L, respectively and also
examined some properties of those sequence spaces as well as the o —duals of these spaces
BS, BV, CS,,,, and the B(v) — duals of the spaces CSy,, and CS, of double series. Now, recently Basar and Sever
[13] have introduced the Banach space L, of double sequences corresponding to the well known £, of single
sequences and determined some properties of the £,. By the convergence of a double sequence we mean the
convergence in Pringsheim sense i.e a double sequence x = (x4 ) has Pringsheim limit L (denoted by P-limit x=
L) provided that given € > 0 there exists n € N, such that |x,; — L| < €, whenever k,1 > n (see [15]). We shall
write more briefly as P-convergent. The double sequence x = (x;) is bounded if there exists a positive number
M such that |x,q| < M for all k, 1.

Orlicz function is defined as the function M : [0, ) - [0, ), which is continuous, non-decreasing
and convex such that M (0) =0, M (x) > 0 for x>0 and M (X) = o as x — .
Lindenstrauss and Tzafriri [14] used the concept of Orlicz functions to define the space

— NS Xk |
tw ={x €z M( : ) <}, (1.1)
called Orlicz sequence space, and proved that every Orlicz sequence space contains a subspace isomorphic to
€, (1 < p < o). The sequence space y defined in (1.1) is a Banach space with the norm

IIxll = inf{p > 0: 57, M (%) <1} (1.2)

It is shown in [14] that every Orlicz sequence space Iy contains a subspace isomorphic to £, (p = 1)
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An Orlicz function is said to satisfy the A, — condition for all values of u if there exists a constant k > 0 such
that M(2u) < kM(u),u = 0. The A, — condtion is equivalent to M(nu) < knM(u), for all values of u and n >
1.

A sequence space M = (My) of Orlicz functions is called a Musielak —Orlicz function. (see [19], [20])
A sequence X = (Ny) is defined by
Ny (v) = sup{[v].u — My(u):u =0}k =1,2, ...

Is called the complimentary function of a Musielak-Orlicz function M. for a given Musielak-Orlicz function M,
the Musielak-Orlicz sequence space t,, and its subspace h,are defined as follow

ty = {x € w: [y (cx) < oo, wofor all ¢ > 0}

hyr = {x € w: Iy (cx) < oo, forall ¢ > 0}

Where I, is a convex modular defined by
Iy = Z My (x¢) and x = (xi) € tyr
k=1

Consider t;, equipped with Luxemburg norm
i X
Ixll = inf{k > 0:1y, (E) <1}

Or equipped with the Orlicz norm
1
Il = inf (1 + 1y (0): > 0}

The notion of difference sequence spaces was introduced by Kizmaz [16], who studied the difference
sequence spaces 1,,(A), c(A) and cy(A). This notion was further generalized by Et and Colak [17] defined the
sequence spaces 1,(A™), c(A™) and c,(A™). Let m, n a non negative integers we have the following spaces:

Z(AY) = {x = (x) € w: (Ay'xy) € Z}

For Z = ¢, ¢y, and 1, where

Arx = (A7x) = (AR5 — A "' Xpe4q), and AJxy = X
For all k € N, which is equivalent to binomial representation

A = > 0 (7 xem
i=0

It was proved that the generalized sequence space Z(Ay'), where Z = {, c or ¢, iS a Banach space with norm
defined by

Ixllap = XiZq1%i| + sup|Ag'xy|.
The following inequality will be used throughout the paper. Let p = (py;) be a double sequence of positive real
numbers with 0 < py; < supy pq = Hand D = max[1, 2H~1]. Then the factorable sequences {ay, } and {b, } in
the complex plane, we have
la + by [P¥ < K(|ay [P¥ + [byg [PH) 1.3)

I1. BASIC DEFINITIONS
Definition 2.1 A double sequence space E is said to be normal (solid) if
(V1) € E whenever |y | < |xq] forallk,1 € N,and (xy) € E.
Definition 2.2 A double sequence space is said to be symmetric if u = (uy) € E and ||u]| = ||x|| whenever x =
(x1q) € Eand u € S(x).
Definition 2.3 A BK-Space is a Banach sequence space E in which the coordinate maps are continuous.

Definition 2.4 A sequence x = (xy) is said to be double analytic if supy |xy |1/k+1 < o0, The vector space of all
double analytic sequences will be denoted by A%

Definition 2.5 A sequence x = (xy,) is said to be double entire if P — limy |xk1|1/k+1 = 0,forallk,1€ N. The
vector space of all double entire sequences will be denoted by I'2.

Definition 2.6 Let M = (M) be a double sequence of Orlicz functions, then M is called double Musielak-
Orlicz function.

*Corresponding Author: *Ado Balili 30 | Page



New Double Entire Difference Sequence Spaces Generated by Double Musielak-Orlicz Function

Definition 2.7 Let M = (My;) be a double sequence of Orlicz function, X be locally convex Hausdorff
topological linear space whose topology is determined by the set of continuous seminorm g. The symbol
A?(X) and I'?(X) denote the space of all analytic and entire sequences respectively defined over X. We define a
new double sequence space:

FM(AV P, q,8) =4x = (Xg)

1 Pkl
AMx /k+l
My, (%)l S0,

m,n — oo, uniformly in m,n > 0,s > 0, for some p > 0}

m,n
€r2(0: — Z (kD)
"mn
kl=1

This space is the extension to double sequence of the space defined and studied by Siddiqui and Balili [ 18 ].

1. MAIN RESULTS
We shall prove the following theorems in this paper.
Theorem 3.1 Let M = (My,) be a double Musielak-Orlicz function and p = (py) be a double sequence of
strictly positive real numbers. Then the space T'Z.(A™, p, q, s) is linear space over the field C of complex
numbers.
Proof. Letx = (x4),y = (yu) € T'%(A™,p,q,s) and a, B € C. Then there exist positive numbers p;, p, such
that

rimq (kD [ (M)rkl - 0,asm,n — © (3.1)
And
Zk] 11(kD7® [Mkl (%;ll/“l)]pkl — 0,asm,n — o (3.2)
In order to prove the result, we need to find p; such that
B0 [ (2 ;f”“'l/“‘)]pm L Oasmn oo 33

Let p; = maxi'?@lall/kﬂpl, 2|B|1/k+1p2). Since M’ = (M) is non decreasing, convex and ( is a seminorm, so
by using inequality (1.3), we have

p
Z (kD [Mkl <q|A3q (axk1+BYk1)|1/k+l>] K
kl 1,1

pP3

Y IAv Xkl| Y 1 8Py Vi Pul
<_Zkl 11 (KD My | q§la /et =——= + |B| Tkt =

P3

1 |AT x| /k"'l |A1';"}’kl|1/k+l P
S k i 11D My T + EEr—

1 -s qIAL"szll/’Hl - q|aT x| et P

P2
-0, mn- oo
Thus ax, + By € [Z(A™,p,q,s), showing that it is linear space.

Theorem 3.2 Let M = (M,,;) be a double Musielak-Orlicz function and p = (p,;) be a double sequence of
strictly positive real numbers. Then the space I3% (AT ,p g, s) is a paranormed space with paranorm defined by

Pt/
_ . sz qlAvmxkll /k'H " . i
gx) =inf<p sup(kl) My, f <1 uniformlyinm,n > 0,p > 0.

Where H = maxifil, supy; pi;}
Proof. Itis clear g(x) = 0, g(x) = g(—x)and g(8) = 0, 6 is the zero sequence of X.Let x;;,y., €
LZ(A™,p,q,s). Let py, p, > 0 be such that
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ki>1 P1

1/ Pkl/H
ANd supy (k)™ [M,d <%>] <1
2

Let p = p; + p,, then by using minkowski inequality, we have

1 pkl/H
qlA% (X + Yl Je+t
My, )

1 pkl/H
} qlA7 x| i+t
sup(kD)™* My | —— <1

sup(kl)™*
kl=1

Pkl Pkl

1 I 1 H
AT x| et A x| ket
S( 1 )sup(kl) 5| My 7(” v X +( P )sup(kl) S My, 7q| v %l
p1 + P2/ k=t p1 p1 t P2/ kiz1 P2

<1
Hence

Pkl/H
<1p;,p; >0mneN

1
M qlAT (i + yi)| e
. p1tp2

g +y) < inf {(o1 +pp) " n: } sup (k)=
kl>1

1
qIAT Goy + i) | et
P1

H
<inf (pl)pmn/H:_ZZizl)(kl)_S [Mk, ( >] <1,p1>0mneN

pkl/
mn m 1/ H
+inf (Pz)p I supy 1 (kD™ [Mkl <W)] <1,p,>0mmneN

Thus we have g(x + y) < g(x) + g(y). Hence g satisfies the triangle inequality.

Now
Pkl/
. pmn/ _ qll‘lA:inxkl |1/k+l "
gAx) =inf<(p) ~ /H: sup(kD)™ | My, f <1l,p>0mneN
kl=1

m 1/ /1-1
. pmn/ s qlAV Xkl | ket
=inf 4 (r|Al) H:_:lug(kl) My, — <1,r>0mmneN

Where r = IZ_I’ since |A|Pm < maxi{i, |A|SP k). Hence T34 (A™, p, q, s) is a paranormed space.
Theorem 3.3 Let J\/[' = (My,)) and M" = (M,)) be two double Musielak-Orlicz functions. Then
I"Z (AV ’p’q!s)n (AV :p:Q:S) C v +JV[” (Alr;n:p;q:s)

Proof Let x € [} (A,, 0,4, S)NT (AV ,D,q,s). Then there exists p;, p, such that

/ Pkl
Zkl (kD™ [ (W)] - 0,asm,n— o (3.4)
And
m 1/( Pkl
kl T kDS [ (W)] - 0,asm,n - o (3.5)
2

Letp = mmﬂ(; E) Then we have

' " m Yt Pkl
z:k 51,1 (kD™° [(Mkl + M) (M

p

|y (a8 Vien P Q1A g ik PH
=K— Zkl>11(kl) My, — tK— Zk1>11(kl) —

P2
> 0asm,n - oo
By (3.4) and (3.5). Then

1
AT x| T+

Zk 51 (kD™S [(Mlycl + My)) <q )

Therefore

Pkl
)] - 0asm,n — oo.
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X € Dy e (A7,,4,5)
—
Theorem 3.4 Suppose — Zkl (kDS [ (M)
I'? c LE(A7,p.q,9).

Pkl 1
< |xpl /ke+t Then

Proof. Let x € I'2. Then we have
|xkl |1/k+ll as kll - (36)

But
mn 1 Pkl
1 A3 | e+
mn Z (kD™* [Mkl (%)] < |xp |1/k+l

k=1
By the assumption above, it implies that

m,n 1 Pkl
1 A™ x| ke
n Z (kD)~s [Mkl <—q| - ;ll >] - 0,asm,n - oo

k,l=1
By (3.6)
Then x € (AT, p, q,s), and hence

1-'2 C[‘M(Av lp q! )
Theorem 3.5 I;%(A™, p, q, s) is solid
Proof. Let |x| < |y |and (vy) € Iz (A}, . q,5)
since M’ = (My,) is non decreasing, it |mpI|es that

qIAT gy [ - Q1A y | i+ Pi
Zk 1>1, 1(kl)_s Mkl % Zk 1>1, 1(kl)_s Mkl %
Since y € I'2(A™,p, q,s). Then

qlﬂ;"ykzll/"“ o
Zkl (kDS — - 0,asm,n - o

p
And
— Y (e o (e B[
kl 1 p ,as m,n — o
Therefore

x € [}2 (AT, p, q, s). Hence the result.

Theorem 3.6 (i) Let0 < infpy < 1. Then A (AT, p,q,s) € [Z (AT, q,5).
(ii) Let 1 < pjy < supy pu < . Then [z (A}, q,5) € L (A7, p, q,9).
Proof. (i) Let x € IZ2(A™,p, q, s). Then

Zkl 1(kl)‘s[ (
Slnce 0<infpy, <1.

1 : mo Vi Pkl
e A C e [ e e P | ©9)

From (3.7) and (3.8), it follows that x € I,%(A™, g, s).
Thus LZ(A™,p,q,s) € [E(AT, q,s).
(II) Let py, = 1 for each k,l and supy, py, and let x € 2. (AT, q,s). Then
/( Pkl
Zkl (kDS [ (W)] - 0,asm,n - o (3.9)
Since 1 < py; < supy pu < %, we have

(kD)™ 7‘”%“'1/"“ pkl< ! kD)™ qlkalﬁ/w '
kl 1 0 = kl 1 p

m 1/ Pkl
= Zkl 1(kD™F [ <—q|Av x;ll kH)] - 0,asmn — o

ThIS implies that x € I'% (AT, p, q, s). Therefore
FM(AU :q:S) c FM(AU P q,s).

1
qIag x| /e

kl
p )] - 0,asm,n - o 3.7)
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V. CONCLUSION
There are several extensions of some concept of single sequence spaces to double sequence spaces by some
authors. We also extended the generalized entire difference sequence space
L (A™,p, q, s) to double sequence space I%(A™, p, q, s), which is solid and the intersection of the spaces
defined by two double Musielak-Orlicz functions is identical with the space defined by the addition of the two
given functions.
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