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| INTRODUCTION

Double limit of a sequence(x,); n,k =1,2,3,...is a number xif for anye > 0, there exists an
integerN (¢) such that for alln, k > N(&)the inequality |x,, — x| < € is valid. The notation isx = lim,, ;. Xy
Iffor anye > 0, there exists anN(g)such that for all n, k > N(&)the inequality|x,, | > ¢ is fulfilled, then the
sequence(x,, ); n,k = 1,2,3,.. has infinity as its limit, and we writelim,, ., x,;, = . The double limit of a
sequence is a special case of the double limit of a function of two variables.Infinite  matrix ~ methods  of
summability are basically called transformations, because assigning limits to divergent sequences or series is by
considering a transformation (or an infinite matrix) rather than the original sequences or series. In fact, the most
important transformations are given by infinite matrices. It is necessary that these processes be described as
follows:
For any single sequence(x; ) a new sequence (y,) is defined as follows:
Yo = Dk=1Qn k Xk, for a matrix A(1.1)
where the matrix A is called the A-transform of the single sequence xyprovided (1.1) exists. Analogously, A-
double transform of a double sequence (xnn) is given by
Ymn = Z%:l,l:l Ak 1 %n ko (12)

where, a,, , x; := A is the matrix of transformation, provided (1.2) exists Robison[9]

In Nigam and Sharma[8] it was proved that a double conjugate Fourier series is summable by a product
of two infinite matrices. We wish to prove that a Double conjugate Fourier series is almost regular four
dimensional matrix summable.

| BACKGROUND AND NOTATIONS
If (x,)and (y,)are two sequences such that a numbern, exists such that % < Kwhenevern > n,, where K is

Yn

independent of n, we say that (x,,) is “big order of” (y,,), and we write (x,) = 0(y,,), thus, 1?’:;9 =0 (1+1n2)'

If, however the limit lim,,_,., (;—") = Owe write (x,) = o(y,) , read(x,) is “ small order of” (y,).There are

several such definitions in literatures.
A function f (X, y) of two variables defined on a bounded rectangle R := [a, b] X [c, d]is said to be

of bounded variation over this rectangle if the following three quantities are finite:

Vi1 = supy,xa, Xj=1 Sroalf (g ve) = F(x—0 ) = F(%5, 1) + F (51, ye-1)|(2.)

Vio = supy, X7 |f (%, ¢) = f(x5-1,¢)] (2.2)
Vo1 = supy, Yi=alf (@ yi) — f(a,y-1)1(2.3)
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where, A ia=X, <X <X, <..<X,=b and 4,:c=Yy,<Yy, <Y, <..<Y, =d are arbitrary finite
partitions. The sum V (f) =V (f;R) =V, +V,, +V,, is called the total variation over R, Moricz, [6]. We

shall use the definition of functions of bounded variations in two variables because these types of functions
guarantee the convergence double Fourier series.

Summability of double conjugate Fourier series using regularity conditions of product of twoinfinite
matrices was carried out by Nigam and Sharma[8]. The necessary and sufficient conditions imposed on almost-
regular matrices in the ordinary sense are due to King[2], while the analogue of the almost-regular matrices for
four-dimensional matrices were due to Moricz and Rhaodes[4]. The notion of almost convergence for ordinary
or single sequences was given by Lorentz[1]and for double sequences by Moricz and Rhoades [4] after 40
years!

In the work of Moricz [5], partial sums to double conjugate Fourier series was defined including its
double conjugate function. In Mursaleen and Savas [7] four dimensional almost regular matrix was defined and
characterized, with impositions of five conditions. Also, Nigam and Sharma [8] defined three different double
conjugate Fourier series. The third definition in terms of double variables (x, y) will be used in this study, which
was put in different form in Moricz [5].

Let f(x,y) be a function of a period 27 with respect to each variablesx,y. If f(x,y) is Lebesgue integrable
over the square A: — < x < m, —m < ym. Then we can associate f with its double Fourier series:
S f U k) ) 5 (2.4)
where,
FG k) = Gz [, f (wy v)e ™0 ) dudv (2.5)

(Marcinkiewicz and Zygmund [3])
The double conjugate Fourier series to the double Fourier series (2.4) is given by

T (—isgn)) (—isgnk)f (j, k)e'U* k), (Moricz[5])

The rectangular partial sum of the series (2.5) is defined as: Son (f3%,7) =

. . . - i(ix 1 rm pm =3 =
S k1= (—isgn) (—isgnk) f (j, k)e 0¥+ ==y Iy ¥ (F;w,v)D,, W) D, (v);
(2.6)

where,p(x,y, u,v) =y (u,v) = fx—uy—-v) - fx+tuy—-v)—flx—uy+v) +
f(x +u1y+v) _axy(f)
is a function of two variables of bounded variations; and
D,,(w)is the Dritchlet kernel. In Moricz[6] the following limit exists as a number in A:
limu,v—>0+ wxy (f; u, 17) = é‘xy (f)

The corresponding conjugate function to (2.4) is defined in Nigam and Sharma [8] as follows:
dv

f(X,y) 7-[2-[ f ¢xy 2 tan u/2 2tan v/2 (27)

Since the study intends to prove a result on four dimensional matrix summability of double conjugate Fourier
series, the following characterizations are quite useful:

Lemma 3.1(Mursaleen and Savas [7]): A four dimensional matrix A = (aj;") is almost regular if, and only if

Q) lim pq_,wa(1 k,p,q,st)=0(k=012..), unlformlylns t 0,1,2,...;

(i) lim Z] Zox=0aU,k,p,q,s,t) =1, uniformly ins,t = 0,1,.
q—)
(iii) lim Y= ola(j, k,p,q,5)=0,(k=0,12,..), unlformlyrns t=0,1,..;
p,q—)CC

(iv) lim Z}‘j_ola(j k,p,q,s,t)| =0,(Gj =0,1,2,..), uniformly ins,t = 0,1, ...;

(v) kol @i | S M <0, (m,n = 0,1,2,..); where,
. 1, t+q—1
a(],krpr q,s, t) - Ezfn+fs,n=tt+q a]nl:n

Before we prove this result we need to fix some notations. Let A,,, be an almost regular infinite matrix
satisfying the conditions (i) — (v) as above.Suppose m(k) and n(k) are non-decreasing sequences of counting
numbers satisfying the limits lim; _,,, m(k) = o and lim,,_,,, n(k) = .

Define,

o, y,5,6) = [} [[1Y(x,y,uv| dudv.
Then

fln/p(m(k)) (p(x’tyz’s'ﬂ) dt = o(Inp(m(k)) Inq(n(k))dudv, k > o (2.8)

*Corresponding Author: Ahmadu Kiltho 12 | Page
Department of Mathematics and Statistics University of Maiduguri, Borno State, Nigeria



Almost Regular Matrix Summability Of Double Conjugate Fourier Series

Letf € [-m, m; —m, m]. Then at any point (x,y) € [—r, 7; —, ],

limy o 2250 = o 2.9)
And for everye > 0, there exists § > 0 such that
o(x,y,68,6)
62
The conjugate Dritchlet kernel is defined as: D,,(w) = ¥, sinju = costy/2)—cosHin +1/2)u

2 sin (u/2)

i MAIN RESULT
The study intends to prove the following theorem:
Theorem 3:Let f(x,y), a 2r period, be a function of two variables integrable in the sense of Lebesgue over the
squareA Let ¥v_ . (—isgnj)(—isgnk)f(j, k)e'U***¥) be its double conjugate Fourier series. Further, let
= (aj") be almost regular matrix. Then the sequence of partial sums of double conjugate function

{fmn (f; x,¥)} is A-summable to its conjugate function, £(x, y).
Proof: Now,

Zf:l 2?21 amm] {Smn (fixy) — f(x Y)}
nzf f (p(x yu, V) Zl 1 ] 1 Amnij Di(u)ﬁj (v)dudv+

= [ <p(x,y.u,v)zz__ Gy D, (OB (v)dudv
0 Jo = =l
or,

A S (F329) = f 6,y < = 7 [ 9oy, u,v) B2 lz;* gy D (W) Dy (v) dudv+
Oy (f)f f o(x,y,u, v)zz Amnij D; (u)D (v)dudv

=1+ Jpsay.

where,

Sy () _ 4 Smn (F52,3)
2 MN=>% (Jog m)(log n)’

Suppose J, takes the form:

1 1
1 > 8 m 7 ) m
Jo=—3 fo+£+f6 fo+£+f6 o(x,y,u,v)
p q
X X1 =y Gmnyy Di)D; (v)dudv
1
= F(]A +lp+t)ctptIe+Ir+iec+]u +]])<p(x,y,u,v) X
Y71 21 @mnyg Di(w) D) (v)dudv
1 (1 1 ~ ~
where, J, == [ /,, Jo oy, uv) TP, Y- @nnij Di WD (v)dudv, etc.
Since p = p(m(k))and q := q(n(k), k can be chosen such that 1/p, 1/q<d, and it is well known that |5k (t)| <
kand |D, ()| < nz—t,O < t < m. So, we have
|]A| < P(m(k))q(n(k)Am(k))n(k)) fol/p J'Ol/q (p(x’ y,u, v)dudv (31)

2

< EAm(k)z)n(k))
& . s . T
= —;, because of almost regularity condition (ii).
Next, we consider]B noting that
=0 L @G0y, v) S0y B Gy Di(w) By (v) dudv.
Let, gu,v) =3 121 1 Gonnij D, (u)D (v)dudv. Then,

S cosffy/2) — cosifj + 1/2)v
1/qg(u v)dv = Zl 12 Gmnij D( ) 1/q 2sin(v/2) dv

- . . " 8 § sinj
=y, Z;?zl Amnij Dj (u) <[lnif€smg + % (cosjv + sinjvcot (g)]l/ — fl/q Ssi;nzj(l;) dv>
q 2
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P a — sm8/
= i Dj l( = (cosj8 — cos=) + = (sin j§cots /2 — t12)]
Zi:l ijlamnl} (1) [n s 1/q (COS] cos )+ (sm] cotd /2 — sinj/qcot 1/2q

8 sinjv
—f 7 dv
1/¢ sin’(5)
Integrating Jp by parts gives,
1 rl/r s
]B = F |:§0(x: y’ u, U)h(u, v)ll/q
0
Where, h(u, v)I‘f/q = ff/q g(u, v)du. So,
1 ir s 1 ip 0
== ¢t yuv)h(uv)li,dv __zf ( g v) 7 e yu, v)du) dv
n°Jy e Jy 1/q u

g(u v)—(p(x y,u, v)du] dv
1/q

1 5 8 1 % 5
= — h@w )l f P e,y ) —— f 9, A, v | dv
2 7 1 2 0 7
q

1 l/p< é 9
— px,y,uv)-g(u, v)du)) du
% Jy 1/q ou

5

Where, A(u, VI3, = J; /q —
= sl < 2p(m(k))f1/p f5 <p(xiuV)d dv < _<1 +f§ dv)

= 0(Inq(n(k)) (3.2)
Similarly,

UCl < 2p(m(k)) fl/p J'T[(p(x'y'urv)d dv (33)
- 2 1 2p(m(k)) (" 1 (7 (VP
< ff oGy wldude + LT [ [ gy vldude
5 5 J0

:2p(m(k)) 1 (

3

o(x,y,u,v)du.

1 T dv

v o) |+ oGy /@m0

p(m(k)) ) s v
= o(Inp(m(k)) Inq(n(k)); as

1
0 (x,y,m,n) -p(m(0) = 0(n p(m() In g(n(K)).
Now,
S 0 0y, v) B2y B Gy Di(w) By (v) dudy = |Jp|=0, from

(2.8).
Repeating same processes of integration by parts we can have the following:

4 du
el = ([ toeyaon )5

u
< Melnp(m(k)).Inq(n(k)) : (3.4)
Where, M in (3.4) is any constant but fixed as in condition (v) of almost regularity of An,.
Url = o(Inp(m(k)). Inq(n(k)) (3.5)
Url < =5 Jy 1o Gy, w, v)| dudv = 0(1) (36)

While, |Jg| = /4| = |]]| =0 asfor |/p|.
Before we calculate J,, let us define z; := fon D;(u)du, which yields Ini as i approaches infinity. So,
for each & > 0 there exists a number N with i>N such that
1—-¢e< erl—Ll <l+e.
So, it implies that

[T amy BieoBwidude =" > any zz
0 Jo i ~i=1 = =l

*Corresponding Author: Ahmadu Kiltho 14 | Page
Department of Mathematics and Statistics University of Maiduguri, Borno State, Nigeria




Almost Regular Matrix Summability Of Double Conjugate Fourier Series

N N P
q q N
= § §  Qnij ZiZ + § § . Anij ZiZp + E § o Oy ZiZ t
=11 =1 =N i=v+1 U=t
P
q
§ § Amnij 2%
j=N+1

i=N+1
< ME(N)Apn + (1 + )My (N) Ay, Ing(n(k)) + (1 + €)My (N) Ay, Inp(m(k))
+(1 + &)2 Ay Inp(m(k)) Ing(n(k))
Wlth Ml (N) = maXOSL'SN |Zi|' SO that
y ], (k)
im <
k=o 8y, (f) Inp(m9k) In g (n(k)
Combining (2.7) — (3.6) the desired result is obtained. ]

IV  CONCLUSION
This paper has shown that another way to sum double conjugate Fourier series is an application of double matrix
summability.
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