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ABSTRACT: In this paper, we present anew family of optimal eighth order of methods, the new method
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difference and three real-valued functions in the third step to reduce the number of function evaluations, and
increasing the order to be optimal.
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I. INTRODUCTION
Nonlinear equations are at the heart of many problems of nonlinear science and the exact solutions are
not always possible to find. We construct iterative methods to find a simple root of a nonlinear equation,
f(x) = 0, where f(x): I € R — Ris a scalar function on an open interval /.Many iterative method have
been used for solving nonlinear equation, for example, well knew the classical Newton’s method (NM)

Xpy1 = Xp = ;(éz)) (1)
One-parameter family of fourth-order methods have developed by King method (KM)[1], which is written as :
U (Y
e
Xyry =Yy — fOn)4Bf Gn) £ rn) @)

FGn)+B-2)f ) f'(n)’
Where BeR is a parameter. In particular, the famous Ostrowski’s method [2] is a member of this family

whenp = 0,
f(xn) fn)
Ml = I T G2 ) £ G’ @)

Kung and Traub’s method [3] who conjectured that an iterationmethod based on n evaluation of forits
derivatives could achieve optimal convergence order 2"~ . Newton’s method is optimal second-order method,
King’s method (2) andOstrowski’s method (3)areportion of the optimal fourth-order methods, since they just
perform three functional evaluations per step. Recently, based on Ostrowski’s or King’s methods the weight
functions have been used in the third step to increase the order of convergence, see for example, [4-6].Many
researchers have developed eighth-order, see [7-10].

Il. CONSTRUCTION OF THE OPTIMAL FAMILY OF ITERATIVE METHOD
In order to construct new methods, we consider an iteration scheme of using king method (2) and adding
Newton method (1) as a third step, we have

f )
= ey
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n n fGen)+B-2)n) f’(xn)’
f(zn)
Xn+1 = Zn — f'(zzn)' (4)
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This method of order eight and has five functional evaluation, which is not optimal so we will reduce the
number of functions evaluation using divided deference, [2]

’ ~ fxn,zalf [yn,znl
f (Z) ~ flxnynl ' (5)

Now, we present a new family of optimal eighth-order king-type iterative methods using weighted functions to
increasing the order of convergence, as the following:

_ JAC)
f’(xn),

yTL an

2 =y — fO) +Bf ) )

" n( )f(xn) + (ﬁ - Zf)(yn)f,(xn)’

Xnsr = 2 = {A(L) + B(&) + C(tp)}y x Lrolindnl (©)

Where A(t;), B(t,), C(t3) are three real-valued weight function, and

¢ =L@ . IO, 1@

RGN

Theoreml.:Let pu be a simple root on the open interval in R for the function f:I — R.Also initial
approximationx is sufficiently close to p off. Then the method (6) gives optimal eighth-order of convergence if
satisfies the following conditions:

A(0) =1,4'00) =1,
B(0) = —1,B'(0) = 0,B"(0) = 0,B"(0) = =128, |[B®(0)| < o,
€(0) =1,C'(0) = 0,|C"(0)] < . 7
Proof:Lete,, = x,, — u be the error. Using the Taylor expansion, we have
() = f'(w(e + ce? + c3e® + cye + cge® + cee® + cre” + cgeb + coe’).  (8)

*)
Wherec, =L-% k=23, ..

kif'(u)’
') =Ff WA+ 2cye + 3cze? + 4cye® + 5cse + 6¢c5e® + 7 c;e® + 8cge” + 9cqe?). (9)
Diving (8) by (9),we get
fx)

=€ c,e? + (2¢3 — 2c3)e® + -+ (—64c] +304c5c; — -+ 3lcycs — 7cg)e + 0(e?)(10)
Now, from (10), we have
Vo = (U+ ce? + -+ (64c] — 304c3cy + -+ + 31cucs + 7cg)e® + 0(e). (11)
From (11), we obtain.
&) = f' (W (ce? + (—2c2 + 2c3)e® + (5¢3 — 7cyc5 + 3c4)et) + -+ 0(e?). (12)
Combining (8), (9), (10) and (12), we have
Z, = U+ (2BcS — 2Bchcs + c§ — 2cfcs + c3cd)e” + (2% + 2B%cScy — 14Bc] + -+ 19c5c; —
3c24c417c23c32+3c22c3c4+4c2c33e8(13)
From (13), we get
f(z) = f W(@2Bcs — 2Bcyes + c§ — 2c5¢3 + cgcf)e’
+ (2B%c] + 2B%c3cy — 14Bc] + -+ 19c5c; — 3cicy, — 17c3c2 + 3ciczey + 4cyc3)ed
+ 0(e?).
Using the Taylor series expansion, we get
A(t)) = A(0) + A'(0)t; + -+ O(t]).

, 1 1 1
B(t;) = B(0) + B (0)t, + 53"(0)%2 + 58'”(0)1:23 + ZB””(O)tf + -4 O(té’).
C(t3) = C(0) + C'(0)t5 + -+ O(t3)

Furthermore,

fln, vl = F W(1 + e + (cf + cz)e? + + -+ 0(e”)). (14)
flvn za] = F(W(1 + cZe? + (=2¢3 + 2cyc3)e® + -+ 0(e?)).  (15)

flxn, 2] = F W1+ cze? + (=2¢3 + 3cyc3 + cp)ed + -+ 0(e?)). (16)

Finally, using (14), (15), (16) and

A(0) =1,A(0) =1,

B(0) = —1,B'(0) = 0,B"(0) = 0,B"(0) = —12,
C(0) =1, C'(0) = 0.

Substituting in third step (7) we get, the error expression
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et = 1t (=5 €00 — 55 BO(0)Be] — 6C (0)B%c] — 4C"(0)B*c] — 3C"()Bc] + 3C"(O)cFes -
32C"'0c23c32+12C"0c2c33—124540c27+ 124840c25+c3+
6C"0F2c25c3+6C"0Fc25c3- 30" 0Fc23c32+4F3c27 - 282c27+... +2fc24c4—
c22c3c4+3c27—- 7c25c3+c24c4+4c23c32e8+0e9.

Where |C"(0)| < oo, [B™(0)] < .

Which shows that the order of convergence of the family (7)is exactly eight for any value of § € R. This
theorem is proved.

Any method from (6) has four evaluations per iteration and has eight-order convergence also satisfies the
conditions (7).

Method 1 (OSM1):
If the functions A(t;), B(t,), C(t3) are define by:
A(tl) = 1 + tl,
B(t,)=—-1-2pt5,a=3,a€R
Cty) =1+t5,p=2,p€eRr.
Satisfy the conditions in theorem1, then
)
R )
fO) +Bf ) f()
fG)+ (B =2 ) f(x)

f@n)f [xn,ynl
Xn+1 = Zn — {_t'i’) — 2Bty +t, + 1} X f[xj.zn]fx[y:.Zn]' (n

@ _fo, _f@
G NI )]
Method 2 (OSM2):

If the functions A(t;), B(t,), C(t3) are define by:
A(ty) = cos(ty) + sin(ty),

B(t,) =—-1+t§(1—2B),a=3anda €R,
C(t;) =t%e+1,g=>1,q €R.

Satisfy the conditions in theorem1, then

Zn =Yn —

where t; =

iCD)

n = Xn _fr ’
Fo) +BFOR)  FO)

f(xn) + (:8 - zf)(yn)f (xn)’

= - qpts M
Xpi1 = Z, — {cos(ty) + sin(ty) +t5(1 — 2B) + t9e'3} x PR (18)

f(@) fO) f(@)

where ti = 20 2 T F ) B T Foy
Method 3 (OSM3):

If the functions A(t;), B(t,), C(t;) are define by:
A(ty) =1 + sin(ty),

B(t;) = —1 + t5(sin(ty) + 2B),a = 3,a €R,
C(t3) = cos(t3).

Satisfy the conditions in theorem1, then

Zn =Yn —

o fGw

n n f' n)
Z =y, — fOa) +BfFGn)  fOm)
P T ) + B = 20)0m) f ()

Xpi1 = Zn — {sin(ty) + cos(t3) + t5(sin(t,) + 28)} X % (19)

f@  _f» [

wheret =5 T F0 1B T oy
Method 4 (OSM4):
If the functions A(t;), B(t,), C(t3) are define by:
A(ty) = e'1,
B(t,) = =1+ 2pBt§ + t§e2,a = 3,
C(t;) =1.
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Satisfy the conditions in theorem1, then
_ f ()
m = Xp — T.
g ooy JE)HBFOW)  FO)
"I T )+ B 2000 f )

f@n)f [xn,ynl
Xp41 = Z, — {€1 + 2BtS + tfe'2} x TrPRTT (20)

_f@ . @
' f7T )

I1l. NUMERICAL RESULTS
We use the method OSM1to solve some non-linear equations and compare with the othermethods. We
specifically take a = 3 andp = —1,-0.5,0,1,0.5 for the method (OSM1), (17), and B = 0 for the methods
(OSM2),(18),(0SM3), (19), (OSM4), (20).All computation were done using MATLAB. We have used as
stopping criteria that|x, ., — x,,| < 107 and |f(x,)| < 107>,

where t;

Table 1:test function and exact root.

fi(x) =log(x) +vx —5 U = 8.30943269423157
fo(0) =x3 +4x? — 15 U = 1.63198080556606
f:(x) =sin(x)? —x2 +1 M = 1.40449164821534
X —
— o _x U = 2.27886266007583
fa(x) = sin(x) 3
f5(x) = 2xcos(x) +x — 3 M = —3.53225169153648

Table 1 shows us numerical example with deferent root.We compare the family of king’s method (2), =2,
R )
T Gy
f ) +2f () fF(r)

X = — n .
TR T ) )
Kung and Traub’s method optimal eight order (KTM), [9],

R ()

S C
CfG)  FOFD)

Fe) (Fa) = F o))"
e, S

T ()
Sharma method optimal eight order (SM), [5],
= x _LC00)

T G
y oy SO fGw)

" " f’(xn)f(xn) - Zf(yn)’
@), (f(zn))z f ) f s Y]
fG)  \fG)) | flxn 21 f [0, 2]
Modified King method optimal eight order (MKM), [5],

_, S

T )
ymy 0Dy SG) 4 BFOR)

" " f’(xn) e f(xn) + (ﬁ - Zf)()’n)’
Xn+1 = Zp — tn(zn - yn)- 1
Shown in Table 2 the definition of Efficiency index(El), [8] as p» where p is the order and the n is total number
of evaluation per iterative.

Zn = Yn

1+

Xn+1 = Zn —
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Table 2:0rder of convergence, number of function evaluations and Efficiency of different methods.

Method p n El

NM 2 2 12 ~ 1.1414
KN 4 3 /4 ~ 1.587
KTM 8 4 V8 ~ 1.682
SM 8 4 V8 ~ 1.682
OSM 8 4 8 ~ 1.682

Shown in Table 3,the number of iterations (Iter) and the computational order of convergence (COC) which can
be approximated using the formula :
COC ~ In (Xn - Xn—l)/lni‘fg?(‘n—l - Xn—Z) :

ln(Xn—l - Xn—Z) /ln‘l@’(n—z - Xn—3)

IV. CONCLUSION
In this pepper, a new family of variants of king’s method is obtained. The convergence orders of these methods
are eight. New proposed families are found by approximating f'(z) using divided difference and weighted
functions toreduce the functions evaluations and to increase the order of convergence. The new family of
variants has an efficiencyindex equal to /8 = 1.682.Comparing the other methods using numerical example to
explain the convergence of new methods

Table3:Numerical Comparing

Method [ Iter [ coc | If el | 2ty eq — %y
fi(x), % =119
NM 6 0 0 0
KN 4 4.0 0 0
MKM 3 8.0 0 0
SM 3 8.0 0 0
KTM,a =0 3 8.0 0 0
OSML, 8 =1 3 8.0 0 0
OSML,8 =05 3 8.0 0 0
OSML,8 =0 3 8.0 0 0
OSML,8 = —0.5 3 8.0 0 0
OSM1,8 = —1 3 8.0 0 0
OSM2,8 =0 3 8.0 0 0
OSM3,8 =0 3 8.0 0 0
OSM4,8 =0 3 8.0 0 0
fZ(-x)'xO =2
NM 6 2.0 2.2682686€-1007 0
KN 4 4.0 2.2682686e-1007 0
MKM 3 8.0 2.2682686€-1007 0
SM 3 8.0 2.2682686e-1007 0
KTM,a =0 3 8.0 2.2682686¢€-1007 0
OSML,8 =1 3 8.0 2.2682686¢€-1007 0
OSML,8 =05 3 8.0 2.2682686e-1007 0
OSML B =0 3 8.0 2.2682686e-1007 0
OSML,8 = —0.5 3 8.0 2.2682686e-1007 0
OSM1,8 = —1 3 8.0 2.26826866-1007 0
OSM2,8 =0 3 8.0 2.2682686e-1007 0
OSM3,8 =0 3 8.0 2.2682686e-1007 0
OSM4, 8 =0 3 8.0 2.2682686e-1007 0
fa(x), % =1.6
NM 6 0 0 0
KN 5 4.0 0 0
MKM 3 8.0 0 0
SM 3 8.0 0 0
KTM,a = 0 3 8.0 0 0
OSM1,8 =1 3 8.0 0 0
OSML, 8 = 0.5 3 8.0 0 0
OSML B =0 3 8.0 0 0
OSM1,8 =05 3 8.0 0 0
OSML1,8 = -1 3 8.0 0 0
OSM2,8 =0 3 8.0 0 0
OSM3,8 =0 3 8.0 0 0
OSM4,8 =0 3 8.0 0 0
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1.
2.
[31.
[4].
[5].
[6].
[71.
[8].
[9].

[10].
[11].
[12].

[13].

Method [ lter [ coc | If ) | a1 = %] |
fiG),x =2
NM 6 2.0 1.4176679e-1008 0
KN 4 4.0 1.4176679e-1008 0
MKM 3 8.0 1.4176679e-1008 0
SM 3 8.0 1.4176679e-1008 0
KTM,a =0 3 8.0 1.4176679e-1008 0
OSM1, =1 3 8.0 1.4176679e-1008 0
OSM1, 8 =0.5 3 8.0 1.4176679e-1008 0
OSML,B =0 3 8.0 1.4176679e-1008 0
OSM1,8 =-0.5 3 8.0 1.4176679e-1008 0
OSM1,8 =-1 3 8.0 1.4176679e-1008 0
OSM2,8 =0 3 8.0 1.4176679e-1008 0
OSM3,8 =0 3 8.0 1.4176679e-1008 0
OSM4, 8 =0 3 8.0 1.4176679e-1008 0
f5(x), % =—4.8
NM 8 2.0 0 0
KN 5 4.0 0 0
MKM 3 8.0 0 0
SM 3 8.0 0 0
KTM,a = 0 3 8.0 0 0
OSM1, =1 3 8.0 0 0
OSM1, 8 =0.5 3 8.0 0 0
OSM1,8=0 3 8.0 0 0
OSM1,8 =-0.5 3 8.0 0 0
OSM1,8 =-1 3 8.0 0 0
OSM2,8 =0 3 8.0 0 0
OSM3,8 =0 3 8.0 0 0
OSM4, 3 =0 3 8.0 0 0
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